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Preface

The study of hyperbolic systems is a core theme of modern dynamics. On
surfaces the theory of the fine scale structure of hyperbolic invariant sets and
their measures can be described in a very complete and elegant way, and is
the subject of this book, largely self-contained, rigorously and clearly written.
It covers the most important aspects of the subject and is based on several
scientific works of the leading research workers in this field.

This book fills a gap in the literature of dynamics. We highly recommend
it for any Ph.D student interested in this area. The authors are well-known
experts in smooth dynamical systems and ergodic theory.

Now we give a more detailed description of the contents:
Chapter 1. The Introduction is a description of the main concepts in hyper-

bolic dynamics that are used throughout the book. These are due to Bowen,
Hirsch, Mañé, Palis, Pugh, Ruelle, Shub, Sinai, Smale and others. Stable and
unstable manifolds are shown to be Cr foliated. This result is very useful in a
number of contexts. The existence of smooth orthogonal charts is also proved.
This chapter includes proofs of extensions to hyperbolic diffeomorphisms of
some results of Mañé for Anosov maps.

Chapter 2. All the smooth conjugacy classes of a given topological model
are classified using Pinto’s and Rand’s HR structures. The affine structures of
Ghys and Sullivan on stable and unstable leaves of Anosov diffeomorphisms
are generalized.

Chapter 3. A pair of stable and unstable solenoid functions is associated
to each HR structure. These pairs form a moduli space with good topologi-
cal properties which are easily described. The scaling and solenoid functions
introduced by Cui, Feigenbaum, Fisher, Gardiner, Jiang, Pinto, Quas, Rand
and Sullivan, give a deeper understanding of the smooth structures of one and
two dimensional dynamical systems.

Chapter 4. The concept of self-renormalizable structures is introduced.
With this concept one can prove an equivalence between two-dimensional hy-
perbolic sets and pairs of one-dimensional dynamical systems that are renor-
malizable (see also Chapter 12). Two C1+ hyperbolic diffeomorphisms that
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are smoothly conjugate at a point are shown to be smoothly conjugate. This
extends some results of de Faria and Sullivan from one-dimensional dynamics
to two-dimensional dynamics.

Chapter 5. A rigidity result is proved: if the holonomies are smooth enough,
then the hyperbolic diffeomorphism is smoothly conjugate to an affine model.
This chapter extends to hyperbolic diffeomorphisms some of the results of
Avez, Flaminio, Ghys, Hurder and Katok for Anosov diffeomorphisms.

Chapter 6. An elementary proof is given for the existence and uniqueness of
Gibbs states for Hölder weight systems following pioneering works of Bowen,
Paterson, Ruelle, Sinai and Sullivan.

Chapter 7. The measure scaling functions that correspond to the Gibbs
measure potentials are introduced.

Chapter refsmeasures. Measure solenoid and measure ratio functions are
introduced. They determine which Gibbs measures are realizable by C1+ hy-
perbolic diffeomorphisms and by C1+ self-renormalizable structures.

Chapter 9. The cocycle-gap pairs that allow the construction of all C1+

hyperbolic diffeomorphisms realizing a Gibbs measure are introduced.
Chapter 10. A geometric measure for hyperbolic dynamical systems is

defined. The explicit construction of all hyperbolic diffeomorphisms with such
a geometric measure is described, using the cocycle-gap pairs. The results of
this chapter are related to Cawley’s cohomology classes on the torus.

Chapter 11. An eigenvalue formula for hyperbolic sets on surfaces with
an invariant measure absolutely continuous with respect to the Hausdorff
measure is proved. This extends to hyperbolic diffeomorphisms the Livšic-
Sinai eigenvalue formula for Anosov diffeomorphisms preserving a measure
absolutely continuous with respect to Lebesgue measure. Also given here is
an extension to hyperbolic diffeomorphisms of the results of De la Llave, Marco
and Moriyon on the eigenvalues for Anosov diffeomorphisms.

Chapter 12. A one-to-one correspondence is established between C1+ arc
exchange systems that are C1+ fixed points of renormalization and C1+ hyper-
bolic diffeomorphisms that admit an invariant measure absolutely continuous
with respect to the Hausdorff measure. This chapter is related to the work of
Ghys, Penner, Rozzy, Sullivan and Thurston. Further, there are connections
with the theorems of Arnold, Herman and Yoccoz on the rigidity of circle
diffeomorphisms and Denjoy’s Theorem. These connections are similar to the
ones between Harrison’s conjecture and the investigations of Kra, Norton and
Schmeling.

Chapter 13. Pinto’s golden tilings of the real line are constructed (see
Pinto’s and Sullivan’s d-adic tilings of the real line in the Appendix C). These
golden tilings are in one-to-one correspondence with smooth conjugacy classes
of golden diffeomorphisms of the circle that are fixed points of renormalization,
and also with smooth conjugacy classes of Anosov diffeomorphisms with an in-
variant measure absolutely continuous with respect to the Lebesgue measure.
The observation of Ghys and Sullivan that Anosov diffeomorphisms on the
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torus determine circle diffeomorphisms having an associated renormalization
operator is used.

Chapter 14. Thurston’s pseudo-Anosov affine maps appear as periodic
points of the geodesic Teichmüller flow. The works of Masur, Penner, Thurston
and Veech show a strong link between affine interval exchange maps and
pseudo-Anosov affine maps. Pinto’s and Rand’s pseudo-smooth structures
near the singularities are constructed so that the pseudo-Anosov maps are
smooth and have the property that the stable and unstable foliations are
uniformly contracted and expanded by the pseudo-Anosov dynamics. Classi-
cal results for hyperbolic dynamics such as Bochi-Mañé and Viana’s duality
extend to these pseudo-smooth structures. Blow-ups of these pseudo-Anosov
diffeomorphisms are related to Pujals’ non-uniformly hyperbolic diffeomor-
phisms.

Appendices. Various concepts and results of Pinto, Rand and Sullivan for
one-dimensional dynamics are extended to two-dimensions. Ratio and cross-
ratio distortions for diffeomorphisms of the real line are discussed, in the spirit
of de Melo and van Strien’s book.

Rio de Janeiro, Brazil Jacob Palis
July 2008 Enrique R. Pujals
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C.5 Solenoidal charts for the C1+Hölder expanding circle map E . . . 269
C.6 Smooth properties of solenoidal charts . . . . . . . . . . . . . . . . . . . . . 271
C.7 A Teichmüller space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272
C.8 Sullivan’s solenoidal surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273
C.9 (Uaa) structures U for the expanding circle map E . . . . . . . . . . 274
C.10 Regularities of the solenoidal charts . . . . . . . . . . . . . . . . . . . . . . . . 275
C.11 Further literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

D Appendix D: Markov maps on train-tracks . . . . . . . . . . . . . . . . 279
D.1 Cookie-cutters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279
D.2 Pronged singularities in pseudo-Anosov maps . . . . . . . . . . . . . . . 280
D.3 Train-tracks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

D.3.1 Train-track obtained by glueing . . . . . . . . . . . . . . . . . . . . . 282
D.4 Markov maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
D.5 The scaling function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286
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Introduction

We study the laminations by stable and unstable manifolds associated with
a C1+ hyperbolic diffeomorphism. We show that the holonomies between the
1-dimensional leaves are C1+α, for some 0 < α ≤ 1, and that the holonomies
vary Hölder continuously with respect to the domain and target leaves. Hence,
the laminations by stable and unstable manifolds are C1+ foliated. This result
is very useful in a number of contexts and it is used in all of the following
chapters of the book. In general terms, it allows one to reduce many ques-
tions about 2-dimensional dynamics to questions about 1-dimensional dynam-
ics.

We say that (f, Λ) is a C1+ hyperbolic diffeomorphism if it has the following
properties:

(i) f : M → M is a C1+α diffeomorphism of a compact surface M with
respect to a C1+α structure Cf on M , for some α > 0.

(ii) Λ is a hyperbolic invariant subset of M such that f |Λ is topologically
transitive and Λ has a local product structure.

We allow both the case where Λ = M and the case where Λ is a proper subset
of M . If Λ = M , then f is Anosov and M is a torus (see Franks [41], Manning
[74] and Newhouse [103]). Examples where Λ is a proper subset of M include
the Smale horseshoes and the codimension one attractors such as the Plykin
and derived-Anosov attractors.

1.1 Stable and unstable leaves

In this section and the rest of the introduction, we present some basic concepts
and results in the research area of hyperbolic dynamics.

Definition 1 An invariant set Λ ⊂ M is hyperbolic for the map f : M → M ,
if there is a continuous splitting decomposition TxM = Es

x ⊕ Eu
x , with x ∈ Λ,

and there exist constants c > 0 and 0 < λ < 1 such that:
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(i) Df(x)Es
x = Es

f(x) and Df(x)Eu
x = Eu

f(x); and
(ii) ‖Dfn|Es

x‖ < cλn and ‖Df−n|Eu
x‖ < cλn,

for all x ∈ Λ and n ∈ N.

Let d be a metric on M , and let Λ ⊂ M be a hyperbolic set. For x ∈ Λ,
we denote the local stable and unstable manifolds through x, respectively, by

W s(x, ε) = {y ∈ M : d(fn(x), fn(y)) ≤ ε, for all n ≥ 0}

and
Wu(x, ε) =

{
y ∈ M : d(f−n(x), f−n(y)) ≤ ε, for all n ≥ 0

}
.

By Hirsch and Pugh [48], there exist constants ε > 0, c > 0 and 0 < λ < 1
such that

(a) d(fn(y), fn(x)) ≤ cλn, for all y ∈ W s(x, ε) and n ≥ 0;
(b) d(f−n(y), f−n(x)) ≤ cλn, for all y ∈ Wu(x, ε) and n ≥ 0;
(c) TxW s(x, ε) = Es

x and TxWu(x, ε) = Eu
x .

Furthermore, if f is Cr, then W s(x, ε) and Wu(x, ε) are Cr embedded discs
forming a C0 lamination.

Let fι = f if ι = u or fι = f−1 if ι = s. By the Stable Manifold Theorem
(see Hirsch and Pugh [48]), the sets W ι(x, ε) are respectively contained in the
stable and unstable immersed manifolds

W ι(x) =
⋃

n≥0

fn
ι

(
W ι

(
f−n

ι (x), ε0

))

which are the image of a C1+γ immersion κι,x : R → M , where we use ι to
denote an element of the set {s, u} of the stable and unstable superscripts
and ι′ to denote the element of {s, u} that is not ι. An open (resp. closed) full
ι-leaf segment I is defined as a subset of W ι(x) of the form κι,x(I1) where I1

is a non-empty open (resp. closed) subinterval in R. An open (resp. closed)
ι-leaf segment is the intersection with Λ of an open (resp. closed) full ι-leaf
segment such that the intersection contains at least two distinct points. If
the intersection is exactly two points we call this closed ι-leaf segment an
ι-leaf gap. A full ι-leaf segment is either an open or closed full ι-leaf segment.
An ι-leaf segment is either an open or closed ι-leaf segment. The endpoints
of a full ι-leaf segment are the points κι,x(u) and κι,x(v) where u and v are
the endpoints of I1. The endpoints of an ι-leaf segment I are the points of
the minimal closed full ι-leaf segment containing I. The interior of an ι-leaf
segment I is the complement of its boundary. In particular, an ι-leaf segment
I has empty interior if, and only if, it is an ι-leaf gap. A map c : I → R

is an ι-leaf chart of an ι-leaf segment I if has an extension cE : IE → R to
a full ι-leaf segment IE with the following properties: I ⊂ IE and cE is a
homeomorphism onto its image.
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1.2 Marking

If Λ is a hyperbolic invariant set of a diffeomorphism f : M → M , for
0 < ε < ε0 there is δ = δ(ε) > 0 such that, for all points w, z ∈ Λ with
d(w, z) < δ, Wu(w, ε) and W s(z, ε) intersect in a unique point that we denote
by [w, z]. The hyperbolic set Λ has a local product structure, if [w, z] ∈ Λ. Fur-
thermore, the following properties are satisfied: (i) [w, z] varies continuously
with w, z ∈ Λ; (ii) the bracket map is continuous on a δ-uniform neighbour-
hood of the diagonal in Λ × Λ; and (iii) whenever both sides are defined
f([w, z]) = [f(w), f(z)]. Note that the bracket map does not really depend on
δ provided it is sufficiently small.

Let us underline that it is a standing hypothesis that all the hyperbolic
sets considered here have such a local product structure.

A rectangle R is a subset of Λ which is (i) closed under the bracket i.e
x, y ∈ R implies [x, y] ∈ R, and (ii) proper i.e. is the closure of its interior in
Λ. This definition imposes that a rectangle has always to be proper which is
more restrictive than the usual one which only insists on the closure condition.

If 	s and 	u are respectively stable and unstable leaf segments intersecting
in a single point, then we denote by [	s, 	u] the set consisting of all points of
the form [w, z] with w ∈ 	s and z ∈ 	u. We note that if the stable and unstable
leaf segments 	 and 	′ are closed, then the set [	, 	′] is a rectangle. Conversely
in this 2-dimensional situations, any rectangle R has a product structure in
the following sense: for each x ∈ R there are closed stable and unstable leaf
segments of Λ, 	s(x,R) ⊂ W s(x) and 	u(x,R) ⊂ Wu(x) such that R =
[	s(x,R), 	u(x,R)]. The leaf segments 	s(x,R) and 	u(x,R) are called stable
and unstable spanning leaf segments for R (see Figure 1.1). For ι ∈ {s, u},
we denote by ∂	ι(x,R) the set consisting of the endpoints of 	ι(x,R), and
we denote by int	ι(x,R) the set 	ι(x,R) \ ∂	ι(x,R). The interior of R is
given by intR = [int	s(x,R), int	u(x,R)], and the boundary of R is given by
∂R = [∂	s(x,R), 	u(x,R)]

⋃
[	s(x,R), ∂	u(x,R)].

J = �s(z,R)I = �s(x,R)

w, z[ ]
x

w

z

R

Fig. 1.1. A rectangle.



4 1 Introduction

A Markov partition of f is a collection R = {R1, . . . , Rk} of rectangles
such that (i) Λ ⊂

⋃k
i=1 Ri; (ii) Ri

⋂
Rj = ∂Ri

⋂
∂Rj for all i and j; (iii) if

x ∈ int Ri and fx ∈ int Rj , then

(a) f(	s(x,Ri)) ⊂ 	s(fx,Rj) and f−1(	u(fx,Rj)) ⊂ 	u(x,Ri)
(b) f(	u(x,Ri))

⋂
Rj = 	u(fx,Rj) and f−1(	s(fx,Rj))

⋂
Ri = 	s(x,Ri).

The last condition means that f(Ri) goes across Rj just once. In fact, it
follows from condition (a) providing the rectangles Rj are chosen sufficiently
small (see Mañé [73]). The rectangles making up the Markov partition are
called Markov rectangles.

A Markov partition R of f satisfies the disjointness property, if:

(i) if 0 < δf,s < 1 and 0 < δf,u < 1, then the stable and unstable leaf
boundaries of any two Markov rectangles do not intersect.

(ii) if 0 < δf,ι < 1 and δf,ι′ = 1, then the ι′-leaf boundaries of any two
Markov rectangles do not intersect except, possibly, at their endpoints.

For simplicity of our exposition, we will just consider Markov partitions sat-
isfying the disjointness property.

Let us give the definition of an infinite two-sided subshift of finite type Θ.
The elements of Θ = ΘA are all infinite two-sided words w = . . . w−1w0w1 . . .
in the symbols 1, . . . , k such that Awiwi+1 = 1, for all i ∈ Z. Here A = (Aij)
is any matrix with entries 0 and 1 such that An has all entries positive for
some n ≥ 1. We write w

n1,n2∼ w′ if wj = w′
j for every j = −n1, . . . , n2. The

metric d on Θ is given by d(w, w′) = 2−n if n ≥ 0 is the largest such that
w

n,n∼ w′. Together with this metric Θ is a compact metric space. The two-
sided shift map τ : Θ → Θ is the mapping which sends w = . . . w−1w0w1 . . .
to v = . . . v−1v0v1 . . . where vj = wj+1 for every j ∈ Z.

The properties of the Markov partition R = {R1, . . . , Rk} of f imply
the existence of a unique two-sided subshift τ of finite type Θ = ΘA and a
continuous surjection i : Θ → Λ such that (a) f ◦ i = i ◦ τ and (b) i(Θj) = Rj

for every j = 1, . . . , k. We call such a map i : Θ → Λ a marking of a C1+

hyperbolic diffeomorphism (f, Λ).
Hence, a C1+ hyperbolic diffeomorphism (f, Λ) admits always a marking

which is not necessarily unique. For a proof, see Bowen [17], Newhouse and
Palis [104] and Sinai [200].

1.3 Metric

For ι = s or u, an ι-leaf primary cylinder of a Markov rectangle R is a spanning
ι-leaf segment of R. For n ≥ 1, an ι-leaf n-cylinder of R is an ι-leaf segment
I such that

(i) fn
ι I is an ι-leaf primary cylinder of a Markov rectangle M ;

(ii) fn
ι

(
	ι′(x,R)

)
⊂ M for every x ∈ I.
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For n ≥ 2, an ι-leaf n-gap G of R is an ι-leaf gap {x, y} in a Markov rectangle
R such that n is the smallest integer such that both leaves fn−1

ι 	ι′(x,R) and
fn−1

ι 	ι′(y,R) are contained in ι′-boundaries of Markov rectangles; An ι-leaf
primary gap G is the image fιG

′ by fι of an ι-leaf 2-gap G′.
We note that an ι-leaf segment I of a Markov rectangle R can be simul-

taneously an n1-cylinder, (n1 + 1)-cylinder, . . ., n2-cylinder of R if fn1(I),
fn1+1(I), . . ., fn2(I) are all spanning ι-leaf segments. Furthermore, if I is an
ι-leaf segment contained in the common boundary of two Markov rectangles
Ri and Rj , then I can be an n1-cylinder of Ri and an n2-cylinder of Rj with
n1 distinct of n2. If G = {x, y} is an ι-gap of R contained in the interior of
R, then there is a unique n such that G is an n-gap. However, if G = {x, y}
is contained in the common boundary of two Markov rectangles Ri and Rj ,
then G can be an n1-gap of Ri and an n2-gap of Rj with n1 distinct of n2.
Since the number of Markov rectangles R1, . . . , Rk is finite, there is C ≥ 1
such that, in all the above cases for cylinders and gaps we have |n2−n1| ≤ C.

We say that a leaf segment K is the i-th mother of an n-cylinder or an
n-gap J of R if J ⊂ K and K is a leaf (n− i)-cylinder of R. We denote K by
miJ .

By the properties of a Markov partition, the smallest full ι-leaf K̂ con-
taining a leaf n-cylinder K of a Markov rectangle R is equal to the union
of all smallest full ι-leaves containing either a leaf (n + j)-cylinder or a leaf
(n + i)-gap of R, with i ∈ {1, . . . , j}, contained in K.

We say that a rectangle R is an (ns, nu)-rectangle if there is x ∈ R such
that, for ι = s and u, the spanning leaf segments 	ι(x,R) are either an ι-leaf
nι-cylinder or the union of two such cylinders with a common endpoint.

The reason for allowing the possibility of the spanning leaf segments being
inside two touching cylinders is to allow us to regard geometrically very small
rectangles intersecting a common boundary of two Markov rectangles to be
small in the sense of having ns and nu large.

If x, y ∈ Λ and x �= y, then dΛ(x, y) = 2−n where n is the biggest integer
such that both x and y are contained in an (ns, nu)-rectangle with ns ≥ n and
nu ≥ n. Similarly, if I and J are ι-leaf segments, then dΛ(I, J) = 2−nι′ where
nι = 1 and nι′ is the biggest integer such that both I and J are contained in
an (ns, nu)-rectangle.

1.4 Interval notation

We also use the notation of interval arithmetic for some inequalities where:

(i) if I and J are intervals, then I + J , I.J and I/J have the obvious
meaning as intervals,

(ii) if I = {x}, then we often denote I by x, and
(iii) I ± ε denotes the interval consisting of those x such that |x − y| < ε

for all y ∈ I.
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By φ(n) ∈ 1 ± O(νn) we mean that there exists a constant c > 0 depending
only upon explicitly mentioned quantities such that for all n ≥ 0, 1 − cνn <
φ(n) < 1 + cνn. By φ(n) = O(νn) we mean that there exists a constant c ≥ 1
depending only upon explicitly mentioned quantities such that for all n ≥ 0,
c−1νn ≤ φ(n) ≤ cνn.

1.5 Basic holonomies

Suppose that x and y are two points inside any rectangle R of Λ. Let 	(x,R)
and 	(y,R) be two stable leaf segments respectively containing x and y and
inside R. We define the basic stable holonomy θ : 	(x,R) → 	(y,R) by θ(w) =
[w, y] (see Figure 1.2). The basic stable holonomies generate the pseudo-group
of all stable holonomies. Similarly we define the basic unstable holonomies.
We say that a basic holonomy θ : 	(x,R) → 	(y,R) is Cr, if it has a Cr

diffeomorphic extension θ̂ : 	̂(x,R) → 	̂(y,R) from the full leaf segment 	̂(x,R)
containing 	(x,R) to the full leaf segment 	̂(y,R) containing 	(y,R).

y

JI

h(w)=[w,y]w

Fig. 1.2. A basic stable holonomy from I to J .

1.6 Foliated atlas

In this section when we refer to a Cr object r is allowed to take the values
k + α where k is a positive integer and 0 < α ≤ 1. Two ι-leaf charts i and
j are Cr compatible if whenever U is an open subset of an ι-leaf segment
contained in the domains of i and j, then j ◦ i−1 : i(U) → j(U) extends to a
Cr diffeomorphism of the real line. Such maps are called chart overlap maps.
A bounded Cr ι-lamination atlas Aι is a set of such charts which (a) cover Λ,
(b) are pairwise Cr compatible, and (c) the chart overlap maps are uniformly
bounded in the Cr norm.

Let Aι be a bounded C1+α ι-lamination atlas, with 0 < α ≤ 1. If i : I → R

is a chart in Aι defined on the leaf segment I and K is a leaf segment in I,
then we define |K|i to be the length of the minimal closed interval containing
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i(K). Since the atlas is bounded, if j : J → R is another chart in Aι defined
on the leaf segment J which contains K, then the ratio between the lengths
|K|i and |K|j is universally bounded away from 0 and ∞. If K ′ ⊂ I

⋂
J is

another such segment, then we can define the ratio ri(K : K ′) = |K|i/|K ′|i.
Although this ratio depends upon i, the ratio is exponentially determined in
the sense that if T is the smallest segment containing both K and K ′, then

rj (K : K ′) ∈ (1 ±O (|T |αi )) ri (K : K ′) .

This follows from the C1+α smoothness of the overlap maps and Taylor’s
Theorem.

A Cr lamination atlas Aι has bounded geometry (i) if f is a Cr diffeo-
morphism with Cr norm uniformly bounded in this atlas; (ii) if for all pairs
I1, I2 of ι-leaf n-cylinders or ι-leaf n-gaps with a common point, we have that
ri(I1 : I2) is uniformly bounded away from 0 and ∞ with the bounds be-
ing independent of i, I1, I2 and n; and (iii) for all endpoints x and y of an
ι-leaf n-cylinder or ι-leaf n-gap I, we have that |I|i ≤ O

(
(dΛ(x, y))β

)
and

dΛ(x, y) ≤ O
(
|I|βi

)
, for some 0 < β < 1, independent of i, I and n.

Definition 2 A Cr bounded lamination atlas Aι is Cr foliated (i) if Aι has
bounded geometry; and (ii) if the basic holonomies are Cr and have a Cr norm
uniformly bounded in this atlas, except possibly for the dependence upon the
rectangles defining the basic holonomy. A bounded lamination atlas Aι is C1+

foliated if Aι is Crfoliated for some r > 1.

The following result relates smoothness of the holonomy with ratio dis-
tortion and will be used several times. It follows directly from Theorem B.28
(see also Theorem 3 in Pinto and Rand [159]).

Lemma 1.1. Suppose that θ : I → J is a basic ι-holonomy for the rectangle
R and i : I → R and j : J → R are in Aι. The holonomy θ : I → J is C1+β,
for every 0 < β < α, with respect to the charts of the lamination atlas Aι if,
and only if, for every 0 < β < α and for all I1, I2 ⊂ I with I1 a leaf n-cylinder
and I2 a leaf n-cylinder or a leaf n-gap, we have

∣
∣
∣
∣log

rj(θ(I1) : θ(I2))
ri(I2 : I1)

∣
∣
∣
∣ ≤ O

(
|i(K)|β

)
, (1.1)

whenever K is an ι-leaf segment containing I1 and I2, and where the constant
of proportionality in the O term depends only upon the choice of i, j and the
rectangle R. Moreover, there exist some constants 0 < β, η < α and some
affine map a : R → R such that

‖j ◦ θ ◦ i−1 − a‖ ≤ O
(
(dΛ(I : J))β

)
(1.2)

if, and only if, there exist some constants 0 < β, ν < 1 such that, for all I1

and I2 as above, we have
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∣
∣
∣
∣log

rj(θ(I1) : θ(I2))
ri(I2 : I1)

∣
∣
∣
∣ ≤ O

(
(dΛ(I, J))βνn

)
. (1.3)

For L ⊂ R, by |L| we mean the Euclidean length of the minimal interval in R

containing L.

1.7 Foliated atlas Aι(g, ρ)

Let g ∈ T (f, Λ) and ρ = ρg be a C1+ Riemannian metric on the manifold
containing Λ. The ι-lamination atlas Aι(g, ρ) determined by ρ is the set of all
maps e : I → R where I = Λ ∩ Î with Î a full ι-leaf segment, such that e
extends to an isometry between the induced Riemannian metric on Î and the
Euclidean metric on the reals. We call the maps e ∈ Aι(g, ρ) the ι-lamination
charts. If I is an ι-leaf segment (or a full ι-leaf segment), then by |I| = |I|ρ
we mean the length in the Riemannian metric ρ of the minimal full ι-leaf
containing I.

Fix a bounded atlas for the C1+γ structure on M . Suppose that I, J and K
are full ι-leaf segments with I, J ⊂ K and that in some chart i of the atlas, K
has the form y = u(x) with x ∈ (x0, x1) and u′(x) = 0, for some x ∈ (x0, x1).
Let I ′ = {(x, 0) : x′

0 < x < x′
1} and {(x, 0) : x′′

0 < x < x′′
1} be, respectively, the

projection of i(I) and i(J) onto the x-axis, and let I ′′ = i−1(I ′) (see Figure
1.3). Let ||i(I)|| and ||i(J)|| be, respectively, the Euclidean distances between
the endpoints of i(I) and i(J).

Lemma 1.2. There exists 0 < α < 1 such that

|I|
|I ′′ | ∈ 1 ±O(|K|α),

|I|
|J | ∈ (1 ±O(|K|α))

|x′
1 − x′

0|
|x′′

1 − x′′
0 |

(1.4)

|I|
|J | ∈ (1 ±O(|K|α))

||i(I)||
||i(J)|| . (1.5)

The constants of proportionality depend only upon the atlas, ρ and the C1+γ

norm of u, and α depends only upon the atlas.

Proof. Since ρ is C1+γ , we can assume that in each chart of the atlas it can
be written in the form g11dx2 + g12dxdy + g22dy2, where the gij are Cγ with
uniformly bounded Cγ norm. Then, integrating ρ along y = u(x) and y = 0,
and using that |u′| is uniformly bounded, we get

|I|, |I
′′
| ∈ (1 ± O(|K|α))

√
g11(x0) |x′

1 − x′
0| .

Similarly for J . Hence, (1.4) follows from combining these results.

It follows from Lemma 1.1 and Lemma 1.2 (4) that the charts of the stable
manifold are C1+ compatible with the charts in Aι(g, ρ).



1.7 Foliated atlas Aι(g, ρ) 9

i(K) i(J)

I′

x0 x1x′
0 x′

1 x′′
0 x′′

1

x

y

y = u(x)i( )I

′J

Fig. 1.3. The images of I and J by i and their projections in the horizontal axis.

Lemma 1.3. Fix a bounded atlas for the C1+γ structure on M . Suppose that
I, J and K are full ι-leaf segments with I, J ⊂ K. Then,

|I|
|J | ∈ (1 ± O(|K|γρ))

||i(I)||
||i(J)|| ,

where i is any chart in the atlas that contains K in its domain. The con-
stants of proportionality depend only upon the atlas ρ and the bounded atlas
considered.

Proof. Consider a chart i whose domain contains K. After composing i with a
rotation and a translation, if necessary, we obtain that if K is sufficiently small,
then i(K) is of the form y = u(x) with x ∈ (x0, x1) and u(x0) = 0 = u(x1),
where the C1+γ norm of u is uniformly bounded. The result then follows
directly from Lemma 1.2.

We present a version of the naive distortion lemma that we shall use.
We shall consider the case where g is C1+γ and the full u-leaf segments are
1-dimensional. The case where the full s-leaf segments are 1-dimensional is
analogous.

Lemma 1.4. For all u-leaf segments I and J with a common endpoint and
for all n ≥ 0, we have

∣
∣
∣
∣log

|g−n(I)|
|g−n(J)|

|J |
|I|

∣
∣
∣
∣ ≤ O (|I ∪ J |γ) , (1.6)

where the constant of proportionality in the O term depends only upon the
choice of the Riemannian metric ρ.

Proof. Let Î and Ĵ be the minimal full u-leaf segments such that I = Î ∩ Λ
and J = Ĵ ∩ Λ. Also, let kn : g−n(Î ∪ Ĵ) → R be an isometry between the
Riemannian metric on the full u-leaf segments and the Euclidean metric on
the reals.

The maps ĝn : kn ◦ g−n(Î ∪ Ĵ) → kn+1 ◦ g−(n+1)(Î ∪ Ĵ) defined by ĝn =
kn+1◦g−1◦kn are C1+γ and have C1+γ norm uniformly bounded for all n ≥ 0.
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Hence, by the Mean Value Theorem and by the hyperbolicity of Λ for g, we
get

∣
∣
∣
∣log

|g−n(I)|
|g−n(J)|

|J |
|I|

∣
∣
∣
∣ ≤

n−1∑

i=0

|log ĝ′i(xi) − log ĝ′i(yi)|

≤ O (|I ∪ J |γ) ,

where xi ∈ ki ◦ g−i(Î) and yi ∈ ki ◦ g−i(Ĵ).

We also need the following geometrical result.

Lemma 1.5. The lamination atlas Au(g, ρ) has bounded geometry in the
sense that

(i) for all pairs I1, I2 of u-leaf n-cylinders or u-leaf n-gaps with a com-
mon point, we have |I1|/|I2| uniformly bounded away from 0 and ∞,
with the bounds being independent of i, I1, I2 and n;
(ii) for all endpoints x and y of an u-leaf n-cylinder or u-leaf n-gap
I, we have |I| ≤ O

(
(dΛ(x, y))β

)
and dΛ(x, y) ≤ O

(
|I|β

)
, for some

0 < β < 1 which is independent of i, I and n.

Proof. By the continuity of the stable and unstable bundles (see Section 6 in
Hirsch and Pugh [48]) the length |I| of the leaf segments varies continuously
with the endpoints. Thus, by the compactness of Λ, the results follow for all
pairs I1, I2 of u-leaf 1-cylinders or u-leaf 1-gaps with a common point. Hence,
by Lemma 1.4, we obtain the result for all pairs I1, I2 of u-leaf n-cylinders or
u-leaf n-gaps with a common point and for all n > 1.

1.8 Straightened graph-like charts

A chart i : U → R
2 in the smooth structure on M is called graph-like, if

each full u-leaf segment and each full s-leaf segment in U are, respectively,
the graph of a C1+ function over the x-axis and over the y-axis. Let u(x) and
v(y) be, respectively, C1+ functions whose graphs are the images by i of the
stable and unstable leaves passing through the point i−1(0, 0). Given such a
chart and x ∈ U , by changing the coordinates by the local diffeomorphism of
the form (x, y) �→ (x − u(y), y − v(x)), we obtain a new chart j : U → R

2 for
which the images of the stable and unstable leaves through x are respectively
contained in the y and x axes. We call such charts straightened graph-like
charts. Hence, for simplicity, one can choose an atlas of the smooth structure
on M consisting only of straightened graph-like charts.

Consider a basic holonomy θ : I → J between the u-leaf segments I
and J . Suppose that the domains of the lamination charts i, j ∈ Au(g, ρ),
respectively, contain I and J , and suppose moreover that there is x ∈ I such
that i(x) = j ◦ θ(x). Let dΛ(I, J) be as in §1.3.
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Theorem 1.6. There exists 0 < α ≤ 1 such that all the ι-basic holonomies
are C1+α. Furthermore, there are 0 < α, β < 1 such that, for all θ as above,
there is a diffeomorphic extension θ̃ of j ◦ θ ◦ i−1 to R such that

||θ̃ − id||C1+α ≤ O
(
(dΛ(I, J))β

)
, (1.7)

where the constant of proportionality in the O term depends only upon the
choice of i, j and the rectangle R.

From Lemma 1.5 and Theorem 1.6, we obtain the following result.

Corollary 1.7. The lamination atlas Aι(g, ρ) is C1+ foliated.

Proof of Theorem 1.6. Fix a C1+γ Riemannian metric ρ and a finite atlas G
for M consisting of straightened graph-like charts. For a leaf-segment I, by
|I| we mean the length |I|ρ in the Riemannian metric as defined above.

Let I1, I2 ⊂ Iθ be u-leaf n-cylinders or u-leaf n-gaps with a common point
and I = I1 ∪ I2. By Lemma 1.5, there are constants 0 < ψ ≤ α < 1 such that,
for 0 ≤ i ≤ n,

O(ψn−i) ≤ |f i(I1)|, |f i(I2)| ≤ O(αn−i). (1.8)

Therefore, |f i(I)| ≤ O(αn−i), for 0 ≤ i ≤ n.
Let [x] denote the integer part of x ∈ R, and let 0 < ε < 1. By Lemma

1.4, we have
∣
∣
∣
∣
∣
log

|I1|
|I2|

∣
∣f [n(1−ε)](I2)

∣
∣

∣
∣f [n(1−ε)](I1)

∣
∣

∣
∣
∣
∣
∣
≤ O

(∣
∣
∣f [n(1−ε)](I)

∣
∣
∣
γ)

≤ O(αεγn). (1.9)

Inequality (1.9) is also satisfied if we replace the leaf segment Ij by the leaf
segment θ(Ij). Thus,

|I1|
|I2|

· |θ(I2)|
|θ(I1)|

∈ (1 ±O(αεγn))

∣
∣f [n(1−ε)](I1)

∣
∣

∣
∣f [n(1−ε)](I2)

∣
∣ ·

∣
∣f [n(1−ε)](θ(I2))

∣
∣

∣
∣f [n(1−ε)](θ(I1))

∣
∣ . (1.10)

For j ∈ {1, 2}, f [n(1−ε)](Ij) and f [n(1−ε)](θ(Ij)) are [εn]-cylinders contained
in a rectangle R′ whose spanning s-leaf segments are contained in either an
[n(1 − ε)]-cylinder or the union of two of them with a common endpoint.

Let us consider a straightened graph-like chart i : U → R
2 whose domain

contains the rectangle R′. Let u : (a, b) → R be the map whose graph contains
the image under i of the full unstable leaf segment containing f [n(1−ε)](Ij),
and let (aj , u(aj)) and (bj , u(bj)) be the images under i of the endpoints of
f [n(1−ε)](Ij). By changing the coordinates by a local diffeomorphism of the
form (x, y) �→ (x, y−u(x)), we obtain a partially straightened graph-like chart
k : U → R

2 for which the image of f [n(1−ε)](Ij) under k is contained in the
horizontal axes. Let v : (c, d) → R be the map for which the graph is the
image under k of the stable or unstable manifold containing f [n(1−ε)](θ(Ij)),
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f [n(1 - ε)]
11 f [n(1 - ε)]

12

f [n(1 - ε)]
θ11 f [n(1 - ε)]

θ12
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b2ba2 1=

c1 d2dc2 1=
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r

Fig. 1.4. This figure shows the various u leaf-segments in R′.

and let (cj , v(cj)) and (dj , v(dj)) be the images under i of the endpoints of
f [n(1−ε)](θ(Ij)) (see Figure 1.4). If in this chart the Riemannian metric is given
by ds2 = g11dx2 + 2g12dxdy + g11dy2, then

∣
∣
∣f [n(1−ε)](Ij)

∣
∣
∣ =

∫ bj

aj

(g11(x, 0))1/2
dx,

∣
∣
∣f [n(1−ε)](θ(Ij))

∣
∣
∣ =

∫ dj

cj

(g11(x, v(x)) + 2g12(x, v(x))v′(x)

+ g22(x, v(x))v′(x)2
)1/2

dx.

By C1+γ smoothness of the Riemannian metric, we obtain

|g11(x, 0) − g11(x, v(x))| ≤ O (|v(x)|γ) .

By the Hölder continuity of the stable and unstable bundles (see Section 6 in
Hirsch and Pugh [48]), there exists 0 < η < γ such that |v′(x)| ≤ O(|v(x)|η).
Let Lx be the 1-dimensional submanifold with endpoints contained in the leaf
segments f [n(1−ε)](I) and f [n(1−ε)](θ(I)), such that the image under k of one
of its endpoints is (x, v(x)), and such that Lx is contained in a full s-leaf
segment (see Figure 1.5).

By hyperbolicity of Λ for f , there exists 0 < λ < 1 such that

|aj − cj | ≤ ||(aj , 0) − (cj , v(cj))| | ≤ O(|Lcj |) ≤ O
(
λn(1−ε)

)
,

|bj − dj | ≤ ||(bj , 0) − (dj , v(dj))| | ≤ O(|Ldj |) ≤ O
(
λn(1−ε)

)
, and

|v(x)|η ≤ O
(
λnη(1−ε)

)
. (1.11)

Thus, for j ∈ {1, 2} and taking ω = λη < 1, we have
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aj bjcj dj

Lcj
LdjLx

)

x

(x, vx)

k(f             I )
[n(1 - ε)]

j

k(f              θI )
[n(1 - ε)]

j

Fig. 1.5. The leaves f [n(1−ε)](I) and f [n(1−ε)](θ(I)).

∣
∣
∣
∣
∣
∣f [n(1−ε)](θ(Ij))

∣
∣
∣ −

∣
∣
∣f [n(1−ε)](Ij)

∣
∣
∣
∣
∣
∣ ≤ O

(
ωn(1−ε)

)
. (1.12)

Let ν ≥ 0 be such that ων = ψ. By inequality (1.8),
∣
∣f [n(1−ε)](Ij)

∣
∣ ≥ O(ωnνε).

Therefore, ∣
∣
∣
∣
∣
log

∣
∣f [n(1−ε)](θ(Ij))

∣
∣

∣
∣f [n(1−ε)](Ij)

∣
∣

∣
∣
∣
∣
∣
≤ O

(
ωn(1−ε(1+ν))

)
. (1.13)

Choose 0 < ε < 1 such that 0 < μ = max{αεγ , ω1−ε(1+ν)} < 1. By inequalities
(1.11) and (1.13), we obtain

∣
∣
∣
∣log

|I1|
|I2|

|θ(I2)|
|θ(I1)|

∣
∣
∣
∣ ≤ O(μn). (1.14)

Since this is true for all n > 0, and for every I1 that is an u-leaf n-cylinder
and every I2 that is either an u-leaf n-cylinder or an u-leaf n-gap and has one
common endpoint with I1, it follows by Proposition 1.1 that the holonomy
θ : Iθ → Jθ is C1+β, for some β = β(μ) > 0 that depends only upon μ.

Now we prove that the holonomy θ : Iθ → Jθ varies Hölder continuously
with respect to Iθ, Jθ. As for our proof of inequality (1.12), we deduce that
there exists 0 < ε1 < 1 such that ||Ij | − |θ(Ij)|| ≤ O ((dΛ(Iθ, Jθ))ε1), for
j ∈ {1, 2}. Now, we choose η small enough so that 0 < ρ = η

ε1
2 ψ−1 < 1. If

dΛ(Iθ, Jθ) ≤ O(ηn), then, as in inequality (1.13),
∣
∣
∣
∣log

|θ(Ij)|
|Ij |

∣
∣
∣
∣ ≤ O

(
(dΛ(Iθ, Jθ))

ε1
2 η

nε1
2 ψ−n

)
≤ O

(
(dΛ(Iθ, Jθ))

ε1
2 ρn

)
. (1.15)

Therefore, ∣
∣
∣
∣log

|I1|
|θ(I1)|

|θ(I2)|
|I2|

∣
∣
∣
∣ ≤ O

(
(dΛ(Iθ, Jθ))

ε1
2 ρn

)
.
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Let ε2 > 0 be such that μ = η2ε2 . If dΛ(Iθ, Jθ) ≥ O(ηn), then, by inequality
(1.14), ∣

∣
∣
∣log

|I1|
|I2|

|θ(I2)|
|θ(I1)|

∣
∣
∣
∣ ≤ O

(
(dΛ(Iθ, Jθ))

ε2 μ
n
2
)
.

Therefore, by Proposition 1.1, there is an affine map a : R → R such that

||j ◦ θ ◦ i−1 − a||C1+α ≤ O((dΛ(Iθ, Jθ))ε2).

By inequality (1.15) and since there is a point x such that j ◦ θ ◦ i−1(x) = x,
we get from last inequality that a is O((dΛ(Iθ, Jθ))ε3)-close to the identity in
the C1+α-norm, for some ε3 > 0, and so inequality (1.7) follows.

Consider a straightened graph-like chart i : U → R
2 and a rectangle R

contained in U and containing i−1(0, 0). For y ∈ R with (0, y) in the image of
R under i, let Iy = 	(i−1(0, y), R). Let π : R

2 → R be the projection into the
first coordinate.

Lemma 1.8. Let j : Iy → R be in Au(g, ρ). There exists 0 < α < 1 such that
the function π ◦ i ◦ j−1 has a C1+α diffeomorphic extension to R. The C1+α

norm of the extension is bounded above by a quantity that depends only upon
i, R and ρ.

Proof. Let I1, I2 ⊂ Iy be u-leaf n-cylinders or u-leaf n-gaps with a common
point and I = I1 ∪ I2. Let Iπ = π ◦ i(I) and let Iπ,k = π ◦ i(Ik) for k ∈ {1, 2}.
Since |Iπ| = O(|I|), we obtain by (1.8) that there exist 0 < ψ ≤ α < 1 such
that

O(ψn) ≤ |Iπ| ≤ O(αn). (1.16)

The image of the full u-leaf segment Îy with Îy ∩Λ = Iy under i is a graph of
the form (x, vy(x)), where vy is C1+γ . Letting ak and bk be the endpoints of
Iπ,k, we find that

|Ik| =
∫ bk

ak

(
g11(x, v(x)) + 2g12(x, v(x))v′(x) + g22(x, v(x))v′(x)2

)1/2
dx.

Since vy is C1+γ , we obtain

|v′
y(w) − v′y(z)| ≤ O(|Iπ|γ) ≤ O(αnγ), (1.17)

for all w, z ∈ Iπ. By the Hölder continuity of the Riemannian metric, there
exists 0 < η ≤ 1 such that

|gj,l(w) − gj,l(z)| ≤ O(|Iπ|η) ≤ O(αnη), (1.18)

for all w, z ∈ Iπ. Let ν = max{αγ , αη}. By (1.17) and (1.18), and taking t
such that |I1| = t |Iπ,1|, we obtain

|I2| = t|Iπ,2|(1 ±O(νn)).
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Hence, ∣
∣
∣
∣log

|I2|
|I1|

|Iπ,1|
|Iπ,2|

∣
∣
∣
∣ ≤ O (νn) , (1.19)

and so, by Proposition 1.1, the overlap map π◦i◦j−1 has a C1+α diffeomorphic
extension to R with C1+α norm bounded above by a quantity that depends
only upon i, R and ρ.

i(Iy)
i(Iy)

i(I0)
i(I0)

(0, y)
(0, y)

(x, 0)
(x, 0)

(0, y′)
i(Iy′)

	 (x, 0), R )

θ̂y,y′(x), 0)(
θ̂y(x), 0)(

)i(  (i -1

Fig. 1.6. The map θ̂y,y′ .

x θ(x)^

Fig. 1.7. The construction of the map θ̂y.

Let i : Iy → R
2 be given by i(ξ) = (x(ξ), z(x(ξ))), where z : R → R

is a function, and consider a basic holonomy θy,y′ : Iy → Iy′ in R, where
Iy = 	(i−1(0, y), R) and Iy′ = 	(i−1(0, y′), R). Let θ̂y,y′ : π ◦ i (Iy) ⊂ R → R be
given by θ̂y,y′(x) = π ◦ i ◦ θy,y′ ◦ i−1(x, z(x)) (see Figure 1.6). Let θy : I0 → Iy

in R be given by θy = θy′,y and θ̂y = θ̂y′,y, with y′ = 0 (see Figure 1.7).

Lemma 1.9. There are 0 < α, β < 1 such that the maps θ̂y and θ̂y,y′ have
C1+α diffeomorphic extensions θ̃y and θ̃y,y′ , respectively, to R. Furthermore,

∣
∣
∣
∣
∣
∣θ̃y − θ̃y′

∣
∣
∣
∣
∣
∣
C1+α

≤ O
(
|y − y′|β

)
(1.20)
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and ∣
∣
∣
∣
∣
∣θ̃y,y′ − id

∣
∣
∣
∣
∣
∣
C1+α

≤ O
(
|y − y′|β

)
, (1.21)

where the constant of proportionality in the O term depends only upon the
choice of i and upon the rectangle R.

Proof. Let I1, I2 ⊂ Iy be ι-leaf n-cylinders or u-leaf n-gaps with a common
point and I = I1 ∪ I2. Let Iπ = π ◦ i(I), J = θ(I) and Jπ = π ◦ i(J). For
k ∈ {1, 2}, let Iπ,k = π ◦ i(Ik), Jk = θ(Ik) and Jπ,k = π ◦ i(Jk). By (1.14),
there exists 0 < ν < 1 such that

∣
∣
∣
∣log

|I1|
|I2|

|J2|
|J1|

∣
∣
∣
∣ ≤ O (νn) .

Thus, by (1.19), we obtain
∣
∣
∣
∣log

|Iπ,1|
|Iπ,2|

|Jπ,2|
|Jπ,1|

∣
∣
∣
∣ ≤ O (νn) . (1.22)

Therefore, by Proposition 1.1, the map θ̂y,y′ has a C1+α diffeomorphic exten-
sion to R.

Let Lz be the 1-dimensional submanifold contained in a full s-leaf segment
with minimal length and with endpoints z ∈ Iy and θy,y′(z) ∈ Iy′ . By the
hyperbolicity of Λ for f , there exists 0 < ε1 ≤ 1 such that

|π ◦ i(x) − π ◦ i ◦ θy,y′(x)| ≤ O(|Lz|) ≤ O (|y − y′|ε1) .

Thus, for k ∈ {1, 2},

||Jπ,k| − |Iπ,k|| ≤ O (|y − y′|ε1) . (1.23)

Let ψ be as in (1.16). Choose η small enough such that 0 < τ = ηε1/2ψ−1 < 1.
If |y − y′| ≤ O(ηn), then, by (1.16) and (1.23), we obtain

∣
∣
∣
∣log

|Jπ,k|
|Iπ,k|

∣
∣
∣
∣ ≤ O

(
|y − y′|ε1/2ηnε1/2ψ−n

)
≤ O

(
|y − y′|ε1/2τn

)
. (1.24)

Therefore, ∣
∣
∣
∣log

|Jπ,1|
|Iπ,1|

|Iπ,2|
|Jπ,2|

∣
∣
∣
∣ ≤ O

(
|y − y′|ε1/2τn

)
.

Let ε2 > 0 be such that ν = η2ε2 . If |y − y′| ≥ O(ηn), then, by inequality
(1.22), we obtain

∣
∣
∣
∣log

|Jπ,1|
|Jπ,2|

|Iπ,2|
|Iπ,1|

∣
∣
∣
∣ ≤ O

(
|y − y′|ε2νn/2

)
.

Therefore, by Proposition 1.1, there is an affine map a : R → R and there
exists a constant 0 < α ≤ 1 such that
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∣
∣
∣
∣
∣
∣θ̃y,y′ − a

∣
∣
∣
∣
∣
∣
C1+α

≤ O (|y − y′|ε2) .

Since θ̂y,y′(0) = 0 and by (1.24), there exists ε3 > 0 such that a is
O (|y − y′|ε3)-close to the identity in the C1+α norm. Therefore,

∣
∣
∣
∣
∣
∣θ̃y,y′ − id

∣
∣
∣
∣
∣
∣
C1+α

≤ O
(
|y − y′|β

)
,

and so inequality (1.21) holds. Since θ̃y,y′ = θ̃y′ ◦ θ̃−1
y and the C1+α norm of

θ̃y is uniformly bounded, we have that
∣
∣
∣
∣
∣
∣θ̃y′ − θ̃y

∣
∣
∣
∣
∣
∣
C1+α

=
∣
∣
∣
∣
∣
∣
(
θ̃y,y′ − id

)
◦ θ̃y

∣
∣
∣
∣
∣
∣
C1+α

≤ O
(∣
∣
∣
∣
∣
∣θ̃y,y′ − id

∣
∣
∣
∣
∣
∣
C1+α

∣
∣
∣
∣
∣
∣θ̃y

∣
∣
∣
∣
∣
∣
C1+α

)

≤ O
(∣
∣
∣
∣
∣
∣θ̃y,y′ − id

∣
∣
∣
∣
∣
∣
C1+α

)

≤ O
(
|y − y′|β

)
.

1.9 Orthogonal atlas

An orthogonal chart (i, U) on Λ is an embedding i : U → R
2 of an open subset

U of Λ that embeds every leaf segment in U into a horizontal or vertical arc
of R (say stable leaf segments into horizontals and unstable leaf segments into
verticals). Two such charts (i1, U1) and (i2, U2) on Λ are Cr compatible if the
chart overlap map i2 ◦ i−1

1 : i1(U1

⋂
U2) → i2(U1

⋂
U2) is Cr in the sense that

it extends to a Cr diffeomorphism of a neighbourhood of i1(U1

⋂
U2) in R

2

onto a neighbourhood of i2(U1

⋂
U2) in R

2.

Definition 3 A Cr orthogonal atlas O on Λ is a set of orthogonal charts
that cover Λ and are Cr compatible with each other. Such an atlas is said to
be bounded, if its overlap maps have a uniformly bounded Cr norm, with the
bound depending only upon the atlas O.

Let (f, Λ) be a C1+ hyperbolic diffeomorphism. Since Λ is compact, any
atlas contains a bounded atlas. Let i : R → R

2 be defined by i(w) =
(is([w, z]), iu([z, w])), where is : 	s(z, R) → R and iu : 	s(z, R) → R are
C1+H charts given by the Stable Manifold Theorem.

Proposition 1.10. The orthogonal chart i : R → R
2 is C1+H compatible

with Sf , i.e, for every chart j ∈ Sf , the overlap map j ◦ i−1 has a C1+H

diffeomorphic extension to an open neighbourhood of R
2.
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Corollary 1.11. Every C1+ hyperbolic diffeomorphism (f, Λ) has a finite C1+

orthogonal atlas Of that is C1+ compatible with the C1+H structure Sf .

Proof of Proposition 1.10. Take a straightened graph-like chart (j, V ′) ∈ Sf

such that (i) j(z) = 0; and (ii) j ◦ i−1 is the identity along the leaf segments
	s(z, R) and 	u(z, R). Thus, j ◦ i−1(0) = 0. Let K = i(R), and the map
u : K → R

2 be defined by u = j ◦ i−1. We are going to prove that u has
a C1+ extension ũ : R

2 → R
2 and that the derivative dũ(0) of ũ at 0 is an

isomorphism. Thus, there is a small open set V ⊂ V ′ containing z such that
V

⋂
Λ = V

⋂
R and such that ũ|j(V ) is a C1+ diffeomorphism onto its image.

Hence, (v = ũ−1 ◦ j, V ) is a chart C1+ compatible with the structure Sf and
v|(V

⋂
Λ) = i|(V

⋂
R). To prove that u has a C1+ extension ũ : R

2 → R
2

we start by finding the natural candidates ∂xu(x, y) and ∂yu(x, y) to be the
derivatives ∂xũ(x, y) and ∂yũ(x, y) of the extension ũ at the points (x, y) ∈ K.

y

x^
θz,s(x) i(Is

0 )

i(Is
y )

y = θy,s(x)

x
πs i(Is

y )

i(θz,s(i−1(x, 0)))

Fig. 1.8. The map θ̂z,ι.

Let πs : R
2 → R and πu : R

2 → R be the projections onto the x- and y-axis,
respectively. For every (0, y) ∈ K, consider the s-spanning leaf segments Is

y in
R of the form (x, vy,s(x)) for x ∈ πs◦i(Is

y) in this chart, and, for every (x, 0) ∈
K, consider the u-spanning leaf segments Iu

y in R of the form (vx,u(y), y) for
y ∈ πu ◦ i(Iu

s ) in this chart, where vy,s and vx,u are C1+ functions. Consider
the basic holonomies θz,ι : Iι

0 → Iι
z in R, and let θ̂z,ι : πι ◦ i(Iι

0) ⊂ R → R be
defined by θ̂z,ι(x) = πι ◦ i ◦ θz,ι ◦ i−1(x, 0) (see Figure 1.8). Hence,

u(x, y) =
(
θ̂y,s(x), vy,s

(
θ̂y,s(x)

))

=
(
vx,u

(
θ̂x,u(y)

)
, θ̂x,u(y)

)
.

By Lemma 1.9, the maps θ̂y,s and θ̂x,u have C1+α1 extensions θ̃y,s and θ̃x,u

that vary Hölder continuously with y and x, respectively, for some 0 < α1 ≤ 1.
Thus, we define

∂xu(x, y) =
(
θ̃′y,s(x), v′y,s

(
θ̃y,s(x)

)
θ̃′y,s(x)

)
,

∂yu(x, y) =
(
v′x,u

(
θ̃x,u(y)

)
θ̃′x,u(y), θ̃′x,u(y)

)
.
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Since θ̃y,s and v′y,s are C1+, for every y ∈ πu ◦ i (	u(z, R)), ∂xu(x, y) varies
Hölder continuously with x ∈ πs ◦ i (	s(z, R)). Since the C1+α1 extensions
θ̃y,s and θ̃x,u vary Hölder continuously with y and x, and by the Hölder
continuity of the stable and unstable bundles (see §6 in Hirsch and Pugh
[48]), for every x ∈ πs ◦ i (	s(z, R)), ∂xu(x, y) varies Hölder continuously with
y ∈ πu ◦ i (	u(z, R)). Therefore, ∂xu(x, y) varies Hölder continuously with
(x, y) ∈ K. Similarly, we obtain that ∂yu(x, y) varies Hölder continuously
with (x, y) ∈ K.

By the Whitney Extension Lemma (see Abraham and Robbin [1]), the map
u has a C1+ extension ũ with ∂xũ(x, y) = ∂xu(x, y) and ∂yũ(x, y) = ∂yu(x, y),
if

||U((x, y), (x + hx, y + hy))|| ≤ O
(
||(hx, hy)||1+α

)
,

for some α > 0, where

U((x, y), (x′, y′)) = u(x′, y′) − u(x, y) − ∂xu(x, y)(x′ − x) − ∂yu(x, y)(y′ − y).

Since θ̃y,s and vy,s are C1+, for all y ∈ πu ◦ i (	u(z, R)), we have that the

maps uy : πs ◦ i
(
	s
g(z, R)

)
→ R

2 defined by uy(x) =
(
θ̃y,s(x), vy,s

(
θ̃y,s(x)

))

are C1+α1 , for some α1 > 0. Since θ̃x,u and vx,u are C1+, for all x ∈ πs ◦
i (	u(z, R)), we have that the maps ux : πu ◦ i

(
	u
g (z, R)

)
→ R

2 defined by

ux(y) =
(
vx,u

(
θ̃x,u(y)

)
, θ̃x,u(y)

)
are C1+α1 , for some α1 > 0. Therefore,

u(x + hx, y + hy) − u(x, y) = uy+hy (x + hx) − uy+hy (x) + ux(y + hy) − ux(y)
∈ ∂xu(x, y + hy)hx + ∂yu(x, y)hy

±O
(
||(hx, hy)||1+α1

)
.

Since ∂xu(x, y) varies Hölder continuously with (x, y) ∈ K, there exists 0 <
α ≤ α1 such that

U((x, y), (x + hx, y + hy)) ∈ ∂xu(x, y + hy)hx − ∂xu(x, y)hx

±O
(
||(hx, hy)||1+α1

)

⊂ ±O
(
||(hx, hy)||1+α

)
.

1.10 Further literature

There are a number of results about smoothness of the holonomies of Anosov
diffeomorphisms. Anosov used the fact that the holonomies of C2 Anosov dif-
feomorphisms have a Hölder continuous Jacobian to show that, when such
maps preserve Lebesgue measure, they are ergodic. In the case of codimen-
sion 1 Anosov systems, one can use this Jacobian to show that the holonomies
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are C1+α, for some α > 0 (see Exercise 3.1 of Chapter III of Mañé [73]). For
more general hyperbolic sets, a number of papers address the question of the
regularity of the invariant foliations via the regularity of their tangent dis-
tributions. As explained in Pugh, Shub and Wilkinson [177], this is not the
same as regularity of holonomies. In Schmeling and Siegmund-Schultze [197]
it is proved that the holonomies associated with hyperbolic sets are Hölder
continuous. The paper Pugh, Shub and Wilkinson [177] contains a very inter-
esting discussion of different notions of smooth foliation, and gives necessary
and sufficient conditions for a C1+α foliation in terms of the smoothness of
both the leaves and holonomies plus the variation in the holonomies from leaf
to leaf. This chapter is based on Pinto and Rand [164].



2

HR structures

We study the flexibility of smooth hyperbolic dynamics on surfaces. By the
flexibility of a given topological model of hyperbolic dynamics we mean the
extent of different smooth realizations of this model. We construct moduli
spaces for hyperbolic sets of diffeomorphisms on surfaces which will be used
in other chapters, for instance, to study the rigidity of diffeomorphisms on
surfaces, and also to construct all smooth hyperbolic systems with an invariant
Hausdorff measure.

2.1 Conjugacies

Let (f, Λ) be a C1+ hyperbolic diffeomorphism. Somewhat unusually we also
desire to highlight the C1+ structure on M in which f is a diffeomorphism. By
a C1+ structure on M we mean a maximal set of charts with open domains in
M such that the union of their domains cover M and whenever U is an open
subset contained in the domains of any two of these charts i and j, then the
overlap map j ◦ i−1 : i(U) → j(U) is C1+α, where α > 0 depends on i, j and
U . We note that by compactness of M , given such a C1+ structure on M ,
there is an atlas consisting of a finite set of these charts which cover M and
for which the overlap maps are C1+α compatible and uniformly bounded in
the C1+α norm, where α > 0 just depends upon the atlas. We denote by Cf

the C1+ structure on M in which f is a diffeomorphism. Usually one is not
concerned with this as, given two such structures, there is a homeomorphism
of M sending one onto the other and thus, from this point of view, all such
structures can be identified. For our discussion it will be important to maintain
the identity of the different smooth structures on M .

We say that a map h : Λf → Λg is a topological conjugacy between two C1+

hyperbolic diffeomorphisms (f, Λf ) and (g, Λg) if there is a homeomorphism
h : Λf → Λg with the following properties:

(i) g ◦ h(x) = h ◦ f(x) for every x ∈ Λf .
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(ii) The pull-back of the ι-leaf segments of g by h are ι-leaf segments of
f .

Definition 4 Let T (f, Λ) be the set of all C1+ hyperbolic diffeomorphisms
(g, Λg) such that (g, Λg) and (f, Λ) are topologically conjugate by h.

Hence, if i : Θ → Λf is a marking for (f, Λf ), (g, Λg) ∈ T (f, Λ), the map
h ◦ i : Θ → Λg is a marking for (g, Λg), where h : Λf → Λg is the topological
conjygacy between (f, Λf ) and (g, Λg).

We say that a topological conjugacy h : Λf → Λg is a Lipschitz conjugacy if
h has a bi-Lipschitz homeomorphic extension to an open neighbourhood of Λf

in the surface M (with respect to the C1+ structures Cf and Cg, respectively).
Similarly, we say that a topological conjugacy h : Λf → Λg is a C1+

conjugacy if h has a C1+α diffeomorphic extension to an open neighbourhood
of Λf in the surface M , for some α > 0.

Our approach is to fix a C1+ hyperbolic diffeomorphism (f, Λ) and consider
C1+ hyperbolic diffeomorphism (g1, Λg1) topologically conjugate to (f, Λ).
The topological conjugacy h : Λ → Λg1 between f and g1 extends to a homeo-
morphism H defined on a neighbourhood of Λ. Then, we obtain the new C1+-
realization (g2, Λg2) of f defined as follows: (i) the map g2 = H−1 ◦ g1 ◦ H;
(ii) the basic set is Λg2 = H−1|Λg1 ; (iii) the C1+ structure Cg2 is given by
the pull-back (H)∗ Cg1 of the C1+ structure Cg1 . From (i) and (ii), we get
that Λg2 = Λ and g2|Λ = f . From (iii), we get that g2 is C1+ conjugated to
g1. Hence, to study the conjugacy classes of C1+ hyperbolic diffeomorphisms
(f, Λ) of f , we can just consider the C1+ hyperbolic diffeomorphisms (g, Λg)
with Λg = Λ and g|Λ = f |Λ.

2.2 HR - Hölder ratios

A HR structure associates an affine structure to each stable and unstable leaf
segment in such a way that these vary Hölder continuously with the leaf and
are invariant under f . (The abbreviation HR stands for Hölder ratios).

An affine structure on a stable or unstable leaf is equivalent to a ratio
function r(I : J) which can be thought of as prescribing the ratio of the size
of two leaf segments I and J in the same stable or unstable leaf. A ratio
function r(I : J) is positive (we recall that each leaf segment has at least two
distinct points) and continuous in the endpoints of I and J . Moreover,

r(I : J) = r(J : I)−1 and r(I1 ∪ I2 : K) = r(I1 : K) + r(I2 : K), (2.1)

provided I1 and I2 intersect in at most one of their endpoints.

Definition 5 We say that r is an ι-ratio function if (i) for all ι-leaf segments
K, r(I : J) defines a ratio function on K, where I and J are leaf segments
contained in K; (ii) r is invariant under f , that is r(I : J) = r(f(I) : f(J)),
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for all ι-leaf segments; and (iii) for every basic ι-holonomy θ : I → J between
the leaf segment I and the leaf segment J defined with respect to a rectangle
R and for every ι-leaf segment I0 ⊂ I and every ι-leaf segment or gap I1 ⊂ I,

∣
∣
∣
∣log

r(θ(I0) : θ(I1))
r(I0 : I1)

∣
∣
∣
∣ ≤ O ((dΛ(I, J))ε) , (2.2)

where ε ∈ (0, 1) depends upon r and the constant of proportionality also de-
pends upon R, but not on the segments considered.

Definition 6 A HR structure on Λ, invariant by f , is a pair (rs, ru) consist-
ing of a stable and an unstable ratio function.

2.3 Foliated atlas A(r)

Given an ι-ratio function r, we define the embeddings e : I → R by

e(x) = r(�(ξ, x), �(ξ, R)), (2.3)

where ξ is an endpoint of the ι-leaf segment I, R is a Markov rectangle con-
taining ξ (not necessarily containing I) and �(ξ, x) is the ι-leaf segment with
endpoints x and ξ. We denote the set of all these embeddings e by A(r).

The embeddings e in A(r) have overlap maps with affine extensions. There-
fore, the atlas A(r) extends to a C1+α lamination structure L(r). In Propo-
sition 2.1, it is proved that the atlas A(r) has a bounded geometry, and, in
Proposition 2.3, it is proved that in this the basic holonomies are C1+β, for
some 0 < β ≤ 1. Thus, this lamination structure is C1+-foliated. Moreover, it
is a unique structure compatible with r in the sense that it and r induce the
same C1+ structures on leaf segments.

Proposition 2.1. If r is an ι-ratio function, then A(r) is a C1+ bounded
atlas with bounded geometry.

Proof. Suppose that I and J are either both ι-leaf n-cylinders or else that
one of them is and the other is an ι-leaf n-gap. In addition, suppose that they
have a common endpoint. Consider the set of ratios r(I : J). By compactness
and continuity, when we restrict n to be 1, the set S of such ratios is bounded
away from 0 and ∞. However, since r is f -invariant, all other such ratios
r(I : J) are in this set S. This also implies that, for all endpoints x and y of
an ι-leaf n-cylinder or ι-leaf n-gap I, we have that |I|i ≤ O

(
(dΛ(x, y))β

)
and

dΛ(x, y) ≤ O
(
|I|βi

)
, for some 0 < β < 1 independent of i, I and R.

Lemma 2.2. Let r be an ι-ratio function. There exists 0 < α ≤ 1 such that,
for every basic holonomy θ : I → J defined with respect to the rectangle R,
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∣
∣
∣
∣log

r(θ(I1) : θ(I2))
r(I1 : I2)

∣
∣
∣
∣ ≤ O ((dΛ(I, J)|K|)α) , (2.4)

for all ι-leaf segments I1, I2 ⊂ K in I. Here, for |K| one takes r(K : �(ξ, R))
which is its length measured in a chart of the bounded atlas A(r), where ξ ∈
K. The constant α depends only upon r and the constant of proportionality
depends only upon r and R.

Proof. Take the largest n such that the ι-leaf segments I1 and I2 are contained
in the union of two n-cylinders with a common endpoint. By inequality (2.2)
and since the ratio functions are f -invariant, we have

∣
∣
∣
∣log

r(θ(I1) : θ(I2))
r(I1 : I2)

∣
∣
∣
∣ =

∣
∣
∣
∣log

r(f−n
ι (θ(I1)) : f−n

ι (θ(I2)))
r(f−n

ι (I1) : f−n
ι (I2))

∣
∣
∣
∣

≤ O
((

dΛ(f−n
ι (I), f−n

ι (J))
)α)

.

By bounded geometry, there exist 0 < ν < 1 and 0 < β ≤ 1 such that

dΛ(f−n
ι (I), f−n

ι (J)) ≤ O (dΛ(I, J)νn)
≤ O

(
dΛ(I, J)|K|β

)
.

Proposition 2.3. The lamination atlas A(r) is C1+α-foliated, for some 0 <
α ≤ 1. Moreover, there exists 0 < β < 1 such that if θ : I → J is an ι-
basic holonomy defined with respect to the rectangle R, then, for all segments
I1, I2 ⊂ K in I,

∣
∣
∣
∣log

j(θ(I1))
j(θ(I2))

i(I2)
i(I1)

∣
∣
∣
∣ ≤ O

(
(dΛ(I, J))β |K|βi

)
, (2.5)

where i : I → R and j : J → R are in A(r). The constant of proportionality
in the O term depends only upon the choice of A(r) and upon the rectangle
R.

Proof. By Proposition 2.1, A(r) is a C1+α bounded atlas. Inequality (2.5)
follows from Lemma 2.2, and so, by Proposition 1.1, the holonomies are C1+α

smooth, for some 0 < α ≤ 1. Therefore, L(r) is a C1+α-foliated lamination
structure.

Combining Proposition 1.1 and Proposition 2.3, we get the following result.

Proposition 2.4. Let θ : I → J be a basic holonomy between ι-leaf segments
in a rectangle R. There is 0 < η < 1 such that the holonomy θ is C1+η

with respect to the charts in A(rι). Furthermore, there is 0 < β < 1 with the
property that for all charts i : I → R and j : J → R in A(rι) there is an affine
map a : R → R such that j ◦ θ ◦ i−1 has a C1+η diffeomorphic extension θ̃ and

||θ̃ − a||C1+η ≤ O
(
(dΛ(I, J))β

)
,

where η and β depend upon rι and the constant of proportionality also depends
upon R.
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2.4 Invariants

For every g ∈ T (f, Λ) we will determine a unique HR structure associated to
g as follows. Let Aι(g, ρ) be the C1+α foliated lamination atlases associated
with g and with a C1+γ Riemannian metric ρ on M (see §1.6 and §1.7).
Recall that for an ι-leaf segment I, by |I| = |I|ρ we mean the length in the
Riemannian metric ρ of the minimal full ι-leaf segment containing I.

Lemma 2.5. For all ι-leaf segments I and J with a common endpoint and
for all n ≥ 0, the following limit exists:

rι
ρ(I : J) = lim

n→∞

|f−n
ι (I)|∣

∣f−n
ι (J)

∣
∣ ∈ |I|

|J | (1 ±O (|I ∪ J |γ)) , (2.6)

where the constant of proportionality in the O term depends only upon the
choice of the Riemannian metric ρ. Furthermore, (rs

ρ, r
u
ρ ) is a HR structure

associated to g.

Lemma 2.6. Suppose that instead of using equation (2.6) to define the ratios
r(I : J) we use the Euclidean distances so that

rι
e(I : J) = lim

n→∞

||i (fn
ι (I)) ||

||i (fn
ι (J)) || ,

where ||i (fn
ι (I)) || and ||i (fn

ι (J)) || are as in Lemma 1.2. Then, (rs
e, r

u
e ) =(

rs
ρ, r

u
ρ

)
.

Proof. Lemma 2.6 follows from putting together Lemmas 1.3 and 2.5.

Combining Proposition 1.1 and Proposition 2.3, we get the following
lemma.

Lemma 2.7. The overlap map e1 ◦ e−1
2 between a chart e1 ∈ A(g, ρ) and a

chart e2 ∈ A(rι
ρ) has a C1+ diffeomorphic extension to the reals. Therefore,

the atlases A(g, ρ) and A(rι
ρ) determine the same C1+ foliated ι-lamination.

In particular, for all short leaf segments K and all leaf segments I and J
contained in it, we obtain that

rι
ρ(I : J) = lim

n→∞

|gn
ι′(I)|ρ

|gn
ι′(J)|ρ

= lim
n→∞

|gn
ι′(I)|in

|gn
ι′(J)|in

, (2.7)

where in is any chart in A(rι
g) containing the segment gn

ι′(K) in its domain.

Lemma 2.8. Let g ∈ T (f, Λ). There is a unique HR structure HRg = (rs
g, r

u
g )

on Λ such that the C1+ stable and unstable foliated lamination atlases As
g and

Au
g induced by g have the following property:

(*)A map i : I → R defined on an ι-leaf segment I is C1+α compatible with
all j ∈ A(rι

g) if, and only if, it is C1+α compatible with all j ∈ Aι
g.
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Furthermore, (rs
g, r

u
g ) = (rs

ρ, r
u
ρ ), for any C1+γ Riemannian metric ρ.

Proof of Lemma 2.5. Let us start proving that rι
ρ is an ι-ratio function. By

construction (see (2.6)), we obtain that rι
ρ is continuous, satisfies (2.1) and is

invariant under f . So, it is enough to prove that rι
ρ satisfies (2.2).

Let θ : I → J be an ι-basic holonomy. Let n be the integer part of
(log dΛ(I, J)) /(2 log 2). Let θ̂ : f−n

ι (I) → f−n
ι (J) be the ι-basic holonomy

given by θ̂(x) = f−n
ι ◦ θ ◦ fn

ι (x). By the f -invariance of rι
ρ, for all ι-leaf

segments I1, I2 ⊂ K in I, we have that

∣
∣
∣
∣log

r(θ(I1) : θ(I2))
r(I1 : I2)

∣
∣
∣
∣ =

∣
∣
∣
∣
∣
∣
log

r
(
θ̂(f−n

ι (I1)) : θ̂(f−n
ι (I2))

)

r
(
f−n

ι (I1) : f−n
ι (I2)

)

∣
∣
∣
∣
∣
∣
. (2.8)

By (2.6) and bounded geometry, there exists 0 < β1 ≤ 1 such that
∣
∣
∣
∣
∣
∣
∣
log r

(
θ̂
(
f−n

ι (I1)
)

: θ̂
(
f−n

ι (I2)
))

∣
∣
∣f−n

ι

(
θ̂(I2)

)∣
∣
∣
ρ∣

∣
∣f−n

ι

(
θ̂(I1)

)∣
∣
∣
ρ

∣
∣
∣
∣
∣
∣
∣
≤ O

(∣
∣
∣f−n

ι

(
θ̂(I)

)∣
∣
∣
γ

ρ

)

≤ O
(
2−nγβ1

)

≤ O
(
dΛ(I : J)γβ1/2

)
.(2.9)

Similarly, we have
∣
∣
∣
∣
∣
log r

(
θ̂
(
f−n

ι (I2)
)

: θ̂
(
f−n

ι (I1)
)) |f−n

ι (I1)|ρ∣
∣f−n

ι (I2)
∣
∣
ρ

∣
∣
∣
∣
∣
≤ O

(
dΛ(I : J)γβ1/2

)
. (2.10)

By Theorem 1.6, the basic ι-holonomies satisfy (1.2) and so (1.3), with
respect to the charts in the lamination atlas Aι(g, ρ). Hence, for some 0 <
β2 ≤ 1, we have

∣
∣
∣
∣
∣
∣
∣
log

∣
∣
∣f−n

ι

(
θ̂(I1)

)∣
∣
∣
ρ∣

∣
∣f−n

ι

(
θ̂(I2)

)∣
∣
∣
ρ

|f−n
ι (I2)|ρ∣

∣f−n
ι (I1)

∣
∣
ρ

∣
∣
∣
∣
∣
∣
∣
≤ O

(
dΛ

(
f−n

ι (I) : f−n
ι (J)

)β2
)

≤ O
(
dΛ(I : J)β2/2

)
, (2.11)

where the constant of proportionality in the O term depends upon the rect-
angle R.

Applying (2.9), (2.10) and (2.11) to (2.8), we obtain
∣
∣
∣
∣log

r (θ(I1) : θ(I2))
r (I1 : I2)

∣
∣
∣
∣ ≤ O

(
dΛ(I, J)β3

)
,

where β3 = min{γβ1/2, β2/2}. Thus, rι
ρ satisfies (2.2), and so is an ι-ratio

function.
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Proof of Lemma 2.7: Let us prove that the overlap map between the charts
i : I → R in A(rι

ρ) and the charts j : I → R in Aι(g, ρ) are C1+ compatible.
By (2.6), for all ι-leaf segments I1, I2 ⊂ K in I, we have

∣
∣
∣
∣log

|I1|i
|I2|i

|I2|j
|I1|j

∣
∣
∣
∣ =

∣
∣
∣
∣log r(I1 : I2)

|I2|ρ
|I1|ρ

∣
∣
∣
∣ ≤ O (|K|γi ) .

Hence, the overlap map (or identity map) between the charts i and j satisfies
(1.1), taking in (1.1) the holonomy θ equal to the identity map, and so the
overlap map has a C1+ extension to R.

Proof of Lemma 2.8: Let us take rι
g = rι

ρ, for some chosen C1+ Riemannian
metric ρ. As observed in §1.7, the charts in Aι

g are C1+ compatible with
the charts in Aι(g, ρ). Hence, by Lemma 2.7, A(rι

ρ) satisfies (*). Now, the
uniqueness of the HR structure follows from the f -invariance of rs

ρ and ru
ρ ,

because two HR structures that are compatible with the lamination structures
have arbitrarily close ratios on sufficiently small segments, and therefore, since
the ratios are f -invariant, they must be the same.

Lemma 2.9. Let g1, g2 ∈ T (f, Λ). If g1 is a C1+ conjugated to g2, then
(rs

g1
, ru

g1
) = (rs

g2
, ru

g2
).

Proof. Suppose that g1 and g2 are C1+β conjugated. By conjugating g2 with
the conjugacy, we obtain a new diffeomorphism g0 that has the same invariant
set Λ as g1 and for which g1|Λ = g0|Λ. Moreover, the HR structures of g0 and
g2 are the same, since the conjugacy maps the full ι-leaf segments of g2 to
the full ι-leaf segments of g0, i.e (rs

g2
, ru

g2
) = (rs

g0
, ru

g0
). Hence, it is enough

to show that (rs
g0

, ru
g0

) = (rs
g1

, ru
g1

). In particular, this means that K is an
ι-leaf segment for g1 if, and only if, it is one for g2. Since g0 and g1 are C1+

conjugated, they admit a common C1+ atlas A. (We note that the minimal
full leaf segments K0 and K1 containing K for g1 and g2 do not have to
coincide). However, by Lemma 2.6 and Lemma 2.8, rι

g1
= rι

e = rι
g2

where rι
e is

the ratio obtained using the chart e ∈ A. Therefore, the ι-ratio functions are
the same for g1 and g2, and hence that they induce the same HR structures.

2.5 HR Orthogonal atlas

Let (rs, ru) be a HR orthogonal structure on Λ. For every rectangle R
and x ∈ R, we define a unique HR rectangle chart i = ix,R : R → R

as follows. For every y ∈ �s(x,R), let is(y) = ±rs(�s(x, y) : �s(x,R))
where the plus sign is chosen if y is positively oriented with respect to x,
and the minus sign otherwise. Define similarly iu. The chart i is given by
i(z) = (is([z, x]), iu([x, z])) ∈ R

2. The HR atlas associated to (rs, ru) is the
set of all HR rectangle charts constructed as above and covering Λ.
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Lemma 2.10. Let (rs, ru) be a HR orthogonal structure on Λ. The HR atlas
associated to (rs, ru) is a C1+ orthogonal atlas with the following properties:
(i) the image by ix,R of the ι-leaf segments passing through x determines the
same affine structure on these leaf segments as the one given by the HR struc-
ture; and (ii) the map if(x),f(R) ◦ f ◦ i−1

x,R has an affine extension to R
2.

Proof. By construction, the HR rectangle charts satisfy property (i). Since
the HR structure determines an affine structure along leaf segments that is
kept invariant by f , for every x ∈ Λ, the map if(x),f(R) ◦ f ◦ i−1

x,R has an affine
extension to R

2. Since a HR structure determines a unique affine structure on
all leaf segments and since, by Proposition 2.3, the basic holonomies for this
are C1+α , for some α > 0, the overlap map between any two canonical charts
ix and iy has a C1+ extension (not necessarily unique).

Proposition 2.11. Let g ∈ T (f, Λ) with associated structure Sg, and let
O(rs, ru) denote the HR orthogonal atlas associated to (rs, ru). The atlas
O(rs, ru) is C1+H compatible with the structure Sg, i.e for every charts
i ∈ O(rs, ru) and j ∈ Sg, the overlap map j ◦ i−1 has a C1+H diffeomor-
phic extension to an open set of R

2.

Proof. Let ix,R : R → R
2 be a chart in O(rs, ru). By Lemma 2.8, ix,R|�s(x,R)

and ix,R|�s(x,R) have extensions to the minimal full leaf segments containing
�s(x,R) and �u(x,R), respectively, C1+H compatible with the C1+H charts
given by the Stable Manifold Theorem. Hence, by Proposition 1.10, for every
chart j ∈ Sg, the overlap map j ◦ i−1 has a C1+H diffeomorphic extension to
an open neighbourhood of R

2.

2.6 Complete invariant

By Lemma 2.9, if g1 and g2 are C1+ conjugated, then they determine the
same HR structure on Λ. We are going to prove that if g1 and g2 determine
the same HR structure on Λ, then g1 and g2 are C1+ conjugated.

Lemma 2.12. Let g ∈ T (f, Λ) and let h : Λ → Λ be a homeomorphism pre-
serving the order along the leaf segments. Let S and S ′ be C1+ structures on M
such that there are charts (u1, U1), . . . , (up, Up) ∈ S and (v1, V1), . . . , (vp, Vp) ∈
S ′ with the following properties:

(i) Λ ⊂
⋃p

q=1 Uq;
(ii) For every q = 1, . . . , p, there is a C1+ diffeomorphism hq : Uq → Vq

between S and S ′ that extends h|(Λ
⋂

Uq).

Then, h : Λ → Λ extends to a C1+ diffeomorphism defined on an open set of
M .
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c2

R(c )

R(s)
s

1

c1

R(c )2

Fig. 2.1. The corner and side rectangles.

Proof. Let us just introduce some useful notions for the proof of this lemma.
Recall that a rectangle Rn is an (Ns, Nu)- Markov rectangle if, for all x ∈ Rn,
the spanning ι-leaf segments �ι(x,Rn) are ι-leaf Nι-cylinders. Let us consider
the set of all (N, N)-Markov rectangles Rn, for some fixed N > 1. A corner c
is an endpoint of a spanning stable leaf segment and of a spanning unstable
leaf segment contained in the boundary of an (N, N)-Markov rectangle Rn.
An ι-partial side s is a closed ι-leaf segment whose endpoints are corners and
such that ints does not contain any corner. Let CN be the set of all such
corners and SN be the set of all such s-partial sides and u-partial sides. For
all corners c ∈ CN and for all partial sides s ∈ SN , there are corner rectangles
R(c) and side rectangles R(s) with the following properties (see Figure 2.1):

(i) c ∈ R(c);
(ii) If c1 and c2 are corners of the ι-partial side s, then s ⊂ R(c1)

⋃
R(s)

⋃
R(c2)

and the ι′-boundary of R(s) is contained in R(c1)
⋃

R(c2);
(iii) The rectangles R(c) are pairwise disjoint, for all c ∈ CN ;
(iv) The rectangles R(s) are pairwise disjoint, for all s ∈ SN .

We will consider separately the cases where (i) both the stable and unstable
leaf segments are one-dimensional topological manifolds (the Anosov case);
(ii) both the stable and unstable leaf segments are Cantor sets (e.g. Smale
horseshoes); (iii) the stable leaf segments are Cantor sets and the unstable
leaf segments are one-dimensional topological manifolds (attractors); and (iv)
the stable leaf segments are one-dimensional topological manifolds and the
unstable leaf segments are Cantor sets (repellers).

Case (i). In this case Λ = M , and so, by the hypotheses of this lemma,
h : M → M is a C1+ diffeomorphism.

Case (ii). Since Λ is compact and a Cantor set, there is a finite set {Rn :
1 ≤ n ≤ m} of pairwise disjoint rectangles with the following properties: (i)⋃m

n=1 Rn ⊃ Λ; (ii) for each rectangle Rn, there are charts (un, Un) ∈ S and
(vn, Vn) ∈ S ′ such that Un ⊃ Rn and h has a C1+ diffeomorphic extension
hn : Un → Vn. Take pairwise disjoint open sets U ′

n ⊂ Un such that Rn ⊂ U ′
n

and the sets V ′
n = hn(U ′

n) are also pairwise disjoint. The map
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ĥ :
m⋃

n=1

U ′
n →

m⋃

n=1

V ′
n

defined by ĥ|U ′
n = hn is a C1+ diffeomorphic extension of the conjugacy

h : Λ → Λ.

Case (iii). Since Λ is compact, there exists N large enough such that, for every
(N, N)-Markov rectangle Rn, there are charts (un, Un) ∈ S and (vn, Vn) ∈ S ′

such that

Un ⊃
(

Rn

⋃
(

⋃

s∈SN∩Rn

R(s)

)
⋃

(
⋃

c∈CN∩Rn

R(c)

))

and h has a C1+ diffeomorphic extension hn : Un → Vn. For every corner
c ∈ CN , we choose an (N, N)-Markov rectangle Rn(c) containing c, and an
open set U(c) ⊃ R(c) with the following properties:

(i) For every (N, N)-Markov rectangle Rm containing c,

U(c) ⊂ Um and V (c) = hn(c)(U(c)) ⊂ Vm;

(ii) The sets U(c) are pairwise disjoint, for all c ∈ CN ; and
(iii) The sets V (c) = hn(c)(U(c)) are also pairwise disjoint, for all c ∈ CN .

We define the C1+ diffeomorphic extension

hC :
⋃

c∈CN

U(c) →
⋃

c∈CN

V (c)

of h|
(
Λ

⋂ (⋃
c∈CN

U(c)
))

by hC |U(c) = hn(c)|U(c). Similarly, for every partial
side s ∈ SN , we choose an (N, N)-Markov rectangle Rn(s) containing s, and
an open set U(s) ⊃ R(s) with the following properties:

(i) For every (N, N)-Markov rectangle Rm containing s,

U(s) ⊂ Um and V (s) = hn(s)(U(s)) ⊂ Vm;

(ii) The sets U(s) are pairwise disjoint, for all s ∈ SN ;
(iii) The sets V (s) = hn(s)(U(s)) are also pairwise disjoint, for all s ∈ SN .

We define the C1+ diffeomorphic extension

hS :
⋃

s∈SN

U(s) →
⋃

s∈SN

V (s)

of h|
(
Λ

⋂ (⋃
s∈S U(s)

))
by hS |U(s) = hn(s)|U(s). Let s ∈ SN be a partial

side with endpoints c1 and c2. We define

Hs : un(s)(U(s)) → vn(s)(V (s)) and Hck
: un(s)(U(ck)) → vn(s)(V (ck))
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by
Hs = vn(s) ◦ hS ◦ u−1

n(s) and Hck
= vn(s)hC ◦ u−1

n(s),

for k ∈ {1, 2}. We choose open sets U ′(s), U ′(c1), U ′(c2), U ′′(s) and sets
U ′′(c1) and U ′′(c2) with the following properties:

(i) U ′(s) = U ′(c1)
⋃

U ′′(c1)
⋃

U ′′(s)
⋃

U ′′(c2)
⋃

U ′(c2);
(ii) s

⋂
U ′(s) = s

⋂
U(s);

(iii) U ′(c1)
⋃

U ′′(c1) ⊂ U(c1) and U ′(c2)
⋃

U ′′(c2) ⊂ U(c2);
(iv) U ′′(c1) ⊂ U(s) and U ′′(c2) ⊂ U(s); and
(v) U ′(c1)

⋂
U ′′(s) = ∅ and U ′(c2)

⋂
U ′′(s) = ∅.

Now, using bump functions, there is a C1+Hölder map H̃s : un(s)(U ′(s)) ⊂
R

2 → R
2 with the following properties:

(i) H̃s|un(s)(U ′′(s)) = Hs;
(ii) H̃s|un(s)(U ′(ck)) = Hck

, for all k ∈ {1, 2}; and
(iii) H̃s(z) = vn(s) ◦ h ◦ u−1

n(s)(z), for all z ∈ un(s) (U ′(s)
⋂

Λ).

Using the facts that Hs and Hck
coincide on uns(U

′(s)
⋂

U(ck)
⋂

Λ) and that
R(s) is compact, there is an open set Ũ(s) ⊂ U ′(s) such that s

⋂
Ũ(s) =

s
⋂

U ′(s) and such that H̃s restricted to un(s)(Ũ(s)) is injective. Set Ṽ (s) =
v−1

n(s) ◦ H̃s ◦u(Ũ(s)). Letting, for every c ∈ CN , Ũ(c) and Ṽ (c) be the open sets
defined by

Ũ(c) = U(c) \
(

U(c)
⋂

(
⋃

s∈SN

U(s)

))

and Ṽ (c) = hC(Ũ(c)) ,

we obtain that the map

h̃ :

(
⋃

c∈CN

Ũ(c)

)
⋃

(
⋃

s∈SN

Ũ(s)

)

→
(

⋃

c∈CN

Ṽ (c)

)
⋃

(
⋃

s∈SN

Ṽ (s)

)

defined by

h̃(z) =

{
v−1

n(s) ◦ H̃s ◦ un(s)(z), for all z ∈
⋃

s∈SN
Ũ(s)

hC(z), for all z ∈
⋃

c∈CN
Ũ(c)

is a C1+ diffeomorphic extension of

h

∣
∣
∣
∣
∣

(

Λ
⋂

((
⋃

c∈CN

Ũ(c)

)
⋃

(
⋃

s∈SN

Ũ(s)

)))

.

For any (N, N)-Markov rectangle Rn, letting

Ũn =

(
⋃

c∈Rn∩CN

Ũ(cn
k )

)
⋃

(
⋃

s∈Rn∩SN

Ũ(sn
k )

)

,
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we have that ∂Rn ⊂ Ũn. We take open sets ˜̃Un with pairwise disjoint closures
and such that ˜̃Un

⋃
Ũn ⊃ Rn. Using bump functions, there is a C1+ injective

map
Ĥn : un

(
Ũn

⋃ ˜̃Un

)
⊂ R

2 → R
2

with the following properties:

(i) Ĥn(z) = vn ◦ h̃ ◦ u−1
n (z), for all z ∈ un

(
Ũn \

(
˜̃Un

⋂
Ũn

))
;

(ii) Ĥn(z) = vn ◦ hn ◦ u−1
n (z), for all z ∈ un

(
˜̃Un \

(
˜̃Un

⋂
Ũn

))
; and

(iii) Ĥn(z) = vn ◦ h ◦ u−1
n (z), for all z ∈ un

(
Λ

⋂ (
˜̃Un

⋃
Ũn

))
.

Using the fact that vn ◦ h̃ ◦ u−1
n and vn ◦ hn ◦ u−1

n coincide on un

(
Λ

⋂
Ũn

)
,

there is an open set Ûn ⊂ ˜̃Un

⋃
Ũn containing Rn such that Ĥn restricted to

un

(
Ûn

)
is injective. Set V̂n = v−1

n ◦ Ĥn ◦ un

(
Ûn

)
. Therefore, the map

ĥ :
⋃

Rn

Ûn →
⋃

Rn

V̂n

defined by
ĥ(z) = v−1

n ◦ Ĥn ◦ un(z), for all z ∈ Ûn,

is a C1+ diffeomorphism with ĥ|Λ = h, which ends the proof of this case.

Case (iv) The proof follows in a similar way to the case (iii).

Lemma 2.13. Let g1, g2 ∈ T (f, Λ). The maps g1 and g2 are C1+ conjugated
if, and only if, they determine the same HR structures on Λ.

Proof. Since the HR structures induced by g1 and g2 are the same, for every
z ∈ Λ and every rectangle R containing z, we have that the orthogonal charts
i : R → R

2 defined by the HR structure are also the same for g1 and g2. By
Proposition 2.11, for every z ∈ Λ, there is an open set W of M and there is
an orthogonal chart i : R → R

2 with the following properties:

(i) W
⋂

R = W
⋂

Λ;
(ii) i|(W

⋂
Λ) extends to a chart (u,W ) that is C1+ compatible with the

structure Sg1 ; and
(iii) i| (W

⋂
Λ) extends to a chart (v, W ) that is C1+ compatible with the

structure Sg2 .

Hence, the map v◦u−1 : u(W ) → v(W ) is a C1+ diffeomorphism that extends
the topological conjugacy between g1 and g2 restricted to R, given by the
identity map id : R → R. Hence, taking a finite set of rectangles that cover
Λ, by Lemma 2.12, the topological conjugacy between g1 and g2 has a C1+

diffeomorphic extension to an open set of M .



2.7 Moduli space 33

2.7 Moduli space

Given a HR structure (rs, ru), we are going to construct a corresponding C1+

structure S(rs, ru). Let {R1, . . . , Rn} be a Markov partition for f . For every
Markov rectangle Rm, we take a rectangle R̃m ⊃ Rm that contains a small
neighbourhood of Rm with respect to the distance dΛ. We construct an or-
thogonal chart im : R̃m → R

2 as in Lemma 2.10. Let hm,k : im

(
R̃m

⋂
R̃k

)
→

ik

(
R̃m

⋂
R̃k

)
be the map defined by hm,k(x) = im ◦ i−1

k (x). By Lemma

2.10, there is a C1+ diffeomorphic extension Hm,k : Um,k → Uk,m of hm,k

that sends vertical lines into vertical lines and horizontal lines into horizontal
lines. Let us denote by Sm the rectangle in R

2 whose boundary contains the
image under im of the boundary of Rm. For every pair of Markov rectangles
Rm and Rk that intersect in a partial side Im,k = Rm

⋂
Rk, let Jm,k and

Jk,m be the smallest line segments containing, respectively, the sets im(Im,k)
and ik(Im,k). Hence, Jk,m = Hm,k(Jm,k). Let M̃ =

⊔n
m=1 Sm/{Hm,k} be the

disjoint union of the squares Sm where we identify two points x ∈ Jm,k and
y ∈ Jk,m if Hk,m(x) = y. Hence, M̃ is a topological surface possibly with
boundary. By taking appropriate extensions Em of the rectangles Sm and us-
ing the maps Hm,k to determine the identifications along the boundaries, we
get a surface M̂ =

⊔n
m=1 Em/{Hm,k} without boundary. The surface M̂ has a

natural smooth structure SHR that we now describe: if a point z is contained
in the interior of Em, then we take a small open neighbourhood Uz of z con-
tained in Em and we define a chart uz : Uz → R

2 as being the inclusion of
Uz

⋂
Em into R

2. Otherwise z is contained in a boundary of two or three or
four sets Em1 , . . . , Emn that we order such that the maps Im1,m2 , . . . , Imn,m1

are well-defined. In this case we take a small open neighbourhood Uz of z and
we define the chart uz : Uz → R

2 as follows:

(i) un| (Uz

⋂
En) is the inclusion of Uz

⋂
En into R

2; and
(ii) un| (Uz

⋂
Ej) = Hmn−1,mn ◦ . . . ◦ Hmj ,mj+1 , for j ∈ {1, . . . , n − 1}.

Since the maps Hm1,m2 , . . . , Hmn−1,mn and Hmn,m1 are smooth, we obtain
that the set of all these charts form a C1+ structure S(rs, ru) on M̂ .

We will also denote by Λ its embedding into M̂ . A rectangle is also the
embedding of a rectangle into M̂ . By Lemma 2.10 and by construction of the
maps Hm,k, for every z ∈ Λ and for every rectangle Rz, the orthogonal chart
iz : Rz → R

2 has an extension vz whose restriction to an open set Vz of z is
a chart C1+ compatible with the structure S(rs, ru).

We state a proposition due to Journé [64] that we will use in the proof of
the Theorem 5.7.

Proposition 2.14. If f is a continuous function in an open set V ⊂ R
2

that is Cr along the leaves of two transverse foliations with uniformly smooth
leaves, then f is Cr.
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Lemma 2.15. Given an HR structure (rs, ru) on Λ, there is g ∈ T (f, Λ) such
that (rs

g, r
U
g ) = (rs, ru).

Proof. For every z ∈ Λ, there is a rectangle Rz and a chart (uz, Uz) ∈ S(rs, ru)
with the following properties:

(i) z ∈ Rz

⋂
Uz and Rz

⋂
Uz = Λ

⋂
Uz; and

(ii) uz| (Λ
⋂

Uz) = iz| (Rz

⋂
Uz), where iz : Uz → R

2 is an orthogonal chart
as constructed in §2.5.

Hence, the map uf(z) ◦ f ◦u−1
z |

(
Rz

⋂
f−1(Rf(z))

)
has an affine diffeomorphic

extension Fz : R
2 → R

2. Taking U ′
z = uz(Uz)

⋂
F−1

z

(
uf(z)

(
Uf(z)

))
and V ′

z =
Fz (U ′

z), we obtain that the map

fz : u−1
z (U ′

z) → u−1
f(z) (V ′

z )

defined by u−1
z ◦Fz◦uf(z) is a C1+ diffeomorphic extension of f |

(
Λ

⋂
u−1

z (U ′
z)

)

with respect to the C1+ structure S(rs, ru). Thus, by compactness of Λ and
by Lemma 2.12, the map f : Λ → Λ has a C1+ diffeomorphic extension
g to an open set UM of M with respect to the structure S(rs, ru). Let Xs

be the horizontal axis in R
2 and Xu be the vertical axis in R

2. For every
z ∈ Λ, we have that TzM = Es

z

⊕
Eu

z , where Eι
z = duz(z)−1(Xι). Since

uz (�ι (z, Rz)
⋂

Uz) ⊂ Xι, we obtain that dφ(z) (Eι
z) = Eι

φ(z). Now, we take a
C1+ Riemannian metric ρ on M compatible with the C1+ structure S(rs, ru).
By bounded geometry of the atlases A(rs) and A(ru) associated with the HR
structure (rs, ru), there exist constants C > 0 and λ > 1 with the following
properties:

(i) |dφ−n(z)vs|ρ ≥ Cλn |vs|ρ, for all vs ∈ Es
z ; and

(ii) |dφn(z)vu|ρ ≥ Cλn |vu|ρ, for all vu ∈ Eu
z .

Therefore, φ is a C1+ hyperbolic diffeomorphism in T (f, Λ). By the Stable
Manifold Theorem, for every z ∈ Λ, there are stable and unstable C1+ full leaf
segments passing through z. For every triple (y, z, w) of points in �ι(z, Rz),
let �ι(y, z) be the ι-leaf segment with endpoints y and z and �ι(z, w) be the
ι-leaf segment with endpoints z and w. Applying Lemma 1.2, we obtain that

∣
∣
∣
∣log rι(�ι(y, z), �ι(z, w))

|�ι(z, w)|ρ
|�ι(y, z)|ρ

∣
∣
∣
∣ ≤ O

(
|�ι(y, w)|αρ

)
,

where 0 < α ≤ 1 and the constant of proportionality are uniform on z ∈
Λ. Therefore, the HR structure determined by φ is equal to the initial HR
structure (rs, ru).

Putting together Lemmas 2.8, 2.13 and 2.15, we obtain the following the-
orem.

Theorem 2.16. The map g �→ (rs
g, r

u
g ) determines a one-to-one correspon-

dence between C1+ conjugacy classes of g ∈ T (f, Λ) and HR structures

[g]C1+ ←→
(
rs
g, r

u
g

)
.
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A structure Sg of a Cr hyperbolic diffeomorphism g ∈ T (f, Λ) is holonom-
ically optimal , if it maximizes the smoothness of the holonomies amongst the
systems in the C1+ conjugacy class of g.

Theorem 2.17. (i) The C1+ structure S(rs, ru) is the holonomically optimal
representative of its C1+ conjugacy class.

(ii) If g1 and g2 are Cr Anosov diffeomorphisms, with r > 1, determining
the same HR structure, then they are Cr conjugated.

Proof. Let g ∈ T (f, Λ). Let cn : I → [0, 1] be defined as d2,n ◦ d1,n, where
d1,n : I → f−n

ι (I) is given by f−n
ι , and d2,n = λ ◦ in, where in : f−n

ι (I) → R

is contained in a bounded Cr lamination atlas with bounded geometry Aι
φ

induced by φ, and λ is the affine map of R that sends the endpoints of in(f−n
ι I)

into 0 and 1. Using (2.6), we obtain that c = lim cn is a chart of the form given
in (2.3) with respect to rι (up to scale) and c is C1+ compatible with the charts
in Aι

φ. Since the atlas Aι
φ has bounded geometry, the function d2,n ◦d1,n ◦ i−1

0

is the composition of an exponential contraction in ◦d1,n ◦ i−1
0 in the Cr norm

followed by a linear map λ. Hence, there exists C > 0 such that the Cr norm
of d2,n ◦ d1,n ◦ i−1

0 is bounded by C, for all n ≥ 0. Thus, by Arzelá-Ascoli’s
Theorem, we obtain that the sequence d2,n ◦ d1,n ◦ i−1

0 converges in the Cr−ε

norm to a Cr map d with Cr norm also bounded by C. Hence, c = d ◦ i−1
0

is Cr compatible with the charts in Aι
φ, and so A(rι) is a Cr atlas. Thus, if

the ι-basic holonomies θ : I → J are Cs, for some 1 < s ≤ r, with respect to
the charts in Aι

φ, then the basic holonomies are also Cs with respect to the
charts in A(rι). Since by Lemma 2.8 the charts in A(rι) do not depend upon
the Cr′

hyperbolic realizations ψ that are C1+ compatible with φ, we obtain
that the basic holonomies attain, with respect to the atlas A(rι), at least the
maximum smoothness of the basic holonomies with respect to any atlas Aι

ψ

induced by these realizations ψ.
By construction of the structure SHR in Lemma 2.15, the smoothness of

the hyperbolic representative in this structure and the smoothness of the
basic holonomies in this structure are equal to the smoothness of the basic
holonomies with respect to the atlases A(rs) and A(ru), which ends the proof
of part (i) of this theorem.

Let φ and ψ be two Cr Anosov diffeomorphisms that are C1+ conjugated,
and let Aι

φ and Aι
ψ be, respectively, Cr atlases induced by φ and ψ. By

Lemma 2.8, φ and ψ determine the same pair of ratio functions (rs, ru). As
before, the charts in A(rι) are Cr compatible with the charts in Aι

φ and
Aι

ψ, and the overlap maps have Cr uniformly bounded norm. Therefore, the
conjugacy between φ and ψ is Cr along the stable and unstable leaves of the
transverse stable and unstable foliations with uniformly smooth leaves. Hence,
by Proposition 2.14 due to Journé [64], the conjugacy is Cr, which ends the
proof of part (ii) of this theorem.
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2.8 Further literature

Sullivan and Ghys [44] defined affine structures on leaves for Anosov diffeo-
morphisms. Pinto, Rand and Sullivan developed a similar notion to HR struc-
tures for 1-dimensional expanding dynamics (see [158, 175, 230]). For Anosov
diffeomorphisms of the torus that are C2, the eigenvalue spectrum is also
known to be a complete invariant of smooth conjugacy (see De la Llave [70],
De la Llave, Marco and Moriyon [71], and Marco and Moriyon [75, 76]), but
for hyperbolic systems on surface other than Anosov systems the eigenvalue
spectra is only a complete invariant of Lipschitz conjugacy. A moduli space
for Anosov diffeomorphisms of tori has been constructed by Cawley [21]. This
is in terms of cohomology classes of Hölder cocycles defined on the torus. Its
effectiveness for Anosov systems relies on the fact that the Lipshitz and C1+

theories coincide. This chapter is based on Pinto and Rand [163].
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Solenoid functions

We present the definition of stable and unstable solenoid functions, and
introduce the set PS(f) of all pairs of solenoid functions. To each HR struc-
ture we associate a pair (σs, σu) of solenoid functions corresponding to the
stable and unstable laminations of Λ, where the solenoid functions σs and
σu are the restrictions of the ratio functions rs and ru, respectively, to sets
determined by a Markov partition of f . Since these solenoid function pairs
form a nice space with a simply characterized completion, they provide a
good moduli space for C1+ conjugacy classes of hyperbolic diffeomorphisms.
For example, in the classical case of Smale horseshoes, the moduli space is
the set of all pairs of positive Hölder continuous functions with the domain
{0, 1}N.

3.1 Realized solenoid functions

We are going to give an explicit construction of the solenoid functions for each
hyperbolic diffeomorphism g ∈ T (f, Λ).

Definition 7 Let solι denote the set of all ordered pairs (I, J) of ι-leaf seg-
ments with the following properties:

(i) The intersection of I and J consists of a single endpoint.
(ii) If δι,f = 1, then I and J are primary ι-leaf cylinders.
(iii) If 0 < δι,f < 1, then fι′(I) is an ι-leaf 2-cylinder of a Markov
rectangle R and fι′(J) is an ι-leaf 2-gap also contained in the same
Markov rectangle R.

(See section 1.2 for the definitions of leaf cylinders and gaps). Pairs (I, J)
where both are primary cylinders are called leaf-leaf pairs. Pairs (I, J) where
J is a gap are called leaf-gap pairs and in this case we refer to J as a primary
gap. The set solι has a very nice topological structure. If δι′,f = 1 then the



38 3 Solenoid functions

set solι is isomorphic to a finite union of intervals, and if δι′,f < 1 then the
set solι is isomorphic to an embedded Cantor set on the real line.

We define a pseudo-metric dsolι : solι × solι → R
+ on the set solι by

dsolι ((I, J) , (I ′, J ′)) = max {dΛ (I, I ′) , dΛ (J, J ′)} .

Definition 8 Let g ∈ T (f, Λ). We call the restriction of an ι-ratio function
rι
g to solι a realized solenoid function σι

g, i.e for every (I, J) ∈ solι,

σι
g(I : J) = lim

n→∞

|gn
ι′(I)|ρ

|gn
ι′(J)|ρ

= lim
n→∞

|gn
ι′(I)|in

|gn
ι′(J)|in

, (3.1)

Equality (3.1) follows from equality (2.7). By construction, the restriction
of an ι-ratio function to solι gives an Hölder continuous function satisfying the
matching condition, the boundary condition and the cylinder-gap condition
as we now describe.

3.2 Hölder continuity

The Hölder continuity of realized solenoid functions means that for t = (I, J)
and t′ = (I ′, J ′) in solι,

∣
∣σι

g(t) − σι
g(t

′)
∣
∣ ≤ O

(
(dsolι (t, t′))α)

, for some α > 0.
The Hölder continuity of σι

g and the compactness of its domain imply that σι
g

is bounded away from zero and infinity.

3.3 Matching condition

Let (I, J) ∈ solι be leaf-leaf pair and suppose that we have leaf-leaf pairs

(I0, I1), (I1, I2), . . . , (In−2, In−1) ∈ solι

such that fι(I) =
⋃k−1

j=0 Ij and fι(J) =
⋃n−1

j=k Ij . Then,

|fι(I)|
|fι(J)| =

∑k−1
j=0 |Ij |

∑n−1
j=k |Ij |

=
1 +

∑k−1
j=1

∏j
i=1 |Ii|/|Ii−1|

∑n−1
j=k

∏j
i=1 |Ii|/|Ii−1|

.

Hence, noting that g|Λ = f |Λ, the realized solenoid function σι
g must satisfy

the following matching condition (see Figure 3.1), for all such leaf segments:

σι
g(I : J) =

1 +
∑k−1

j=1

∏j
i=1 σι

g(Ii : Ii−1)
∑n−1

j=k

∏j
i=1 σι

g(Ii : Ii−1)
. (3.2)
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σ

I

fI

J

(I,J)s,g

σ (I  ,I  )s,g

0

0

fI1

1 σ (I  ,I  )s,g 1 2 σ (I  ,I  )s,g 2 3 σ (I  ,I  )s,g 3 4

fI2 fI3 fI4

Fig. 3.1. The f -matching condition for stable leaf segments.

3.4 Boundary condition

If the stable and unstable leaf segments have Hausdorff dimension equal to 1,
then leaf segments I in the boundaries of Markov rectangles can sometimes be
written as the union of primary cylinders in more than one way. This gives rise
to the existence of a boundary condition that the realized solenoid functions
have to satisfy as we now explain.

If J is another leaf segment adjacent to the leaf segment I, then the value
of |I|/|J | must be the same whichever decomposition we use. If we write
J = I0 = K0 and I as

⋃m
i=1 Ii and

⋃n
j=1 Kj where the Ii and Kj are primary

cylinders with Ii �= Kj , for all i and j, then the above two ratios are

m∑

i=1

i∏

j=1

|Ij |
|Ij−1|

=
|I|
|J | =

n∑

i=1

i∏

j=1

|Kj |
|Kj−1|

.

Thus, noting that g|Λ = f |Λ, a realized solenoid function σι
g must satisfy the

following boundary condition (see Figure 3.2), for all such leaf segments:

m∑

i=1

i∏

j=1

σι
g (Ij : Ij−1) =

n∑

i=1

i∏

j=1

σι
g (Kj : Kj−1) . (3.3)

I

σ (K  ,K  )s,g

0

K0 K1 K2 K3

I1 I2

0

0

1

1

σ (K  ,K  )s,g 1 2 σ (K  ,K  )s,g 2 3

σ (I  ,I  )s,g 1 2σ (I  ,I  )s,g

Fig. 3.2. The boundary condition for stable leaf segments.
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3.5 Scaling function

If the ι-leaf segments have Hausdorff dimension less than one and the ι′-leaf
segments have Hausdorff dimension equal to 1, then a primary cylinder I in
the ι-boundary of a Markov rectangle can also be written as the union of gaps
and cylinders of other Markov rectangles. This gives rise to the existence of a
cylinder-gap condition that the ι-realized solenoid functions have to satisfy.

Before defining the cylinder-gap condition, we will introduce the scaling
function that will be useful to express the cylinder-gap condition, and also the
bounded equivalence classes of solenoid functions (see Definitions 10) and the
(δ, P )-bounded solenoid equivalence classes of a Gibbs measure (see Definition
27).

Let sclι be the set of all pairs (K, J) of ι-leaf segments with the following
properties:

(i) K is a leaf n1-cylinder or an n1-gap segment for some n1 > 1;
(ii) J is a leaf n2-cylinder or an n2-gap segment for some n2 > 1;
(iii) mn1−1K and mn2−1J are the same primary cylinder.

Lemma 3.1. For every function σι : solι → R
+, we present a unique exten-

sion sι of σι to sclι. Furthermore, if σι is the restriction of a ratio function
rι|solι to solι, then sι = rι|sclι.

Remark 3.2. We call sι : sclι → R
+ the scaling function determined by the

solenoid function σι : solι → R
+.

Proof of Lemma 3.1. Let us construct the ι-scaling function s : sclι → R
+ from

an ι-solenoid function σ. Let us proceed to construct the ι-scaling function
s : sclι → R

+ from an ι-solenoid function σ. Suppose that J is an ι-leaf
n-cylinder or n-gap. Then, there are pairs

(I0, I1), (I1, I2), . . . , (Il−1, Il) ∈ solι

such that mJ =
⋃l

j=0 fn−1
ι′ (Ij) and J = fn−1

ι′ (Is), for some 0 ≤ s ≤ l. Let us
denote fn−1

ι′ (Ij) by I ′j , for every 0 ≤ s ≤ l. Then,

|mJ |
|J | =

l∑

j=0

|I ′j |
|I ′s|

= 1 +
s−1∑

j=0

j+1∏

i=s

|I ′i−1|
|I ′i|

+
l∑

j=s+1

j−1∏

i=s

|I ′i+1|
|I ′i|

,

where the first sum above is empty if s = 0, and the second sum above is
empty if s = 1. Therefore, we define the extension sg from σg to the pairs
(mJ, J) by

sg(mJ, J) = 1 +
s−1∑

j=0

j+1∏

i=s

σg(Ii−1, Ii) +
l∑

j=s+1

j−1∏

i=s

σg(Ii+1, Ii),
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where the first sum above is empty if s = 0, and the second sum above is
empty if s = 1. For every (K, J) ∈ sclι, there is a primary leaf segment I such
that mm1K = I = mm2J , for some m1 ≥ 1 and m2 ≥ 1. Then,

|K|
|J | =

m1∏

j=1

|mjJ |
|mj−1J |

m2∏

j=1

|mj−1K|
|mjK| .

Therefore, we define the extension s to (K, J) by

s(K, J) =
m1∏

j=1

s(mjJ, mj−1J)
m2∏

j=1

s(mj−1K, mjK).

Hence, we have constructed a scaling function s from σ on the set sclι such
that if σ is the restriction of a ratio function rι

g|solι to solι, then s = rι
g|sclι.

3.6 Cylinder-gap condition

Let (I,K) be a leaf-gap pair such that the primary cylinder I is the ι-boundary
of a Markov rectangle R1. Then, the primary cylinder I intersects another
Markov rectangle R2 giving rise to the existence of a cylinder-gap condition
that the realized solenoid functions have to satisfy as we proceed to explain.
Take the smallest l ≥ 0 such that f l

ι′(I)∪f l
ι′(K) is contained in the intersection

of the boundaries of two Markov rectangles M1 and M2. Let M1 be the Markov
rectangle with the property that M1 ∩ f l

ι′(R1) is a rectangle with non-empty
interior (and so M2 ∩ f l

ι′(R2) also has non-empty interior). Then, for some
positive n, there are distinct n-cylinder and leaf gap segments J1, . . . , Jm

contained in a primary cylinder of M2 such that f l
ι′(K) = Jm and the smallest

full ι-leaf segment containing f l
ι′(I) is equal to the union ∪m−1

i=1 Ĵi, where Ĵi is
the smallest full ι-leaf segment containing Ji. Therefore, we have that

|f l
ι′(I)|

|f l
ι′(K)|

=
m−1∑

i=1

|Ji|
|Jm| .

Hence, noting that g|Λ = f |Λ, a realized solenoid function σι
g must satisfy the

cylinder-gap condition (see Figure 3.3), for all such leaf segments:

σι
g(I,K) =

m−1∑

i=1

sι
g(Ji, Jm),

where sι
g is the scaling function determined by the solenoid function σι

g.

3.7 Solenoid functions

Now, we are ready to present the definition of an ι-solenoid function.
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Fig. 3.3. The cylinder-gap condition for ι-leaf segments.

Definition 9 An Hölder continuous function σι : solι → R
+ is an ι-solenoid

function, if σι satisfies the following conditions:

(i) If δι,f = 1 the matching condition. Furthermore, if δs,f = δu,f = 1,
the boundary condition;

(ii) If δι,f < 1 and δι′,f = 1, the cylinder-gap condition.

We denote by PS(f) the set of pairs (σs, σu) of stable and unstable
solenoid functions.

Lemma 3.3. The map rι → rι|solι gives a one-to-one correspondence between
ι-ratio functions and ι-solenoid functions.

Proof. Every ι-ratio function restricted to the set solι determines an ι-solenoid
function rι|solι. Now we prove the converse. Since the solenoid functions are
continuous and their domains are compact, they are bounded away from 0
and ∞. By this boundedness and the f -matching condition of the solenoid
functions and by iterating the domains sols and solu of the solenoid functions
backward and forward by f , we determine the ratio functions rs and ru at
very small (and large) scales, such that f leaves the ratios invariant. Then,
using the boundedness again, we extend the ratio functions to all pairs of
small adjacent leaf segments by continuity. By the boundary condition and
the cylinder-gap condition of the solenoid functions, the ratio functions are
well determined at the boundaries of the Markov rectangles. Using the Hölder
continuity of the solenoid function, we deduce inequality (2.2).

The set PS(f) of all pairs (σs, σu) has a natural metric given by the
supremo. Combining Theorem 2.16 with Lemma 3.3, we obtain that the set
PS(f) forms a moduli space for the C1+ conjugacy classes of C1+ hyperbolic
diffeomorphisms g ∈ T (f, Λ):

Theorem 3.4. The map g → (rs
g|sols, ru

g |solu) determines a one-to-one corre-
spondence between C1+ conjugacy classes of g ∈ T (f, Λ) and pairs of solenoid
functions in PS(f).

Definition 10 We say that any two ι-solenoid functions σ1 : solι → R
+ and

σ2 : solι → R
+ are in the same bounded equivalence class, if the corresponding

scaling functions s1 : sclι → R
+ and s2 : sclι → R

+ satisfy the following
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property: There exists a constant C > 0 such that, for every ι-leaf (i + 1)-
cylinder or (i + 1)-gap J ,

∣
∣log s1(J, miJ) − log s2(J, miJ)

∣
∣ < C. (3.4)

In Lemma 10.9, we prove that two C1+ hyperbolic diffeomorphisms g1 and
g2 are lippeomorphic conjugate if, and only if, the solenoid functions σι

g1
and

σι
g2

are in the same bounded equivalence class.

3.8 Further literature

The solenoid functions were first introduced in Pinto and Rand [158, 163]
inspired in the scaling functions introduced by E. Faria [28], Feigenbaum [31,
32], Sullivan [230], Y. Jiang et al. [59] and Y. Jiang et al. [60]. The completion
of the image of c is the set of pairs of continuous solenoid functions which
is a closed subset of a Banach space. They correspond to f -invariant affine
structures on the stable and unstable laminations for which the holonomies
are uniformly asymptotically affine (uaa) (see definition of (uaa) in Ferreira
[35], Ferreira and Pinto [36] and Sullivan [231]). This chapter is based on Pinto
and Rand [163].
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Self-renormalizable structures

We present a construction of C1+ stable and unstable self-renormalizable
structures living in 1-dimensional spaces called train-tracks. The train-tracks
are a form of optimal local leaf-quotient space of the stable and unstable lam-
inations of Λ. Locally, these train-tracks are just the quotient space of stable
or unstable leaves within a Markov rectangle, but globally the identification
of leaves common to two more than one rectangle gives a non-trivial structure
and introduces junctions. They are characterised by being the compact quo-
tient on which the Markov map induced by the action of f is continuous with
the minimal number of identifications. A smooth structure on the stable or un-
stable leaves of Λ induces a smooth structure on the corresponding train-tracks
and vice-versa. Then we use the fact that the holonomies of codimension one
hyperbolic systems are C1+ to see that the holonomies induce C1+ mappings
of train-tracks. Together with the Markov maps, give rise to what we call C1+

self-renormalizable structures. We prove then the existence of a one-to-one
correspondence between stable and unstable pairs of C1+ self-renormalizable
structures and C1+ conjugacy classes of hyperbolic diffeomorphisms. We use
this result to prove that given C1+H hyperbolic diffeomorphisms f and g that
are topologically conjugate, if the topological conjugacy is differentiable at a
point x ∈ Λf and the derivative at x has non-zero determinant, then h admits
a C1+H extension to an open neighbourhood of Λf .

4.1 Train-tracks

Roughly speaking, train-tracks are the optimal leaf-quotient spaces on which
the stable and unstable Markov maps induced by the action of f on leaf
segments are local homeomorphisms.

For each Markov rectangle R, let tιR be the set of ι′-segments of R. Thus
by the local product structure one can identify tιR with any spanning ι-leaf
segment �ι(x,R) of R. We form the space Bι by taking the disjoint union⊔

R∈R tιR (union over all Markov rectangles R of the Markov partition R) and
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identifying two points I ∈ tιR and J ∈ tιR′ if either (i) the ι′-leaf segments I
and J are ι′-boundaries of Markov rectangles and their intersection contains
at leat a point which is not an endpoint of I or J , or (ii) there is a sequence
I = I1, . . . , In = J such that all Ii, Ii+1 are both identified in the sense of (i).
This space is called the ι-train-track and is denoted Bι.

Let πBι :
⊔

R∈R R → Bι be the natural projection sending x ∈ R to the
point in Bι represented by �ι′(x,R). A topologically regular point I in Bι is
a point with a unique preimage under πBι (that is the pre-image of I is not
a union of distinct ι′-boundaries of Markov rectangles). If a point has more
than one preimage by πBι , then we call it a junction. Since there are only
a finite number of ι′-boundaries of Markov rectangles, there are only finitely
many junctions (see Figure 4.1).

B

A

A

B

πι

v

w

Fig. 4.1. This figure illustrates a (unstable) train-track for the Anosov map g :
R

2 \ (Zv × Zw) → R
2 \ (Zv × Zw) defined by g(x, y) = (x + y, y). The rectangles A

and B are the Markov rectangles and the vertical arrows show paths along unstable
manifolds from A to A and from B to A. The train-track is represented by the pair
of circles and the curves below it show the smooth paths through the junction of
the two circles which arise from the smooth paths between the rectangles A and
B along unstable manifolds. Note that there is no smooth path from B to B even
though in this representation of the train-track it looks as though there ought to be.
This is because there is no unstable manifold running directly from the rectangle B
to itself.

Let dBι be the metric on Bι defined as follows: if ξ, η ∈ Bι, dBι(ξ, η) =
dΛ(ξ, η).
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4.2 Charts

We say that IT is a train-track segment, if there is an ι-leaf segment I, not
intersecting ι-boundaries of Markov rectangles, such that πBι |I is an injection
and πBι(I) = IT . Let A be an ι-lamination atlas (take for instance A equal
to Aι(f, ρ) or to A(rι

f )). The chart i : I → R in A determines a train-track
chart iT : IT → R for IT given by iT = i ◦ π−1

Bι . We denote by B the set of all
train-track charts for all train-track segments determined by A.

Two train-track charts (iT , IT ) and (jT , JT ) on the train-track Bι are C1+

compatible, if the overlap map jT ◦ i−1
T : iT (IT ∩ JT ) → jT (IT ∩ JT ) has a

C1+ extension. A C1+ atlas B is a set of C1+ compatible charts with the
following property: For every short train-track segment KT there is a chart
(iT , IT ) ∈ B such that KT ⊂ IT . A C1+ structure S on Bι is a maximal
set of C1+ compatible charts with a given atlas B on Bι. We say that two
C1+ structures S and S ′ are in the same Lipschitz equivalence class, if, for
every chart e1 in S and every chart e2 in S ′, the overlap map e1 ◦ e−1

2 has a
bi-Lipschitz extension.

Given any train-track charts iT : IT → R and jT : JT → R in B, the overlap
map jT ◦ i−1

T : iT (IT ∩ JT ) → jT (IT ∩ JT ) is equal to jT ◦ i−1
T = j ◦ θ ◦ i−1,

where i = iT ◦ πBι : I → R and j = jT ◦ πBι : J → R are charts in A, and

θ : i−1(iT (IT ∩ JT )) → j−1(jT (IT ∩ JT ))

is a basic ι-holonomy. Let us denote by Bι(g, ρ) and B(rι
g) the train-track

atlases determined, respectively, by Aι(g, ρ) and A(rι
g) with g ∈ T (f, Λ).

Lemma 4.1. The atlases Bι(g, ρ) and B(rι
g) are C1+.

Proof. Since Aι(g, ρ) and A(rι
g) are C1+ foliated atlases, there exists η > 0

such that, for all train-track charts iT and jT in Bι(g, ρ) (or in B(rι
g)), the

overlap maps jT ◦ i−1
T = j ◦ θ ◦ i−1 have C1+η diffeomorphic extensions with

a uniformly bound for their C1+η norm. Hence, Bι(g, ρ) and B(rι
g) are C1+η

atlases.

4.3 Markov maps

The Markov map mι : Bι → Bι is the mapping induced by the action of f
on leaf segments, that it is defined as follows: If I ∈ Bι, mι(I) = πBι(fι(I))
is the ι′-leaf segment containing the fι-image of the ι′-leaf segment I. This
map mι is a local homeomorphism because fι sends a short ι-leaf segment
homeomorphically onto a short ι-leaf segment.

Consider the Markov map mι on Bι induced by the action of f on ι′-
leaves and described above. For n ≥ 1, an n-cylinder is the projection into
Bι of an ι-leaf n-cylinder segment in Λ. Thus, each Markov rectangle in Λ
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projects in a unique primary ι-leaf segment in Bι. For n ≥ 1, an n-gap of mι

is the projection into Bι of a ι-leaf n-gap in Λ. We say that Bι is a no-gap
train-track if Bι does not have gaps. Otherwise, we call Bι a gap train-track.

Given a topological chart (e, U) on the train-track Bι and a train-track
segment C ⊂ U , we denote by |C|e the length of the smallest interval con-
taining e(C). We say that mι has bounded geometry in a C1+ atlas B if there
is κ1 > 0 such that, for every n-cylinder C1 and n-cylinder or n-gap C2 with
a common endpoint with C1, we have κ−1

1 < |C1|e/|C2|e < κ1, where the
lengths are measured in any chart (e, U) of the atlas such that C1 ∪ C2 ⊂ U .

We note that if mι has bounded geometry in a C1+ atlas B, then there are
κ2 > 0 and 0 < ν < 1 such that |C|e ≤ κ2ν

n for every n-cylinder or n-gap C
and every e ∈ B. We say that the Markov map mι is expanding with respect
to an atlas B if there are c ≥ 0 and λ > 1 such that, for every x ∈ Bι and
every n ≥ 0, (

j ◦ mn
ι ◦ i−1

)′
(x) > cλn,

where i : I → R and jn : J → R are any charts in B such that x ∈ I and
fn(x) ∈ Jn. We note that mι has bounded geometry in B if, and only if, mι

is expanding with respect to B.

Lemma 4.2. The Markov map mι is a C1+ local diffeomorphism with bounded
geometry with respect to the atlases B(rι) and Bι(g, ρg).

Proof. Since f on Λ along leaves has affine extensions with respect to the
charts in A(rι) and the basic ι-bolonomies have C1+η extensions we get that
the Markov maps mι also have C1+η extensions with respect to the charts
in B(rι) for some η > 0. Since A(rι) has bounded geometry, we obtain that
mι also has bounded geometry in B(rι). Since, for every g ∈ T (f, Λ), the C1+

lamination atlas Aι(g, ρg) has bounded geometry we obtain that the Markov
map mι has C1+η extensions with respect to the charts in Bι(g, ρg), for some
η > 0, and has bounded geometry.

4.4 Exchange pseudo-groups

The elements θ̃ι = θ̃f,ι of the holonomy pseudo-group on Bι are the mappings
defined as follows. Suppose that I and J are ι-leaf segments and θ : I → J
a holonomy. Then, it follows from the definition of the train-track Bι that
the map θ̃ : πBι(I) → πBι(J) given by θ̃(πBι(x)) = πBι(θ(x)) is well-defined.
The collection of all such local mappings forms the basic holonomy pseudo-
group of Bι. Note that if x is a junction of Bι, then there may be segments
I and J containing x such that I ∩ J = {x}. The image of I and J under the
holonomies will not agree in that they will map x differently.
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Fig. 4.2. A Markov partition for the Smale horseshoe f into two rectangles A and
B. A representation of the Markov maps ms : Θs → Θs and mu : Θu → Θu for
Smale horseshoes.

4.5 Markings

Recall, from §1.2, the definition of the two-sided shift τ : Θ → Θ on the two
sided symbol space Θ and of the marking i : Θ → Λ.

Let Θu be the set of all words w0w1 . . . which extend to words . . . w0w1 . . .
in Θ, and, similarly, let Θs be the set of all words . . . w−1w0 which extend
to words . . . w−1w0 . . . in Θ. Then, πu : Θ → Θu and πs : Θ → Θs are the
natural projection given, respectively, by
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Fig. 4.3. A representation of the Markov maps ms : Θs → Θs and mu : Θu → Θu

as maps of the interval for Anosov diffeomorphisms.

πu(. . . w−1w0w1 . . .) = w0w1 . . . and πs(. . . w−1w0w1 . . .) = . . . w−1w0 .

An n-cylinder Θu
w0...wn−1

is equal to πu(Θw0...wn−1) where Θw0...wn−1 is a
(0, n − 1)-cylinder of Θ, and an n-cylinder Θs

w−(n−1)...w0
is equal to

πs(Θw−(n−1)...w0) where Θw−(n−1)...w0 is a (n − 1, 0)-cylinder of Θ. Let
τu : Θu → Θu and τs : Θs → Θs be the corresponding one-sided shifts.

The Markov partition R = {R1, . . . , Rm} for (f, Λ) induces a Markov
partition Rι = {Rι

1, . . . , R
ι
m} for the Markov map mι on the train-track Bι.

The marking i : Θ → Λ determines unique markings iu : Θu → Bu and is :
Θs → Bs such that iu(w0w1 . . .) = ∩i≥0R

u
wi

and is(. . . w−1w0) = ∩i≥0R
u
wi

.
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We note that πBι ◦ i = iι ◦ πι . The map iι is continuous, onto Bι and
semiconjugates the shift map on Θι to the Markov map on Bι. Defining ε, ε′ ∈
Θι to be equivalent (ε ∼ ε′) if iι(ε) = iι(ε′), we get that the space Θι/ ∼ is
homeomorphic to the train-track Bι.

4.6 Self-renormalizable structures

The C1+ structure Sι on Bι is an ι self-renormalizable structure, if it has the
following properties:

(i) In this structure the Markov mapping mι is a local diffeomorphism
and has bounded geometry in some C1+ atlas of this structure.

(ii) The elements of the basic holonomy pseudo-group are local diffeomor-
phisms in Sι.

We say that B is a C1+ self-renormalizable atlas, if B has bounded geom-
etry and extends to a C1+ self-renormalizable structure. By definition, a C1+

self-renormalizable structure contains a C1+ self-renormalizable atlas.

Lemma 4.3. A C1+ foliated ι-lamination atlas A induces a C1+ ι self-
renormalizable atlas B on Bι (and vice-versa).

Since A(rι) and Aι(ρ) are C1+ foliated ι-lamination atlases, we obtain that
the atlases B(rι) and Bι(g, ρ) determine, respectively, C1+ self-renormalizable
structures S(rι) and S(g, ι) (see also lemmas 4.1 and 4.2).

Proof of lemma 4.3. The holonomies are C1+ with respect to the atlas A,
and so the charts in B are C1+ compatible and the basic holonomy pseudo-
group of Bι are local diffeomorphisms. Since A has bounded geometry, the
Markov mapping mι is a local diffeomorphism and also has bounded geometry
in B. Therefore, B is a C1+ self-renormalizable atlas and extends to a C1+

self-renormalizable structure S(B) on Bι.

Lemma 4.4. The map rι → S(rι) determines a one-to-one correspondence
between ι-ratio functions (or, equivalently, ι-solenoid functions rι|solι) and
C1+ self-renormalizable structures on Bι.

Proof. Every ratio function rι determines a unique C1+ self-renormalizable S.
Conversely, let us prove that a given C1+ self-renormalizable structure S on
Bι also determines a unique ratio function rι

S . Let B be a bounded atlas for
S. Consider a small leaf segment K and two leaf segments I and J contained
in K. Since the elements of the basic holonomy pseudo-group on Bι are C1+

and the Markov map is also C1+ and has bounded geometry, we obtain by
Taylor’s Theorem that the following limit exists
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rι
S(I : J) = lim

n→∞

|πι(fn
ι′ (I))|in

|πι(fn
ι′ (J))|in

∈ |πι(I)|i0
|πι(J)|i0

(
1 ±O(|πι(K)|γi0)

)
, (4.1)

where the size of the leaf segments are measured in charts of the bounded atlas
B. Furthermore, by §2 and (4.1), the charts in B(rι) and the charts in B are
C1+ equivalent, and so determine the same C1+ self-renormalizable structure.

4.7 Hyperbolic diffeomorphisms

Let g ∈ T (f, Λ) and A(g, ρ) be the C1+foliated ι-lamination atlas determined
by the Riemannian metric ρ. As shown in §4.6, the atlas A(g, ρ) induces
a C1+ self-renormalizable atlas B(g, ρ) on Bι which generates a C1+ self-
renormalizable structure S(g, ι).

Lemma 4.5. The mapping g → (S(g, s),S(g, u)) gives a 1-1 correspondence
between C1+ conjugacy classes in T (f, Λ) and pairs (S(g, s),S(g, u)) of C1+

self-renormalizable structures. Furthermore, rs
g = rs

S(g,s) and ru
g = ru

S(g,u).

Proof. By Lemma 4.4, the pair (Ss,Su) determines a pair (rs
S |sols, ru

S |solu) of
solenoid functions and vice-versa. By Theorem 3.4, the pair (rs

S |sols, ru
S |solu)

determines a unique C1+ conjugacy class of diffeomorphisms g ∈ T (f, Λ)
which realize the pair (rs

S |sols, ru
S |solu) and vice-versa (and so (S(g, s),

S(g, u)) = (Ss,Su)). Furthermore, by Lemma 3.3, we get rs
g = rs

S(g,s) and
ru
g = ru

S(g,u).

4.8 Explosion of smoothness

The following result for C1+ hyperbolic diffeomorphisms f and g topologically
conjugate by h shows that the smoothness of the conjugacy extends from a
point to a neighbourhood of the invariant set Λf .

Theorem 4.6. Let f and g be C1+Hölder hyperbolic diffeomorphisms that are
topologically conjugate on their basic sets Λf and Λg. If the conjugacy is dif-
ferentiable at a point x ∈ Λf , then f and g are C1+Hölder conjugate with
non-zero determinant.

Proof. Given a Markov partition Mf = {R1, . . . , Rm} of f , we consider the
Markov partition of g given by Mg = {h(R1), . . . , h(Rm)}. The conjugacy
h : Λf → Λg determines the conjugacy ψs : Bs

f → Bs
g between the Markov



4.9 Further literature 53

maps mf,s and mg,s, and the conjugacy ψu : Bu
f → Bu

g between the Markov
maps mf,u and mg,u such that the following diagrams commute:

Λf
h−→ Λg

⏐
⏐
�πf,s

⏐
⏐
�πf,s

Bs
f

ψs−→ Bs
g

and

Λf
h−→ Λg

⏐
⏐
�πf,u

⏐
⏐
�πf,u

Bu
f

ψu−→ Bu
g

Since the conjugacy h is differentiable at a point x ∈ Λ, the conjugacies ψs

and ψu are differentiable at the points πf,s(x) and πf,u(x) with respect to the
atlases Bs(f, ρf ), Bs(g, ρg), Bu(f, ρf ) and Bu(g, ρg) compatible with the C1+

structure of the full leaf segments determined by the Stable Manifold Theorem.
By Alves et al. [6], the Markov maps mf,s and mg,s are C1+ conjugate, and
the Markov maps mf,u and mg,u are C1+ conjugate. Hence, in particular, the
charts in the atlas Bs(f, ρf ) are C1+ compatible with the charts in Bs(g, ρg),
and the charts in the atlas Bu(f, ρf ) are C1+ compatible with the charts in
Bu(g, ρg). Therefore, by Lemma 4.5, the conjugacy h : Λf → Λg has a C1+

extension to an open set of Λf .

4.9 Further literature

Sullivan [231] stated the following rigidity theorem for a topological conju-
gacy between two expanding circle maps: if the conjugacy is differentiable at
a point, then the conjugacy is smooth everywhere. De Faria [28] proved a
stronger version of D. Sullivan’s result, showing that it is sufficient the conju-
gacy to be uniformly asymptotically affine (uaa) at a point to imply that the
conjugacy is smooth everywhere. In Ferreira and Pinto [38], a generalization
of these results to a larger class of one-dimensional expanding maps is pre-
sented. In Ferreira et al. [37], these results are extended to C1+ hyperbolic dif-
feomorphisms. In Alves et al. [6], these results are extended to non-uniformly
one-dimensional expanding maps. This chapter is based on Ferreira and Pinto
[37], Pinto, Rand and Ferreira [173] and Pinto and Rand [168].
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Rigidity

In dynamics, rigidity occurs when simple topological and analytical conditions
on the model system imply that there is no flexibility and so there is a unique
smooth realization. One can paraphrase this by saying that the moduli space
for such systems is a singleton. For example, a famous result of this type due to
Arnol’d, Herman and Yoccoz is that a sufficiently smooth diffeomorphism of
the circle with an irrational rotation number satisfying the usual Diophantine
condition is C1+ conjugate to a rigid rotation. The rigidity depends upon
both the analytical hypothesis concerning the smoothness and the topological
condition given by the rotation number, and if either are relaxed, then it fails.
The analytical part of the rigidity hypotheses for hyperbolic surface dynamics
will be a condition on the smoothness of the holonomies along stable and
unstable manifolds. Given a diffeomorphism f on a surface with a hyperbolic
invariant set Λ (with local product structure and with a dense orbit on Λ), we
show that if the holonomies are sufficiently smooth, then the diffeomorphism
f is rigid; i.e., there is a conjugacy on Λ between f and a hyperbolic affine
model which has a C1+ extension to the surface.

5.1 Complete sets of holonomies

Before introducing the notion of a C1,HDι

complete set of holonomies, we
define the C1,α regularities for diffeomorphisms, with 0 < α ≤ 1.

Definition 11 Let h : I ⊂ R → J ⊂ R be a homeomorphism. For 0 < α < 1,
the homeomorphism h is C1,α if it is differentiable and, for all points x, y ∈ I,

|h′(y) − h′(x)| ≤ χh(|y − x|), (5.1)

where the positive function χh(t) is o(tα), that is limt→0 χh(t)/tα = 0.
The map h : I → J is C1,1 if, for all points x, y ∈ I,

∣
∣
∣
∣log h′(x) + log h′(y) − 2 log h′

(
x + y

2

)∣
∣
∣
∣ ≤ χh(|y − x|), (5.2)
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where the positive function χh(t) is o(t), that is limt→0 χθ(t)/t = 0. The
functions χh are called the modulus of continuity of h.

In particular, for every β > α > 0, a C1+β diffeomorphism is C1,α, and,
for every γ > 0, a C2+γ diffeomorphism is C1,1. We note that the regularity
C1,1 (also denoted by C1+zigmund) of a diffeomorphism h used here is stronger
than the regularity C1+Zigmund (see de Melo and van Strien [99] and Pinto
and Sullivan [175]). The importance of these C1,α smoothness classes for a
homeomorphism h : I → J follows from the fact that if 0 < α < 1, then the
map h will distort ratios of lengths of short intervals in an interval K ⊂ I by
an amount that is o(|I|α), and if α = 1, the map h will distort the cross-ratios
of quadruples of points in an interval K ⊂ I by an amount that is o(|I|).

Let M be a Markov partition for f satisfying the disjointness property (see
§1.2). Suppose that M and N are Markov rectangles, and x ∈ M and y ∈ N .
We say that x and y are ι- holonomically related if (i) there is an ι′-leaf segment
�ι′(x, y) such that ∂�ι′(x, y) = {x, y}, and (ii) �ι′(x, y) ⊂ �ι′(x,M)∪ �ι′(y,N).
Let P ι = P ι

M be the set of all pairs (M,N) such that there are points x ∈ M
and y ∈ N ι-holonomically related.

For every Markov rectangle M ∈ M, choose an ι-spanning leaf segment
�ι
M in M . Let Iι = {�ι

M : M ∈ M}. For every pair (M,N) ∈ P ι, there
are maximal leaf segments �D

(M,N) ⊂ �ι
M , �C

(M,N) ⊂ �ι
N such that there is a

well-defined ι-holonomy hι
(M,N) : �D

(M,N) → �C
(M,N). We call such holonomies

hι
(M,N) : �D

(M,N) → �C
(M,N) the ι-primitive holonomies associated to the Markov

partition M. The set Hι = {hι
(M,N) : �D

(M,N) → �C
(M,N); (M,N) ∈ P ι} is a

complete set of ι-holonomies (see Figures 5.1 and 5.2).
For every leaf segment �ι

M ∈ Iι, let �̂ι
M be the smallest full ι-leaf segment

containing �ι
M (see definition in §1.1). By the Stable Manifold Theorem, there

are C1+α diffeomorphisms uι
M : �̂ι

M → Kι
M ⊂ R.

Definition 12 A complete set of holonomies Hι is C1,HDι

if for every holon-
omy hι

(M,N) : �D
(M,N) → �C

(M,N) in Hι, the map uι
N ◦ hι

(M,N) ◦ (uι
M )−1 and its

inverse have a C1,HDι

diffeomorphic extension to R such that the modulus of
continuity does not depend upon hι

(M,N) ∈ Hι.

For many systems such as Anosov diffeomorphisms and codimension 1
attractors, there is only a finite number of holonomies in a complete set. In
this case the uniformity hypothesis in the modulus of continuity of Definition
12 is redundant. However, for Smale horseshoes, this is not the case (see Figure
5.2).

Definition 13 An hyperbolic affine model for f on Λ is an atlas A with the
following properties (see Figure 5.3):

(i) the union of the domains U of the charts i : U → R
2 of A (which

are open sets of M) cover Λ;
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Fig. 5.1. The complete set of holonomies H =
{h(A,A), h(A,B), h(B,A), h

−1
(A,A), h

−1
(A,B), h

−1
(B,A)} for the Anosov map f :

R2 \ (Zv × Zw) → R2 \ (Zv × Zw) defined by f(x, y) = (x + y, y) and
with Markov partition M = {A, B}.

. . .

h1

h2
h3

Fig. 5.2. The cardinality of the complete set of holonomies H = {h1, h2, h3, . . .} is
not finite.
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unstable
leaves

stable
leaves

U V

i j

affine extension
of

unstable
leaves

stable
leaves

⊂ R
2 ⊂ R

2

j−1 ◦ i

Fig. 5.3. Affine model for f .

(ii) any two charts i : U → R
2 and j : V → R

2 in A have overlap
maps j ◦ i−1 : i(U ∩ V ) → R

2 with affine extensions to R
2;

(iii) f is affine with respect to the charts in A;
(iv) Λ is a basic hyperbolic set;
(v) the images of the stable and unstable local leaves under the charts
in A are contained in horizontal and vertical lines; and

(vi) the basic holonomies have affine extensions to the stable and un-
stable leaves with respect to the charts in A.

5.2 C1,1 diffeomorphisms

In Lemma 5.1 below, we will relate distinct regularities of smoothness of the
holonomies and of the diffeomorphism f with ratio and cross-ratio distortions
determined by the atlas Aι(f, ρ). For a complete discussion on the relations
between smoothness of diffeomorphisms and cross-ratio distortions see de Melo
and van Strien [99] and Pinto and Sullivan [175].

Let h : J → K be either a holonomy θ or fι, and let J and K be ι-leaf
segments. Let I0, I1, I2 ⊂ J be leaf n-cylinders such that I0 is adjacent to I1,
I1 is adjacent to I2 and I = I0 ∪ I1 ∪ I2. Let Aι({, ρ) be an ι-lamination atlas
induced by a Riemannian metric ρ on the surface, and let |I ′| = |I ′|ρ, for
every ι-leaf segment I ′. We define B(I0, I1, I2) and Bh(I0, I1, I2) as follows:
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B(I0, I1, I2) =
|I1||I|
|I0||I2|

Bh(I0, I1, I2) =
|h(I1)||h(I)|
|h(I0)||h(I2)|

.

We define the cross-ratio distortion crdh,ρ(I0, I1, I2) of h with respect to
Aι({, ρ) by

crdh,ρ(I0, I1, I2) = log (1 + Bh(I0, I1, I2)) − log (1 + B(I0, I1, I2)) .

We note that, for every ε > 0, a C2+ε diffeomorphism h is a C1,1 diffeomor-
phism (see de Melo and van Strien [99]).

Lemma 5.1. Let h : J ⊂ R → K ⊂ R be a C1,1 diffeomorphism with respect
to the atlas A(ρ). Then,

crdh,ρ(I0, I1, I2) ≤ o(|I|),

for all n ≥ 1 and for all n-cylinders I0, I1, I2 ⊂ J such that I0 is adjacent to
I1, I1 is adjacent to I2 and I = I0 ∪ I1 ∪ I2.

Proof. By the theorem on page 294 of de Melo and van Strien [99], we get

|Bh(I0, I1, I2) − B(I0, I1, I2)| ≤ o(|I|B(I0, I1, I2)). (5.3)

Therefore,

|crdh,ρ(I0, I1, I2)| =
∣
∣
∣
∣log

(
1 +

Bh(I0, I1, I2) − B(I0, I1, I2)
1 + B(I0, I1, I2)

)∣
∣
∣
∣

≤ o

(
|I|B(I0, I1, I2)
1 + B(I0, I1, I2)

)
≤ o(|I|).

5.3 C1,HDι
and cross-ratio distortions for ratio functions

Consider an ι-ratio function rι and let θ : K → K ′ be a basic ι-holonomy. We
will consider two distinct cases, (i) (presence of gaps) when the ι-leaf segments
have gaps, and (ii) (absence of gaps) when the ι-leaf segments do not have
gaps.
Case (i) (presence of gaps): The ratio distortion of θ in I ⊂ K with respect
to a ratio function rι is defined by

rd(θ, I) = sup
I0,I1

log
rι(θ(I0) : θ(I1))

rι(I0 : I1)
,
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where the supremum is over all pairs I0, I1 ⊂ I such that I0 is a leaf n-cylinder
and I1 is either a leaf n-cylinder or a leaf n-gap that has a unique common
endpoint with I0 and n ≥ 1.
Case (ii) (absence of gaps): Suppose that J0, J1 and J2 are distinct leaf n-
cylinders such that J0 and J1 have a common endpoint, and J1 and J2 also
have a common endpoint. Let J be the union of J0, J1 and J2. Then, the
Poincaré length with respect to a ratio function rι is defined by

Prι(J1 : J) = log
(

1 +
rι(J1 : J0)
rι(J2 : J)

)
.

The cross-ratio distortion of θ in I ⊂ K with respect to a ratio function rι is
defined by

crd(θ, I) = sup
J0,J1,J2

Prι(θ(J1) : θ(J)) − Prι(J1 : J),

where the supremum is taken over all such triples J0, J1, J2 with the property
that J ⊂ I.

We observe that if rd(θ, I) = 0, then θ is affine on I, and if crd(θ, I) = 0,
then θ is Möbius with respect to the atlas A(rι) determined by rι. Here, for
simplicity of exposition, we give a slightly distinct definition of cross-ratio
distortion from the usual one (see de Melo and van Strien [99]); however, this
is equivalent for our purposes.

Definition 14 The ratio function rι has C1,α distortion with respect to a
complete set of holonomies Hι, if there is a modulus of continuity χ with the
following properties:

(i) limt→0 χ(t)/tα = 0, that is χ(t) is o(tα);
(ii) For every θ : K → K ′ contained in Hι and for every ι-leaf segment I ⊂ K,

let ξ be an endpoint of K and R be a Markov rectangle containing ξ.
(a) If α < 1, then the ι-leaf segments have gaps and |rd(θ, I)| ≤

χ (rι(I, �(ξ, R))).
(b) If α = 1, then the ι-leaf segments do not have gaps and |crd(θ, I)| ≤

χ (rι(I, �(ξ, R))).

The following lemma gives the essential link between a C1,α complete set
of holonomies Hι and C1,α distortion of rι with respect to Hι.

Lemma 5.2. Suppose that 0 < α, α′ ≤ 1. Let (rs
f , ru

f ) be the HR structure
determined by f on Λ. If r − 1 > max{α, α′} and there is a complete set of
holonomies Hι for f in which the stable holonomies are C1,α and the unstable
holonomies are C1,α′

, then rs
f has C1,α distortion and ru

f has C1,α′
distortion

with respect to Hι.

Proof. Let θ : K → K ′ be a C1,α holonomy in the ι-complete set of
holonomies. Let ξ be an endpoint of K and R be a Markov rectangle con-
taining ξ. We will prove seperately the cases where (i) 0 < α < 1 and (ii)
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α = 1. For simplicity of notation, we will denote rι
f by rι. Let I ⊂ K be an

ι-leaf segment. Using inequality (2.2), we obtain that

|θ(I)|ρ < O (rι(I, �(ξ, R))) and |I|ρ < O (rι(I, �(ξ, R))) . (5.4)

Case (i). Let I1, I2 be disjoint ι-leaf segments contained in I ⊂ K such that
I1 is a leaf n-cylinder and I2 is either a leaf n-cylinder or a leaf n-gap that
has a common endpoint with I1. From inequality (5.4), we get

rι(θ(I1) : θ(I2))
rι(I1 : I2)

∈
|θ(I1)|ρ
|θ(I2)|ρ

|I2|ρ
|I1|ρ

(
1 ±O

(
(rι(I, �(ξ, R)))β

))
, (5.5)

where β = min{1, r − 1}. Since θ is C1,α, using the Mean Value Theorem we
get

|θ(I1)|ρ
|θ(I2)|ρ

|I2|ρ
|I1|ρ

∈ (1 ± o ((rι(I, �(ξ, R)))α)) . (5.6)

Noting that α < β and putting (5.5) together with (5.6), we obtain

rι(θ(I1) : θ(I2))
rι(I1 : I2)

∈ (1 ± o ((rι(I, �(ξ, R)))α)) .

Therefore, for every ι-lef segment I ⊂ K, we have |rd(θ, I)| ≤ o (rι(I, �(ξ, R))α).
Case (ii). Let J0, J1 and J2 be leaf n-cylinders contained in an ι-leaf segment
I ⊂ K such that J0 and J1 have a common endpoint and J1 and J2 have also
a common endpoint. Let J be the union of J0, J1 and J2. Let

Pρ(J1 : J) = log
(

1 +
|J1|ρ|J |ρ
|J0|ρ|J2|ρ

)
. (5.7)

Since fι is Cr with r > 2, from Lemma 5.1 and (5.4), we get

Pρ

(
f−(n+1)

ι (J1) : f−(n+1)
ι (J)

)
− Pρ

(
f−n

ι (J1) : f−n
ι (J)

)
∈ ±o (νn|J |ρ)
⊂±o (νnrι(J, �(ξ, R))) .

Therefore,

Prι(J1 : J) = lim
n→∞

Pρ(f−n
ι (J1) : f−n

ι (J))

= Pρ(f−m
ι (J1) : f−m

ι (J)) +

+
∞∑

n=m

(
Pρ

(
f−(n+1)

ι (J1) : f−(n+1)
ι (J)

)
− Pρ

(
f−n

ι (J1) : f−n
ι (J)

))

∈ Pρ

(
f−m

ι (J1) : f−m
ι (J)

)
± o (νm (rι(J, �(ξ, R))) .

Thus, since θ is C1,1, and from Lemma 5.1, we get
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Prι(θ(J1) : θ(J)) − Prι(J1 : J) = lim
n→∞

(
Pρ(f−n

ι (θ(J1)) : f−n
ι (θ(J)))−

−Pρ(f−n
ι (J1) : f−n

ι (J))
)

∈ Pρ(θ(J1) : θ(J)) − Pρ(J1 : J) ±
±o ((rι(J, �(ξ, R))))

⊂ ±o (rι(J, �(ξ, R))) .

Therefore, for every ι-leaf segment I ⊂ K, we have

|crd(θ, I)| ≤ o(rι(I, �(ξ, R))).

5.4 Fundamental Rigidity Lemma

We use the following proposition in the proof of the Fundamental Rigidity
Lemma. It can be deduced from standard results about Gibbs states such as
those in Bowen [17], and it also follows from the results proved in §6.4 (see
also Pinto and Rand [162]).

Proposition 5.3. Let mι : Bι → Bι be a Markov map on a train-track Bι, as
defined in §4.3. There is a unique mι-invariant probability measure μ on Bι

such that, if δ is the Hausdorff dimension of Bι, then there exists a constant
C ≥ 1 satisfying

C−1 ≤ μ(I)/|I|δi ≤ C,

for all n-cylinders I, for all n ≥ 1 and for all train-track charts i ∈ B(rι).
It follows from this that the Hausdorff δ-measure Hδ is finite and positive on
Bι, and μ is absolutely continuous (equivalent) with respect to Hδ.

Theorem 5.4 (Fundamental Rigidity Lemma). If the ι-ratio function rι

has C1,HDι

distortion, then all basic holonomies are affine with respect to the
atlas A(rι), that is they leave rι invariant.

Proof. We shall prove Theorem 5.4 for the stable holonomies. The unstable
result is proved in the same way by replacing f by f−1.

Let θ : I → I ′ be a basic stable holonomy in the rectangle R, where I
and I ′ are spanning stable leaves of R and R has the property that every
spanning stable and unstable leaf segment of R is either contained inside a
single primary cylinder or inside the union of two touching primary cylinders.
We shall prove that, since there is a complete set of holonomies with C1,HDs

distortion, θ has an affine extension with respect to the charts in A(rs).
For every n ≥ 1, the rectangle fn(R) is equal to ∪m(n)

j=0 Mn
j , where the

rectangles Mn
j = [Jn

j , Un
j ] have the following properties (see Figure 5.4):

(i) For j equal to 0 and m(n), we have the following:
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Fig. 5.4. The rectangles R and fn(R).

(a) fn(I) = Jn
0 and fn(I ′) = Jn

m(n).
(b) If Jn

j is contained in a single Markov rectangle, then Un
j is an

unstable spanning leaf of this Markov rectangle intersected with
fn(R).

(c) If Jn
j is not contained in a Markov rectangle, then Un

j is the biggest
possible unstable leaf segment in fn(R) contained in the union of
the unstable boundaries of Markov rectangles and intersecting Jn

j .
(ii) For j = 1, . . . , m(n) − 1, one of the following holds.
(a) Jn

j is a spanning stable leaf segment of Mn
j contained in a leaf

segment of the domain Iι of the complete set of holonomies Hι,
and Un

j is a spanning unstable leaf segment of the Markov rectangle
containing Jn

j ;
(b) Jn

j is a stable leaf segment not contained in a single Markov rectan-
gle, and Un

j is the biggest possible unstable leaf segment contained
in the union of the unstable boundaries of Markov rectangles and
intersecting Jn

j .
(iii) Mn

j intersects Mn
j+1 only along a common stable boundary, and

Mn
i ∩ Mn

j = ∅ if |j − i| ≥ 1.

Let Θa
n be the set of j ∈ {1, . . . , m(n) − 1} such that Jn

j and Jn
j+1 are

contained in the domain Iι, and let Θb
n be equal to {0, . . . ,m(n) − 1} \ Θa

n.
Since the number of Markov rectangles is finite, the cardinality of the set Θb

n

is uniformly bounded independent of n.
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Set In
j = f−n(Jn

j ). Then, we can decompose θ as the composition θn,m−1 ◦
· · · ◦ θn,0, where θn,j is the basic holonomy between Ij and Ij+1 defined by
R. Now, consider the holonomies θ̃n,j = fn ◦ θn,j ◦ f−n : Jn

j → Jn
j+1 and

observe that, since f is affine with respect to the HR structure, rd
(
θn,j , I

n
j

)
=

rd
(
θ̃n,j , J

n
j

)
and crd

(
θn,j , I

n
j

)
= crd

(
θ̃n,j , J

n
j

)
. Furthermore, if j ∈ Θa

n, then

θ̃n,j belongs to the complete set of holonomies. Let us first consider the case
where HDs < 1. By hypothesis, for every j ∈ Θa

n, we have
∑

j∈Θa
n

∣
∣
∣rd

(
θ̃n,j , J

n
j

)∣
∣
∣ ≤

∑

j∈Θa
n

χ
(
r
(
Jn

j , �(xn
j , Rn

j )
))

,

where xn
j is an endpoint of Jn

j , Rn
j is a Markov rectangle containing xn

j , the
positive function χ is independent of θ and χ(t) = o

(
tHDs)

. From inequality
(2.2), for every j ∈ Θb

n, we get
∑

j∈Θb
n

∣
∣rd

(
θn,j , I

n
j

)∣∣ ≤
∑

j∈Θb
n

O
(
dΛ

(
In
j , In

j+1

)α)
.

Therefore,

|rd(θ, I)| ≤
m−1∑

j=0

∣
∣rd

(
θn,j , I

n
j

)∣∣

≤
∑

j∈Θb
n

∣
∣rd

(
θn,j , I

n
j

)∣∣ +
∑

j∈Θa
n

∣
∣
∣rd

(
θ̃n,j , J

n
j

)∣
∣
∣

≤
∑

j∈Θb
n

O
(
dΛ

(
In
j , In

j+1

)α)
+

∑

j∈Θa
n

χ
(
r
(
Jn

j , �
(
xn

j , Rn
j

)))
.

Now, we note that
r
(
Jn

j , �
(
xn

j , Rn
j

))
≤ O

(∣∣Kn
j

∣
∣) ,

where Kn
j = πBs(Jn

j ) is the projection of Jn
j into the train-track Bs under

πBs and the size |Kn
j | of Kn

j is measured in any chart of the bounded atlas
B(rs) of Bs. Therefore,

|rd(θ, I)| ≤
∑

j∈Θb
n

O
(
dΛ

(
In
j , In

j+1

)α)
+

∑

j∈Θa
n

χ̂
(∣∣Kn

j

∣
∣) , (5.8)

where χ̂ is a positive function independent of θ and χ̂(t) = o
(
tHDs)

. In the
case where HDs = 1, a similar argument gives

|crd(θ, I)| ≤
∑

j∈Θb
n

O
(
dΛ

(
In
j , In

j+1

)α)
+

∑

j∈Θa
n

C1χ̂
(∣∣Kn

j

∣
∣) , (5.9)

where χ̂ is a positive function independent of θ and χ̂(t) = o(t). We now
show that the right-hand sides of (5.8) and (5.9) tend to zero as n tends to
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infinity and thus that the left-hand sides are zero. For every j ∈ Θb
n, the

distance dΛ

(
In
j , In

j+1

)
converges to zero when n tends to infinity, and, since

the cardinal of Θb
n is uniformly bounded independently of n, we get

∑

j∈Θb
n

O
(
dΛ

(
In
j , In

j+1

)α)
→ 0 (5.10)

when n tends to infinity. Now, we are going to prove that
∑

j∈Θa
n

χ
(∣∣Kn

j

∣
∣) also

converges to zero when n tends to infinity. Since R has the property that every
spanning stable leaf segment of R is either contained inside a single primary
cylinder or inside the union of two touching primary cylinders, we obtain that
the train-track segments Kn

j can only intersect in endpoints, and moreover
each of them is either contained in an n-cylinder or two adjacent n-cylinders
of the Markov map ms on Bs. Hence, there is a continuous positive function
η with η(0) = 0 such that

∑

j∈Θa
n

χ
(∣∣Kn

j

∣
∣) ≤ η(νn)

∑

n−cyls
|Cn|HDs

, (5.11)

where the sum on the right-hand side is over all n-cylinders. By Proposition
5.3, there is an mι-invariant probability measure μ and a positive constant C1

such that ∑

n−cyls
|Cn|HDs

≤ C1

∑

n−cyls
μ(Cn) ≤ C1. (5.12)

Putting together (5.11) and (5.12), we get
∑

j∈Θa
n

χ
(∣∣Kn

j

∣
∣) → 0 (5.13)

when n tends to infinity. If HDs < 1, applying (5.10) and (5.13) to (5.8),
we get that rd(θ, I) = 0. Therefore, θ is affine on I, which completes the
proof for this case. If HDs = 1, applying (5.10) and (5.11) to (5.9), we get
that crd(θ, I) = 0. Therefore, θ is Möbius on I and extends to a Möbius
homeomorphism of the global leaf, where the affine structures of the global
leaves are determined by the invariance of the affine structures under iteration
by f . Since a Möbius homeomorphism of R is an affine map, the holonomies
θ are affine.

5.5 Existence of affine models

In Lemma 5.5, (rs, ru) is any HR structure and not necessarily the HR struc-
ture determined by f .
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Lemma 5.5 (Existence of affine models). If rs has C1,HDs

distortion and
ru has C1,HDu

distortion, then there is a hyperbolic affine model for g on Λ̂
such that g on Λ̂ is topological conjugated to f on Λ and such that the HR
structures are the same (i.e. rι(I : J) = rι

g(ψ(I) : ψ(J)), where ψ : Λ → Λ̂ is
the conjugacy between f and g).

Proof. Let {R1, . . . , Rk} be a Markov partition for f . For every Markov rect-
angle Rm, we take a rectangle Mm ⊃ Rm that contains a small neigbour-
hood of Rm with respect to the distance dΛ. We construct an ortogonal chart
im : Mm → R

2 as follows. Choose an x ∈ Mm and let es : �s(x,Mm) → R

be in A(rs) and eu : �u(x,Mm) → R be in A(ru). The ortogonal chart im on
Mm is now given by im(z) = (es([z, x]), eu([x, z])) ∈ R

2.
Let φm,n : im (Mm

⋂
Mn) → ik (Mm

⋂
Mn) be the map defined by

φm,n(x) = im ◦ i−1
n (x). By Theorem 5.4, the stable and unstable holonomies

have affine extensions with respect to the charts in A(rs) and A(ru). Hence,
there is a unique affine extension Φm,n : R

2 → R
2 of φm,n. This extension

sends vertical lines into vertical lines and horizontal lines into horizontal lines.
Let us denote by Sm the rectangle in R

2 whose boundary contains the
image under im of the boundary of Rm. For every pair of Markov rectangles
Rm and Rn that intersect in a partial side Im,n = Rm

⋂
Rn, let Jm,n and

Jn,m be the smallest line segments containing respectively the sets im(Im,n)
and in(Im,n). We call Jm,n and Jn,m partial sides. Hence, Jm,n = Φ(Jn,m).
Let M̃ =

⊔k
m=1 Sm/{Φm,n} be the disjoint union of the squares Sm where we

identify two points x ∈ Jm,n and y ∈ Jn,m if Φn,m(x) = y. Hence, M̃ is a
topological surface possibly with boundary. By taking appropriate extensions
Em of the rectangles Sm and using the maps Φm,n to determine the identifica-
tions along the boundaries, we get a surface M̂ =

⊔k
m=1 Em/{Φm,n} without

boundary. The surface M̂ has a natural affine atlas that we now describe: if
a point z is contained in the interior of Em, then we take a small open neigh-
bourhood Uz of z contained in Em and we define a chart uz : Uz → R

2 as being
the inclusion of Uz

⋂
Em into R

2. Otherwise z is contained in a boundary of
two, three or four sets Em1 , . . . , Emk

that we order such that the Jmi,mi+1 are
partial sides. In this case, for a small open neighbourhood Uz of z we define
the chart uz : Uz → R

2 as follows:

(i) uz| (Uz

⋂
Emk

) is the inclusion of Uz

⋂
Emk

into R
2;

(ii) uz| (Uz

⋂
Ej) = Φmk−1,mk

◦ . . . ◦ Φmj ,mj+1 , for j ∈ {1, . . . , k − 1}.

Since the maps Φm1,m2 , . . . , Φmk−1,mk
and Φmk,m1 are affine, we deduce that

the set of all these charts form an affine atlas S on M̂ .
Let ψ : Λ → Λ̂ be the natural embedding of Λ into M̂ , and f̂ : Λ̂ → Λ̂ be

the map f̂ = ψ ◦ f ◦ ψ−1 conjugate to f .
For every x ∈ Λ̂, we take charts u : U → R

2 and v : V → R in the
affine atlas S such that x ∈ U and f̂(x) ∈ V . Since f̂ along leaves and also
the holonomies have affine extensions with respect to the charts in A(rs) and
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A(ru), the map v ◦ f̂ ◦u−1 has a unique affine extension gx to R
2. These affine

extensions determine a unique affine extension g of f̂ to an open set of M̂ .
The maps gx send horizontal lines into horizontal lines and vertical lines

into vertical lines. Furthermore, ggn(x) ◦ . . . ◦ gx contracts horizontal lines
exponentially fast and expands vertical lines exponentially fast with respect
to any fixed finite set of charts in S covering M̂ . Hence, g is hyperbolic on
Λ̂ and the image under these charts of the stable and unstable leaves are
contained, respectively, in horizontal and vertical lines.

Since the holonomies have affine extensions with respect to the charts in
A(rs) and A(ru), they also have affine extensions along leaves with respect to
the charts in this affine atlas. By construction of the affine model for g on Λ̂,
we get that rι(I : J) = rι

g(ψ(I) : ψ(J)).

5.6 Proof of the hyperbolic and Anosov rigidity

Here we show how to use the Fundamental Rigidity Lemma and the existence
of affine models (Lemma 5.5) to prove the Hyperbolic Rigidity Theorem.

Theorem 5.6 (Hyperbolic rigidity). Let HDs and HDu be, respectively,
the Hausdorff dimension of the intersection with Λ of the stable and unstable
leaves of f . If f is Cr, with r−1 > max{HDs, HDu}, and there is a complete
set of holonomies for f in which the stable holonomies are C1,HDs

and the
unstable holonomies are C1,HDu

, then the map f on Λ is C1+γ conjugate to
a hyperbolic affine model, for some 0 < γ < 1.

In assuming that f is Cr with r − 1 > max{HDs, HDu} in the previous
theorem, we actually only use the fact that f is C1,HDι

along ι-leaves.

Proof of Theorem 5.6. By Lemma 2.8, f determines on Λ an HR structure
(rs, ru). By Lemma 5.2, rι has C1,HDι

distortion. By Theorem 5.4, all the basic
ι-holonomies are affine with respect to the atlas A(rι). Hence, by Lemma 5.5,
there is a diffeomorphism g with a hyperbolic basic set Λ̂ and a hyperbolic
affine model for g on Λ̂ such that there is a conjugacy between f and g such
that rι(I : J) = rι

g(ψ(I) : ψ(J)). By Lemma 2.13, we get that f is C1+

conjugated to g.

We use Theorem 5.6 to prove the following theorem which partially extends
the previous result mentioned above of Ghys [44].

Theorem 5.7 (Anosov rigidity). If f is a Cr Anosov diffeomorphism on a
surface, with r > 2, and there is a complete set of holonomies for f in which
the stable and unstable holonomies are C1,1, then f is Cr conjugate to an
affine model.
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We note that Theorem 5.7 also follows from the fact that the holonomies
and f are affine with respect to the atlases A(rs) and A(ru) (see the proof of
Theorem 5.6) and Corollary 3.3 in Ghys [44].

Proof of Theorem 5.7. If f : M → M is a Cr surface Anosov diffeomorphism,
then Λ = M . By Franks [40, 41], Manning [74] and Newhouse [103], there is
a unique hyperbolic toral automorphism f̂ : M̂ → M̂ topologically conjugate
to f . By Theorem 5.6, there is a C1+ conjugacy ψ : M → M̂ between f and
f̂ . By Lemma 2.8, we have that rι(I : J) = rι

f̂
(ψ(I) : ψ(J)). By a somewhat

standard blow-down-blow-up argument, we get that ψ is Cr along stable and
unstable leaves (see de Melo and van Strien [99] and Pinto and Sullivan [175]).
Hence, by Proposition 2.14 due to Journé [64], ψ is Cr.

5.7 Twin leaves for codimension 1 attractors

We introduce the notion of a twinned pair of leaves for a diffeomorphism f
of a surface with a basic set Λ. We prove that every proper codimension 1
attractor Λ contains a twinned pair of leaves.

Definition 15 A twinned pair of u-leaves (I, J) in a basic set Λ consists of a
pair of u-leaf segments I and J with the following properties (see Figure 5.5):

(i) an endpoint p of I and an endpoint q of J are periodic points under
f ;

(ii) (I \ {p}) ∩ (J \ {q}) = ∅;
(iii) for all z ∈ I \ {p} there is a full s-leaf segment γz in the stable
manifold through z which has endpoints z and z′ such that z′ ∈ J \{q}
and γz ∩ Λ = {z, z′}.

Fig. 5.5. An illustration of twinned pair of u-leaves.

It follows from this that if a sequence zn ∈ I \ {p} converges to p, then the
corresponding sequence z′n ∈ J ∩ γzn converges to q. Also, it follows that the
periodic points p and q must have the same period. A twinned pair of s-leaves
in a basic set Λ is similarly defined.
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Remark 5.8. In the previous definition we allow the points p and q to coincide.
However, if p is different from q, then there is no stable leaf containing both p
and q (otherwise they would converge under iteration by f which is absurd).

The set Λ ⊂ M is an attractor for f if there is an open set U ⊂ M such
that Λ = ∩∞

i=0f
i(U). We say that Λ is a proper codimension 1 attractor if Λ is

an attractor basic set, the Hausdorff dimension of the unstable leaf segments
is one, and the Hausdorff dimension of the stable leaf segments is strictly less
than one.

Theorem 5.9. If Λ is a proper codimension 1 attractor, then Λ contains a
twinned pair of u-leaves.

We call an unstable leaf � an unstable free-leaf if there is a full s-leaf
segment I transversal to the leaf � which is the union I1 ∪ {p} ∪ I2 of two
disjoint (non-empty) full s-leaf segments I1 and I2 such that I1 and I2 have
a common endpoint p ∈ � ∩ Λ and I2 does not intersect Λ.

By Kollmer [66], the set L of all unstable free-leaves is non-empty and
finite. Since the free-leaves are permuted by f , each one of these leaves �
contains a single periodic point P�. Furthermore, L is equal to the union of
pairwise disjoint subsets L1, . . . ,Lj which are characterized by the following
property: the leaves of each set Lm form the boundary of an open connected
set Om in M which does not intersect the basic set Λ.

Remark 5.10. We observe that, by Ruas [43], f |Λ is topologically conjugate
to an Anosov or pseudo-Anosov map that has been unzipped along a finite
set of leaves. It is these unzipped leaves which form L. Each set Lm ⊂ L
corresponds to the unzipping a k-prong singularity where k is the number of
leaves contained in Lm (see Figure 5.6). The sets Lm of cardinality one and
two correspond respectively to umbilic singularities and regular points.

Fig. 5.6. Examples of sets Lm with cardinality 1, 2 and 3.

Proof of Theorem 5.9. We claim that for each leaf � ∈ Lm there are two leaves
�′, �′′ ∈ Lm, two points x ∈ � and y ∈ � on different sides of the periodic point
P� in � and two points x′ ∈ �′ and y′ ∈ �′′ such that x and x′, and y and y′
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are the endpoints of two full s-leaf segments γx,x′ and γy,y′ whose interiors
meet no unstable leaves of Λ. If the cardinality of Lm is greater or equal to
three, then �, �′ and �′′ are distinct leaves. If the cardinality of Lm is one,
then � = �′ = �′′ and the claim just says that there are x and y in � on either
side of P� with x and y joined by a full s-leaf segment γx,y whose interior
meets no unstable leaves. If the cardinality of Lm is two, then �′ = �′′ �= � and
x′, y′ ∈ �′ are on either side of the periodic point in �′. This claim follows from
the density of the unstable manifold in Λ and the local product structure as
we now describe. If x ∈ �, then, for some n > 0, fn(x) lies inside of a small full
s-leaf segment γ and, in γ, is contained between two points contained in Λ. We
can then find a non-trivial full s-leaf segment γ′ inside γ which also contains
fn(x) so that to one side of fn(x) there is only a single point w �= fn(x) in
γ′ ∩ Λ. Let γ′′ denote the part of γ between fn(x) and w. Then, f−n(γ′′) is
a full s-leaf segment through x such that x′ = fn(w) is the other endpoint of
f−n(γ′′). Since by construction f−n(γ′′) \ {x, x′} meets no unstable leaves of
Λ, f−n(γ′′) is the required full s-leaf segment γx,x′ , and �′ is the stable leaf
passing through x′. One finds y′ and �′′ by taking y on the other side of P�

in � and proceeding in a similar fashion which ends the proof of the claim.
Let �(x) be an unstable leaf segment containing x and having P� as one of
its endpoints. Let �′(x′) be the unstable leaf containing x′ such that there is
a local holonomy h : �(x) → �′(x′) with h(x) = x′ (and so h(�(x)) = �′(x′)).
Then, the pair (�(x), �′(x′)) form a twinned pair of leaves.

5.8 Non-existence of affine models

The relevance of the existence of a twinned pair of leaves is that these basic
sets do not have affine models. Hence, if Λ is a proper codimension 1 attractor,
then there are no affine models for f on Λ.

Definition 16 A ι-ratio function r is transversely affine, if r is invariant
under f , i.e r(I : J) = r(f(I) : f(J)), and r is invariant under holonomies h,
i.e. r(I : J) = r(h(I) : h(J)).

Lemma 5.11. If Λ contains a twinned pair of ι-leaves, then there is not a
transversely affine ι′-ratio function r.

Proof. For simplicity of exposition we will consider the case ι = u and ι′ = s.
The other case is similar by replacing f by f−1 and stable by unstable, and
vice-versa. Let us suppose by contradiction that there is an affine model for f .
For arguments sake assume that the twinned pair leaves are unstable. Let the
full u-leaf segments I and J and the periodic points p ∈ I ∩ Λ and q ∈ J ∩ Λ
be as in the definition of a twinned pair leaves. Let m be the common period
of the periodic points. Fix z ∈ I ∩ Λ and z′ ∈ J ∩ Λ such that z and z′ are
the endpoints of a full s-leaf segment which does not intersect Λ. Choose a ful
u-leaf segment K such that there is a holonomy h : J ∩Λ → K ∩Λ. For every
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n �= 1, let yn ∈ I ∩ Λ, y′
n ∈ J ∩ Λ and y′′

n ∈ K ∩ Λ be such that fmp(yn) = z,
fmp(y′

n) = z′ and h(y′
n) = y′′

n (see Figure 5.7). The ratio r(yn, y′
n, y′′

n) between

p q

y′n

fmp(y′′n)
h(z′)z′

z
h

I J K

y′′n = h(y′n)yn

Fig. 5.7. The nonexistence of transversely affine ratio function.

the length of the full u-leaf segment with endpoints y′′
n and y′

n and the length
of the full u-leaf segment with endpoints y′

n and yn, when measured in a
chart of the affine atlas, is well-defined and does not depend upon the chart
considerd.

Since the holonomy is affine, the value of the ratio r(yn, y′
n, y′′

n) does
not depend upon n �= 1. Since f is also affine, r(yn, y′

n, y′′
n) is equal to

r(z, z′, fmp(y′′
n)). Therefore, the value of the ratio r(z, z′, fmp(y′′

n)) does not
depend upon n �= 1. But, by construction the sequence fmp(y′′

n) converges to
z′ which implies that the ratio r(z, z′, fmp(y′′

n)) converges to zero, which is
absurd.

Theorem 5.12. If a basic set Λ contains a twinned pair of ι-leaves, then there
are no affine models for f on Λ.

Proof. If there is an affine model for f on Λ, then r is a transversely affine
ι-ratio function, which contradicts Lemma 5.11.

5.9 Non-existence of uniformly C1,HDι
complete sets of

holonomies for codimension 1 attractors

For a Smale horseshoe there is an infinite number of holonomies in a complete
set. However, if there is only a finite number of holonomies in a complete set,
then the uniformity hypothesis on the modulus of continuity of hι

(M,N) ∈ Hι

is redundant.

Lemma 5.13. For a proper codimension 1 attractor the stable complete set
of holonomies consists of a finite set of holonomies.
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However, there are cases where the complete set of holonomies is forced to be
infinite. This is the case for systems like the Smale horseshoe (see Figure 5.2).

Proof of Lemma 5.13. Since the u-leaf segments are manifolds, the number
of holonomies in the complete sets of s-holonomies is two times the minimal
number N of stable leaves which cover the s-boundaries of the rectangles con-
tained in the Markov partition with the property that the interior of each one
of these leaves is contained in at most two s-boundaries of Markov rectangles.

Theorem 5.14. Let Λ be a basic set for a C1+γ diffeomorphism f of a surface
with γ > HDι. If Λ contains a twinned pair of ι′-leaves, then the complete set
of ι-holonomies Hι is not C1,HDι

.

Proof. By Lemma 5.2 and Theorem 5.4, if f is C1+γ , with γ > HDι, and the
complete set of ι-holonomies is C1,HDι

, then r is a transversely affine ι-ratio
function. This contradicts Lemma 5.11.

5.10 Further literature

For Anosov diffeomorphisms of the torus, the hyperbolic affine model is a
hyperbolic toral automorphism (see Franks [41], Manning [74] and Newhouse
[103]). In general, the topological conjugacy between such a system and the
corresponding hyperbolic affine model is only Hölder continuous and need
not be any smoother. This is the case if there is a periodic orbit of f whose
eigenvalues differ from those of the hyperbolic affine model. For Anosov dif-
feomorphisms f of the torus, there are the following results, all of which have
the form that if a Ck f has Cr foliations, then f is Cs-rigid, that is f is Cs

conjugate to the corresponding hyperbolic affine model:

(i) Area-preserving Anosov diffeomorphisms f with r = ∞ are C∞-rigid
(Avez [11]).

(ii) Ck area-preserving Anosov diffeomorphisms f with r = 1+o(t| log t|)
are Ck−3-rigid (Hurder and Katok [50]).

(iii) C1 area-preserving Anosov diffeomorphisms f with r ≥ 2 are Cr-rigid
(Flaminio and Katok [39]).

(iv) Ck Anosov diffeomorphisms f (k ≥ 2) with r ≥ 1 + Lipshitz are
Ck-rigid (Ghys [44]).

Coelho et al. [22] have also proved a rigidity result for comuting pairs of the
circle. This chapter is based on Pinto and Rand [165] and Pinto, Rand and
Ferreira [170].
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Gibbs measures

We give a novel and elementary proof of existence and uniqueness of Gibbs
states for Hölder weight systems. A bonus of this approach is that it leads
directly to a decomposition of the measure as an integral of an explicitly
given canonical ratio function with respect to a measure dual to the Gibbs
state. The ratio decomposition is particularly useful in certain situations and
it is used to link certain Gibbs states with Hausdorff measures on basic sets
of C1+ hyperbolic diffeomorphisms (cf. chapter 7).

6.1 Dual symbolic sets

Let us recall the definition of a one-sided subshift of finite type Σ = Θu
A from

§4.5. The elements of Σ are all the infinite right-handed words w = w0w1 . . .
in the symbols 1, . . . , k such that for all i ≥ 0, Awiwi+1 = 1. Here, A = (Aij)
is any matrix with entries o and 1 such that An has all entries positive for
some n ≥ 1. We write w

n1,n2∼ w′ if the two words w, w′ ∈ Σ agree on their
first n entries. The metric d on Σ is given by d(w, w′) = 2−n if n ≥ 0 is the
largest such that w

n,n∼ w′. Together with this metric Σ is a compact metric
space. The shift τ : Σ → Σ is the mapping that sends w0w1 . . . to w1w2 . . ..
It is a local homeomorphism.

An n-cylinder Σw, w ∈ Σn, consists of all those words w′ ∈ Σ such that
w

n∼ w′ If C is an n-cylinder, then we define mC to be the (n − 1)-cylinder
containing C and denote by n(C) the depth n of C. A 1-cylinder is also called
a primary cylinder.

Together with Σ we will consider the augmented space Δ that consists of
both the infinite right-handed words in Σ and their finite subwords. Let Δfin

denote the subset of all finite words. Then, we can identity Δfin with the set
of all cylinders in Σ via the association w ↔ Σw. This set has two natural
oriented tree structures:

(a) Δm
fin in which all the oriented edges connect a cylinder C to mC; and
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(b) Δτ
fin in which all the oriented edges are from the cylinder C to τC.

An admissible backward path in either of these trees is a finite or infinite
sequence {Cj} of cylinders indexed by either j = 0, . . . , n or j = 0, 1, . . . and
such that C0 is a primary cylinder and such that there is an oriented edge
from Cj to Cj−1 for all j > 0. The infinite paths in Δm

fin correspond to points
of Σu.

Definition 17 The dual (Σu)∗ of Σu is the set of all infinite admissible back-
ward paths in Δτ

fin together with the metric defined as follows: d∗({Cj}, {C ′
j}) =

2−n if Cj = C ′
j, for 0 < j < n and Cn �= C ′

n.

Note that one can identify the elements of (Σu)∗ with those infinite left-
handed words . . . w1w0 in the symbols 1, . . . , k such that Awiwi−1 = 1, which
leads to the following remark:

Remark 6.1. Via the association w ↔ Σu
w, there is a homeomorphism ψ :

(Σu)∗ → Σs such that ψτ∗ = τsψ and ψm∗ = msψ.

We note that for both Σu and (Σu)∗, a cylinder is given by prescribing
a finite admissible backward path {Cj}n−1

j=0 (respectively in Δm
fin and in Δτ

fin),
and it is then equal to the set of all infinite admissible backward paths {Dj}
such that Dj = Cj for 0 < j < n. Since this finite path is determined by
Cn−1 there is a one-to-one correspondence between the cylinders of Σu and
(Σu)∗. Specifically, this is given as follows: if C is an n-cylinder of Σu, then
the cylinder C∗ of (Σu)∗ consists of all infinite admissible backward paths
{Cj}∞j=0 in Δτ

fin such that Cn−1 = C. We also define duals to m and τ : if
C∗ = {Cj}n−1

j=0 is an n-cylinder of (Σu)∗, then m∗C∗ is the (n − 1)-cylinder
{τCj}n−1

j=1 of (Σu)∗ containing C∗, and τ∗C∗ is the (n−1)-cylinder {mCj}n−1
j=1 .

Note how these translate under duality:

m∗C∗ = (τC)∗ and τ∗C∗ = (mC)∗. (6.1)

The dual set (Θs)∗ of Θs and the maps τ∗
s and m∗

s are constructed similarly
to the above ones. The set (Θs)∗ can be identified with Θu, and the maps τ∗

s

and m∗
s with the maps τu and mu, respectively.

6.2 Weighted scaling function and Jacobian

Now consider a function l defined on Δfin and with the following properties:
there exists 0 < ω < ω′ < 1 such that if C is an n-cylinder, then

O(ωn) < l(C) < O(ω′n) (6.2)

and there exists 0 < ν < 1 such that the following two equivalent conditions
hold:
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(i) If C is an n-cylinder with n > 0, then σl(C) = l(C)/l(mC) converges
exponentially along backward orbits i.e. σl(C) ∈ (1 ±O(νn)) σl(τ(C)).

(ii) If C is an n-cylinder with n > 0, then Jl(C) = l(τC)/l(C) converges
exponentially along nested sequences, i.e. Jl(C) ∈ (1 ±O(νn)) Jl(mC).

We leave the proof of the equivalence to the reader, but note that it comes
from the relation

σl(τC)
σl(C)

=
Jl(C)

Jl(mC)
.

It also follows from these conditions that the limits defining the following
functions σl and Jl are reached exponentially fast and that consequently these
functions are Hölder continuous: if ξ = {Cn}∞n=0 ∈ Σ∗, where Cn is an n-
cylinder and τCn+1 = Cn, and if x =

⋂
n≥0 Dn, where Dn is an n-cylinder

with mDn+1 = Dn, then

σl(ξ) = lim
n→∞

σl(Cn) and Jl(x) = lim
n→∞

Jl(Dn).

Definition 18 Such a system of weights l is called a Hölder weight system .
We call σl the weighted scaling function of l and Jl the weighted Jacobian.
The Hölder weighted scaling function is said to satisfy the matching condition
or to match, if, for all ξ ∈ (Σu)∗,

∑

τ∗(ξ′)=ξ

σl(ξ′) = 1. (6.3)

The matching condition is equivalent to the following: There exists 0 <
θ < 1 such that

∑
σl(C ′) = 1±O(θn) (sum over (n+1)-cylinders C ′ contained

in C), for all n ≥ 0 and all n-cylinders C.
Consider the sums Zn

s =
∑

C l(C)e−sn, where the sum is over all n-
cylinders C. From (6.2), for s > 0 sufficiently large, Zn

s is bounded away
from infinity uniformly in n ≥ 0. On the other hand, if s is sufficiently neg-
ative, then Zn

s diverges to ∞ as n → ∞. Since if this divergence occurs for
a particular value of s then it occurs for all smaller values, there is a critical
value P given by P = inf{s : Zn

s uniformly bounded in n}. This is called the
pressure of l. It corresponds to the usual definition (see Bowen [17]).

6.3 Weighted ratio structure

Before proceeding we need to introduce some notation. Consider a cylinder
C in Σu and let C1 denote the primary cylinder containing C. If Cn is an n-
cylinder such that τn−1(Cn) = C1, then by C(Cn) we denote (τn−1|Cn)−1(C).

From (6.9), (6.10) and (6.11), we also get bounds for rl(C : D) as presented
in the following remark.
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Remark 6.2. Suppose that C is an m-cylinder contained in the n-cylinder D.
Then,

rl(C : D) = O
(
e−(m−n)P l(C)/l(D)

)
.

If l satifies the matching condition, then P = 0 and, for some 0 < θ < 1,

rl(C : D) ∈ (1 ±O(θn))
l(C)
l(D)

, (6.4)

whenever C and D are contained in a common n-cylinder. Therefore, for all
ξ = {ξn}∞n=0 ∈ (Σu)∗,

σ(ξ) = σl(ξ) = lim
n→∞

l(ξn)/l(mξn) and rl,ξ(C) = lim
n→∞

l(C(ξn))/l(ξn).

In these cases the limits are reached exponentially fast and σl(ξ) and rl,ξ(C)
are Hölder in ξ.

6.4 Gibbs measure and its dual

Consider a Hölder weight system l with pressure P . We omit the proof of the
following lemma because it closely follows the proof of Lemma 3.1 of Paterson
[137].

Lemma 6.3. There is a positive decreasing continuous function k on [0,∞]
with the following properties:

(i) The sums Zs =
∑

C k(l(C))l(C)e−n(C)s (sum over all cylinders C)
converge for s > P and diverge for s = P ; and
(ii) For all ε > 0, there exists y0(ε) > 0 such that λ−ε ≤ k(λy)/k(y) ≤
1, whenever λ > 1 and 0 < λy < y0(ε).

Definition 19 Suppose that μ is a τ -invariant probability measure on Σu

and ν a τ∗-invariant probability measure on (Σu)∗. Then, the dual measures
μ∗ and ν∗, respectively, to μ and ν are the probability measures defined on
(Σu)∗ and Σu by μ∗(C∗) = μ(C) and ν∗(C∗) = ν(C).

In the above definition, we use the fact that μ∗ is a probability measure
(respectively, τ∗-invariant) if, and only if, μ is τ -invariant (respectively, a
probability measure). Similarly for ν. This is because τC = D (respectively,
τ∗C

∗ = D∗) if, and only if, m∗C
∗ = D∗ (respectively, mC = D).

Theorem 6.4. There exist a unique pair of Borel probability measures ν on
Σu and ν∗ on (Σu)∗ with the following property, for some 0 < θ < 1: If C is
an n-cylinder of Σu,

ν(τC)
ν(C)

∈ (1 ±O(νn)) Jl(C)eP ,
ν∗(τ∗C∗)
ν∗(C∗)

∈ (1 ±O(θn)) σ−1
l (C∗)eP
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and if C and D are two cylinders, then ν(C)/ν(D) = rl(C : D). Moreover,
the weights lν(C) = ν(C) form a matching Hölder weight system and σlν = σ.

If the weight function l satisfies the matching condition, then ν∗ is τ∗-
invariant and its dual measure μ satisfies the following equivalent conditions:

(i) If C and D are two cylinders contained in the same n-cylinder, then
μ(D)/μ(C) ∈ (1 ±O(θn)) l(D)/l(C);
(ii) If C is an n-cylinder and ξ = (ξi) ∈ (Σu)∗ has ξn = C, then

μ(C)/μ(mC) ∈ (1 ±O(θn))σl(ξ);

(iii) (Ratio decomposition) If C is an n-cylinder and C0 is the primary
cylinder containing C, then

μ(C) =
∫

C∗
0

rl,ξ(C)μ∗(dξ).

Here, μ∗ is the dual measure to μ.

Moreover, for each of the conditions (i), (ii) and (iii), μ is the unique measure
with the given property.

If Jμ is the Jacobian d(μ ◦ τ)/dμ and x =
⋂

n≥0 Cn ∈ Σu, where Cn is an
n-cylinder with mCn+1 = Cn, then Jμ(x) = limn→∞ ν∗(m∗C

∗
n)/ν∗(C∗

n). The
Jacobian Jν∗(ξ) = d(ν∗ ◦ τ)/dν∗(ξ) is σ−1

l (ξ).

Remark 6.5. As part of the proof of the theorem, we will prove that if the
Hölder weight system l matches and if μ is any τ -invariant probability measure
satisfying the ratio decomposition (iii), then, for all cylinders C of Σu,

∑
rl,ξD

(C)μ∗(D∗) ∈ (1 ±O(νn)) μ(C),

where the sum is over all n-cylinders D such that C ⊂ τn−1(D), and, for each
D, ξD = {ξj}∞j=0 is an infinite backward path with the property that ξn = D.

Proof of Theorem 6.4. Firstly, consider the sum Zs =
∑

C k(l(C))l(C)e−sn(C),
where the sum is over all cylinders C and k is the function given by Lemma
6.3. As we have seen above, Zs < ∞ for s > P , and Zs diverges if s = P . We
denote k(l(C))l(C) by l̃(C) and l̃(C)e−sn(C) by l̃s(C).

Note that the condition (ii) of Lemma 6.3 on k and the fact that
l(τC) = Jl(C) · l(C) implies that, for all ε > 0, if Jl(C) ≥ 1 then Jl(C)−ε ≤
k(l(τC))/k(l(C)) ≤ 1, and if Jl(C) < 1 then 1 ≤ k(l(τC))/k(l(C)) ≤ Jl(C)−ε,
provided max{l(C), l(τC)} < y0(ε). Since Jl(C) is bounded away from 0 and
∞ uniformly in C, we deduce that, for all ε > 0,

l̃(τC)
l̃(C)

∈ (1 ± ε)Jl(C), (6.5)

provided l(C) is sufficiently small. Similarly, we deduce that
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l̃(mC)
l̃(C)

∈ (1 ± ε)σl(C)−1, (6.6)

provided l(C) is sufficiently small.
For s > P , let νs and ν∗

s be the probability measures on Δ and Δ∗ defined
by νs = Zs

−1 ∑
x∈Δfin

l̃s(C)δx and ν∗
s = Zs

−1 ∑
ξ∈Δ∗

fin
l̃s(C)δξ, where δx and

δξ are, respectively, the Dirac measures at x and ξ.
Let Δ be the set of all infinite right-handed words in Σu and their finite

subwords. Similarly to the dual (Σu)∗ of Σu, let the dual Δ∗ of Δ be the set
of all finite and infinite admissible backward paths in Δτ

fin.
Since Δ and Δ∗ are compact metric spaces, there exist sequences si > 0

and s∗i > 0 converging to P as i → ∞ so that the sequence νsi (respectively,
ν∗

s∗
i
) converges weakly to a Borel probability measure ν on Δ (respectively,

ν∗ on Δ∗). Since Zsi and Zs∗
i

diverge as i → ∞, ν and ν∗ are, respectively,
concentrated on Σ and Σ∗. Thus, ν and ν∗, respectively, define measures on
Σu and (Σu)∗, which we also denote by ν and ν∗.

If w is a finite word, consider the cylinder Σw in Σu and also the subset
Δw in Δ∗ consisting of all finite and infinite right-handed words agreeing with
w. We have

ν(Σw) = ν(Δw) ≈ νsi(Δw) = Z−1
si

∑

C⊂Σw

l̃si(C),

where the sum is over all cylinders C contained in Σw and with the approxi-
mation converging as i → ∞. Therefore, by (6.6), for ε > 0,

ν(τΣw)
ν(Σw)

= lim
i→∞

∑
D⊂τΣw

l̃si(D)
∑

C⊂§w
l̃si(C)

= lim
i→∞

∑
C⊂§w

l̃si(τC)
∑

C⊂Σw
l̃si(C)

∈ (1 ± ε)Jl(Σw)eP ,

providing l(Σw) is sufficiently small. This implies that the Jacobian of ν at
x ∈ ∩∞

j=0Cn is Jν(x) = d(ν ◦ f)/dν = limn→∞ Jl(Cn)eP . Since this is Hölder
continuous, we obtain that if Σw is an n-cylinder, then

ν(τΣw)
ν(Σw)

∈ (1 ±O(θn)) Jl(Σw)eP , (6.7)

for some 0 < θ < 1. Thus, the weights lν(Σw) = ν(Σw) form a Hölder weight
system.

If w is a word, consider the cylinder Σ∗
w in (Σu)∗ and also the subset Δ∗

w

in Δ∗ consisting of all admissible backward finite and infinite paths agreeing
with w. We have

ν∗(Σ∗
w) = ν∗(Δ∗

w) ≈ ν∗
s∗

i
(Δ∗

w) = Z−1
s∗

i

∑

C∗⊆Σ∗
w

l̃s∗
i
(C) = Z−1

s∗
i

∑

C→Σw

l̃s∗
i
(C),

where C → Σw means that τk(C) = Σw, for some k ≥ 0, with the approx-
imation marked ≈ converging as i → ∞. The first sum in this equation is
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over all cylinders C∗ contained in or equal to Σ∗
w and the second equals this

because by duality (6.1), C∗ ⊆ Σ∗
w if, and only if, τk(C) = Σw. Therefore, by

construction of σl, we have that, for all ε > 0,

ν∗(τ∗Σ∗
w)

ν∗(Σ∗
w)

= lim
i→∞

∑
τk(C)=mΣw

l̃s∗
i
(C)

∑
τk(C)=Σw

l̃s∗
i
(C)

= lim
i→∞

∑
τk(C)=Σw

l̃s∗
i
(mC)

∑
τk(C)=Σw

l̃s∗
i
(C)

∈ (1 ± ε)σl(Σw)−1eP ,

providing l(Σw) is sufficiently small. This implies that the Jacobian of ν∗ is
Jν∗(ξ) = d(ν∗ ◦ τ∗)/dν∗ = σl(ξ)−1eP . Since this is Hölder continuous, we
obtain that the weights l∗(Σ∗

w) = ν∗(Σ∗
w) form a Hölder weight system and,

indeed, if Σw is an n-cylinder,

ν∗(τ∗(Σ∗
w))

ν∗(Σ∗
w)

∈ (1 ±O(θn)) σl(Σw)−1eP , (6.8)

for some 0 < θ < 1.
Now we consider the uniqueness of ν and ν∗. Suppose that ν′ is another

measure satisfying (6.7). Then, if C is an n-cylinder,

ν′(C)
ν(C)

=
ν′(C)
ν′(τC)

· ν′(τC)
ν(τC)

· ν(τC)
ν(C)

∈ (1 ±O(θn))
ν′(τC)
ν(τC)

,

because ν′(τC)/ν′(C) = (1 ±O(θn)) (ν(τC)/ν(C)) by (6.7). Thus, if ξ =
(ξn) ∈ (Σu)∗, where ξn is an n-cylinder and Jν′,ν(ξ) = limn→∞ ν′(ξn)/ν(ξn),
the limit is achieved exponentially fast, and Jν′,ν is Hölder continuous on
(Σu)∗. Also, since

Jν′,ν(τ∗ξ)
Jν′,ν(ξ)

∈ (1 ±Obθn) · ν′(τξn)
ν′(ξn)

· ν(ξn)
ν(τξn)

∈ 1 ±Obθn,

Jν′,ν(τ∗ξ) = Jν′,ν(ξ), i.e. Jν′,ν is τ∗-invariant. Therefore, it is constant on a
dense set of (Σu)∗, for example the full backward orbit of a single point. Since
it is Hölder continuous, it must be constant everywhere and, therefore, equal
to 1 everywhere. Thus, ν = ν′ and ν is the unique measure satisfying (6.7). It
follows that ν = lims↘P νs. A similar argument shows that ν∗ is the unique
measure satisfying (6.8) and ν∗ = lims↘P ν∗

s .
By the properties of the weight function l and by (6.7), for all n-cylinders

C, we get

ν(C)
l(C)e−nP

=
ν(τnC)
l(τnC)

·
n−1∏

j=0

ν(τ jC)
ν(τ j+1C)e−P

· l(τ
j+1C)

l(τ jC)
∈ ν(τnC)

l(τnC)

n−1∏

j=0

(
1 ±O(θj)

)
.

(6.9)
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Thus, the ratios ν(C)/l(C)e−nP are uniformly bounded away from 0 and ∞.
Similarly as above, using (6.8) instead of (6.7), we obtain that the ratios
ν∗(C∗)/l(C)e−nP are uniformly bounded away from 0 and ∞. Therefore,

lim
s↘P

∑

C

l(C)e−n(C)s ≥ c1 lim
s↘P

∑

C

ν(C)e−n(C)(p−s) ≥ c2 lim
s↘P

∞∑

n=1

e−n(p−s)

diverges at s = P . The first sum is over all cylinders C.
Therefore, since ν and ν∗ are the unique probability measures satis-

fying, respectively, (6.7) and (6.8), we deduce that ν = lims↘P ρs and
ν∗ = lims↘P ρ∗s, where ρs and ρ∗s are defined as νs and ν∗

s above, but with
k ≡ 1. For all cylinders C and D, it follows that

ν(C)
ν(D)

= lim
s↘P

∑
C′⊂C l(C ′)e−n(C′)s

∑
D′⊂D l(D′)e−n(D′)s

= rl(C : D), (6.10)

which ends the proof of the first assertion of this theorem.
From now on in this proof we assume that the weight function l matches.

In this case,
∑

Cn⊂C l(Cn)/
∑

Dn−1⊂C l(Dn−1) ∈ (1 ±O(θn)), if the first and
second sums are, respectively, over all n-cylinders and all (n−1)-cylinders con-
tained in C. Thus,

∑
Cn

l(Cn) = O(1), and consequently
∑

C l(C)e−n(C)s =
O(

∑∞
n=0 e−ns) converges for every s > 0 and diverges at s = 0. This implies

that P = 0. Furthermore, we obtain that

rl(C : D) ∈ (1 ±O(θn))
l(C)
l(D)

, (6.11)

where C and D are contained in a common n-cylinder. This implies (6.4).
For all cylinder Σw, we have that

ν∗(τ−1
∗ Σ∗

w)
ν∗(Σ∗

w)
≈ ρ∗s(τ

−1
∗ Σ∗

w)
ρ∗s(Σ∗

w)
=

∑
mD=C:τkC=Σw

l(D)e−n(D)s

∑
τkC=Σw

l(C)e−n(C)s

with the approximation converging as s ↘ 0. Since the ratios l(C)/l(mC)
converge exponentially fast along backward orbits there are continuous func-
tions τ1(s) and τ2(s) which converge to 1 as s ↘ 0 such that, for all cylinders
Σw,

τ1(s) <

∑
mD=C:τkC=Σw

l(D)e−n(D)s

∑
τkC=Σw

l(C)e−n(C)s
< τ2(s).

Thus, we deduce that ν∗(τ−1
∗ C∗) = ν∗(C∗), for all cylinders, and hence

that ν∗ is τ∗-invariant. It follows from this that if we define μ on Σ by μ(C) =
ν∗(C∗), for all cylinders C of Σu, then μ is a τ -invariant probability measure
on Σu. The fact that it is a measure follows from the τ∗-invariance of ν∗, and
the fact that it is τ -invariant follows from the fact that ν∗ is a probability
measure.
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Now we consider the ratios μ(C1)/μ(C2) = ν∗(C∗
1 )/ν∗(C∗

2 ), where C1 and
C2 are cylinders and C1 is contained in C2. Then, there exists r ≥ 0 such that
mrC1 = C2. In this case, τ r

∗C∗
1 = C∗

2 . Thus, the ratio is approximated by
∑

mk
∗C∗=C∗

1
l(C)e−n(C)s

∑
mk

∗C∗=τr
∗C∗

1
l(C)e−n(C)s

=

∑
τkC=C1

l(C)e−n(C)s

∑
τkC=mrC1

l(C)e−n(C)s
(6.12)

with convergence as s ↘ 0. To each summand l(C) of the top sum there cor-
responds a summand l(C ′) of the bottom sum such that mrC = C ′, and the
pair (C, C ′) is mapped by some power of τ onto the pair (C1, C2). It follows
that l(C)/l(C ′) ∈ (1 ± O(θn(C2)))l(C1)/l(C2), where the constant of propor-
tionality in the O term is independent of C, C ′, C1 and C2. Thus, we deduce
that the last term for s = 0 of (6.12) is in the interval (1±O(θn))l(C1)/l(C2).
We have proved that if C2 is an n-cylinder, then

μ(C1)
μ(C2)

∈ (1 ±O(θn))
l(C1)
l(C2)

. (6.13)

Parts (i) and (ii) of Theorem 6.4 follow from this.
It remains to prove part (iii), the ratio decomposition. To do this, recall

the meaning of C(Cn) given in §6.3. If Cp is a primary cylinder, let Cn(Cp)
denote the set of n-cylinders C such that τn−1C = Cp. Let Cp be the primary
cylinder containing Σw. We have

μ(Σw) 1=
∑

Cn∈Cn(Cp)

μ(Σw(Cn))
μ(Cn)

ν∗(C∗
n)

2≈
∑

Cn∈Cn(Cp)

l(Σw(Cn))
l(Cn)

ν∗(C∗
n) →

∫

C∗
p

rl,ξ(Σw)ν∗(dξ),

as n → ∞. The equality marked 1= follows from the τ -invariance of μ and also

by duality, that marked
2≈ from (6.13) and the convergence from property (ii)

of the potential, from the definition of rξ(Σw) in §6.3 and the comments in
Remark 6.2.

The final point is to check uniqueness of invariant measures satisfying
either (i), (ii) or (iii). Since (i) implies (ii), it suffices to check (ii) to verify both.
However, if ρ∗ is another measure satisfying the condition in part (ii), then
one can prove that ρ = μ in a similar fashion to the proof of the uniqueness
of ν above, using ρ∗ and ν∗, the fact that τ∗C

∗ = (mC)∗, and condition (ii)
of this theorem.

Suppose that ρ is a measure satisfying the ratio decomposition (iii) of the
theorem and let ρ∗ denote its dual. First, we note that if ξn+1 is an (n + 1)-
cylinder and ξn = τ(ξn+1), then rl(C(ξn+1) : ξn+1) ∈ (1 ±O(θn)) rl(C(ξn) :
ξn). Moreover, since ρ is τ -invariant,

∑
ξ∗

n+1
ρ∗(ξ∗n+1) = ρ∗(ξ∗n), where the sum

is over all ξ∗n+1 contained in ξ∗n or equivalently over all τ -preimages ξn+1 of
ξn. Thus,
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∑

(n+1)−cyls.ξn+1

rl(C(ξn+1) : ξn+1)ρ∗(ξn+1)

∈ (1 ±O(θn))
∑

n−cyls.ξn

rl(C(ξn) : ξn) ρ∗(ξn).

This with condition (iii) proves Remark 6.5.
Therefore, if C and D are cylinders of Σu contained in the cylinder E and

ξ ∈ (Σu)∗ has E ⊂ ξ0, then, denoting by Cn(E) the set of n-cylinders C ′ such
that τn−1(C ′) contains E,

ρ(C)
ρ(D)

≈
∑

ξn∈Cn(E) rl(C(ξn) : ξn) ρ∗(ξn)
∑

ξn∈Cn(E) rl(D(ξn) : ξn) ρ∗(ξn)

=

∑
ξn∈Cn(E) rl(C(ξn) : D(ξn))rl(D(ξn) : ξn) ρ∗(ξn)

∑
ξn∈Cn(E) rl(D(ξn) : ξn) ρ∗(ξn)

∈ (1 ±O(θn))
l(C)
l(D)

(6.14)

because

rl(C(ξn) : D(ξn)) =
l(C(ξn))
l(D(ξn))

∈ (1 ±O(θn))
l(C)
l(D)

,

since C and D are in the n-cylinder E. Thus, if ξ = (ξn)∞n=0 ∈ (Σu)∗, then

ρ(ξn)
ρ(mξn)

∈ (1 ±O(θn))σl(ξ)

by (6.14) and, consequently, ρ, like μ, satisfies condition (ii) of the theorem.
But we have already shown that there is only one measure satisfying this.
Hence ρ = μ.

Lemma 6.6. Let l be a Hölder weight system.

(i) We define the ratio rl(C : D) between two cylinders C and D by

rl(C : D) = lim
s↘P

∑
C′⊂C l(C ′)e−n(C′)s

∑
D′⊂D l(D′)e−n(D′)s

,

where the sums are, respectively, over all cylinders contained in or
equal to C and D. For s > P , both numerator and denominator are
finite and positive. As part of the proof of the following theorem we
will show that the limit as s ↘ P is finite and positive.
(ii) For ξ = (ξn) ∈ (Σu)∗, let σ(ξ) = limn→∞ rl(ξn : mξn).
(iii) For ξ ∈ (Σu)∗ and C contained in the primary cylinder ξ0, define
rl,ξ(C) = limn→∞ rl(C(ξn) : ξn).

Proof. The limits in (i), (ii) and (iii) exist and are finite and positive (use (6.9)
and (6.10) to deduce (i), and use that lν(C) = ν(C) form a matching Hölder
weight system to deduce (ii) and (iii) where ν is the probability measure
constructed in Theorem 6.4).
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Theorem 6.7. (Existence and uniqueness of Gibbs states) There exist a
unique pair of Borel probability measures μ on Σu and μ∗ on (Σu)∗ with
the following properties, for some 0 < θ < 1:

(i) μ and μ∗ are dual to each other and, respectively, τ -invariant and
τ∗-invariant;
(ii) If C and D are two cylinders contained in the same n-cylinder,
then

μ(C)/μ(D) ∈ (1 ±O(θn)) rl(C : D);

(iii) (Ratio decomposition) If C is an n-cylinder and C0 is the primary
cylinder containing C, then

μ(C) =
∫

C∗
0

rl,ξ(C)μ∗(dx).

Either of the conditions (ii) and (iii) characterise the measure μ, i.e. it is the
unique measure with the given property.

If Jμ is the Jacobian d(μ ◦ τ)/dμ and x =
⋂

n≥0 Cn ∈ Σu, where Cn is
an n-cylinder with mCn+1 = Cn, then Jμ(x) = limn→∞ μ∗(m∗C

∗
n)/μ∗(C∗

n).
Finally, d(μ∗ ◦ τ∗)/dμ∗ = σ−1.

The measure μ is the Gibbs state for the potential Jl in the sense of Bowen
[17], i.e. it is the unique τ -invariant probability measure which for all cylinders
C the ratios μ(C)/l(C)e−n(C)P are uniformly bounded away from 0 and ∞.

Note that the ratios rl,ξ and rξ can be different, if the weights do not
match and the logaritmic scaling functions log σl and log σ differ at most by
a coboundary, i.e. there is a Hölder continuous function u : (Σu)∗ → R such
that log(σl(ξ)) = log(σ(ξ)) + u(τ∗ξ) − u(ξ). However, if the weight system l
matches, then rl,ξ = rξ and σl = σ.

Corollary 6.8. (Moduli space for Gibbs states) The correspondence between σ
and μ given in Theorem 6.7 gives a natural one-to-one correspondence between
Hölder Gibbs states and Hölder measured scaling functions on the dual space
(Σu)∗ which satisfy the matching condition (6.3).

Proof of Theorem 6.7. First, we apply Theorem 6.4 to the weight system l
to obtain the measure ν. Then we consider the new weight system lν(C) =
ν(C). By Theorem 6.4, this is Hölder and, since ν is a probability measure,
it satisfies the matching condition. Now, apply Theorem 6.4 to this to obtain
measures ν1, ν∗

1 and μ = μ1 (corresponding to ν, ν∗ and μ of the theorem). It
follows immediately from Theorem 6.4 that μ is the required Gibbs state. As
is well-known, since μ has a Hölder jacobian, it is ergodic. Therefore, it is the
unique invariant measure in its measure class and, hence, the unique invariant
measure for which the ratios μ(C)/�(C)e−n(C)P are uniformly bounded away
from 0 and ∞.
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6.5 Further literature

The novelty of the approach presented is to use the notion of duality and
combined with the approach to construct measures pioneered by Paterson
[137] in the context of the limit sets of Fuchsian groups and used by Sullivan
[229] to construct conformal measures for Julia sets. This chapter is based on
Bowen [17] and Pinto and Rand [162].



7

Measure scaling functions

We present some basic facts on Gibbs measures and measure scaling functions,
linking them with two dimensional hyperbolic dynamics.

7.1 Gibbs measures

Let us give the definition of an infinite two-sided subshift of finite type Θ.
The elements of Θ = ΘA are all infinite two-sided words w = . . . w−1w0w1 . . .
in the symbols 1, . . . , k such that Awiwi+1 = 1, for all i ∈ Z. Here A = (Aij)
is any matrix with entries 0 and 1 such that An has all entries positive for
some n ≥ 1. We write w

n1,n2∼ w′ if wj = w′
j for every j = −n1, . . . , n2. The

metric d on Θ is given by d(w, w′) = 2−n if n ≥ 0 is the largest such that
w

n,n∼ w′. Together with this metric Θ is a compact metric space. The two-
sided shift map τ : Θ → Θ is the mapping which sends w = . . . w−1w0w1 . . .
to v = . . . v−1v0v1 . . . where vj = wj+1 for every j ∈ Z. We will denote τ by
τu and τ−1 by τs. An (n1, n2)-rectangle Θw−n1 ...wn2

, where w ∈ Θ, consists
of all those words w′ in Θ such that w

n1,n2∼ w′. Let Θu be the set of all
right-handed words w0w1 . . . which extend to words . . . w0w1 . . . in Θ, and,
similarly, let Θs be the set of all left-handed words . . . w−1w0 which extend
to words . . . w−1w0 . . . in Θ. Then, πu : Θ → Θu and πs : Θ → Θs are the
natural projection given, respectively, by

πu(. . . w−1w0w1 . . .) = w0w1 . . . and πs(. . . w−1w0w1 . . .) = . . . w−1w0 .

The metric d determines, naturally, a metric du in Θu and ds in Θs.
An n-rectangle Θu

w0...wn−1
is equal to πu(Θw0...wn−1) and an n-rectangle

Θs
w−(n−1)...w0

is equal to πs(Θw−(n−1)...w0). Let τ̃u : Θu → Θu and τ̃s : Θs → Θs

be the corresponding one-sided shifts. Noting that πu ◦ τu = τ̃u ◦ πu and
πs ◦ τ−1

s = τ̃s ◦ πs, we will also denote τ̃u by τu and τ̃s by τs.

Definition 7.1. For ι = s and u, we say that sι′ : Θι → R
+ is an ι-measure

scaling function if sι is a Hölder continuous function, and for every ξ ∈ Θι
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∑

τιη=ξ

sι(η) = 1 ,

where the sum is upon all ξ ∈ Θι such that τιη = ξ.

For ι ∈ {s, u}, a τ -invariant measure ν on Θ determines a unique τι-
invariant measure νι = (πι)∗ν on Θι. We note that a τι-invariant measure νι

on Θι has a unique τ -invariant natural extension to an invariant measure ν
on Θ such that ν(Θw0...wn2

) = νι(Θι
w0...wn2

).

Definition 7.2. A τ -invariant measure ν on Θ is a Gibbs measure:

(i) if the function sν,s : Θu → R
+ given by

sν,s(w0w1 . . .) = lim
n→∞

ν(Θw0...wn)
ν(Θw1...wn)

,

is well-defined and it is an s-measure scaling function; or
(ii) if the function sν,u : Θs → R

+ given by

sν,u(. . . w1w0) = lim
n→∞

ν(Θwn...w0)
ν(Θwn...w1)

,

is well-defined and it is a u-measure scaling function.

By Theorem 7.7, condition (i) is equivalent to condition (ii). By Corollary
6.8, an ι-measure scaling function sι determines a Gibbs measure νsι .

7.2 Extended measure scaling function

We will construct the ι-measure scaling set mscι′ that contains Θι′ . We will
construct a natural extension of any scaling function to the domain mscι that
we call an extended measure scaling function or measure ratio function. The
extended measure scaling function plays a key role in this subject.

Throughout the chapter, if ξ ∈ Θι′ , we denote by ξΛ the leaf primary
cylinder segment i(π−1

ι′ ξ) ⊂ Λ. Similarly, if C is an nι-rectangle of Θι, then
we denote by CΛ the (1, nι)-rectangle i(π−1

ι C) ⊂ Λ.
We say that I ⊂ Θ is an ι-symbolic leaf n-cylinder, if i(I) is an ι-leaf

n-cylinder. Every ι-symbolic leaf n-cylinder can be expressed as

ξ.C = π−1
ι C ∩ π−1

ι′ ξ,

where ξ ∈ Θι′ and C is an n-cylinder of Θι (see Figure 7.1). We call that
such pairs ξ.C ι′-admissible. The set of all ι-admissible pairs is the ι-measure
scaling set mscι.

Let C be an n-cylinder of Θι. For all 0 < l < n, we say that mlC is the
l-th mother of C, if mlC is an (n − l)-cylinder and mlC ⊃ C.
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ξ i(ξ.C)Λ

CΛ

Fig. 7.1. An ι-admissible pair (ξ, C) where ξΛ = i(π−1
ι′ ξ), CΛ = i(π−1

ι C) and i(ξ.C)
is a leaf n-cylinder.

ξ
Λ

C
Λ

D
Λ

I

f n− j

f n− j ( I )

Fig. 7.2. The (n − j + 1)-cylinder leaf segment I = ξΛ ∩ DΛ and the primary leaf
segment fn−j(I) = i(πι′τ

n−j
ι (ξ.D)), where D = mj−1

ι C.

Given an ι-measure scaling function sι, we construct the ι-extended mea-
sure scaling function ρι : mscι → R

+ induced by the ι-scaling function sι as
follows: If C is an 1-rectangle on Θι, then we define ρι(ξ.C) = ρι,ξ(C) = 1. If
C is an n-rectangle on Θι, with n ≥ 2, then we define

ρι(ξ.C) =
n−1∏

j=1

sι(πι′τ
n−j
ι (ξ.mj−1

ι C))

(see Figure 7.2). We will denote, from now on, ρι(ξ.C) by ρι,ξ(C). By Lemma
7.6, ρι(ξ.C) is the conditional measure ν(ξ.C|ξ) of ξ.C in ξ.

Let ξ ∈ Θι′ be such that i(ξ) is an ι-leaf segment spanning of a Markov
rectangle i(M). Let i(R) be a rectangle inside i(M). There are pairwise disjoint
rectangles Cj ∈ Θι such that πιR is the countable (or finite) union ∪j∈IndCj

of rectangles. If ξ ∩ R �= ∅, we define the ratio ρι,ξ(R : M) by

ρι,ξ(R : M) =
∑

j∈Ind

ρι,ξ(Cj) . (7.1)

If ξ ∩ R = ∅, we define ρι,ξ(R : M) = 0. More generally, suppose that R0 and
R1 are ι′-spanning rectangles contained in R. We define the ratio ρι,ξ(R0 : R1)
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by
ρι,ξ(R0 : R1) = ρι,ξ(R0 : M)ρι,ξ(R1 : M)−1 . (7.2)

Remark 7.3. The ratios determined by ρι are f -invariant, i.e ρι′,ξ(R0 : R1) =
ρι′,ξ(fR0 : fR1). Furthermore, ρι′ determines affine structures on ι-symbolic
leaves, i.e ρι′(R1 : R2) = ρι′(R2 : R1)−1 and

ρι′(R1 ∪ R2 : R3) = ρι′(R1 : R3) + ρι′(R2 : R3),

where R1, R2 and R3 are pairwise disjoint rectangles.

Lemma 7.4. Let ρι′ : mscι′ → R
+ be an extended ι′-measure scaling function.

There is γ = γ(ρi) > 0 such that

ρι′,ξ(C)
ρι′,η(C)

= 1 ±O (dι(ξ, η)γ) ,

for every n-rectangle C in Θι and for all ξ, η ∈ Θι′ .

Proof. Let dι(ξ, η) = 2−m. We obtain that

dι

(
πι′ξ.m

j−1
ι C, πι′η.mj−1

ι C
)

= 2−(m+n−j).

Since, for some α > 0 the scaling function sι : Θι′ → R
+ is α-Hölder continu-

ous, we get
∣
∣sι(πι′η.mj−1

ι C) − sι(πι′ξ.m
j−1
ι C)

∣
∣ ≤ K12−α(m+n−j),

for some K1 ≥ 1. Therefore,

| log ρξ(C) − log ρη(C)| ≤
n−1∑

j=1

∣
∣sι(πι′η.mj−1

ι C) − sι(πι′ξ.m
j−1
ι C)

∣
∣

≤
n−1∑

j=1

K12−α(m+n−j)

≤ K22−αm.

Recall that a τ -invariant measure ν on Θ determines a unique τu-invariant
measure νu = (πu)∗ν on Θu and a unique τs-invariant measure νs = (πs)∗ν
on Θs.

Lemma 7.5. (Ratio decomposition) Let ν be a Gibbs measure with ι′-extended
scaling function ρι′ . If i(R) is a rectangle contained in a Markov rectangle
i(M), then

ν(R) =
∫

π
Θι′ (R)

ρι,ξ(R : M)νι′(dξ) . (7.3)
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Since any rectangle can be written as the union of rectangles R with the
property hypothesised in the theorem for some Markov rectangle, the above
theorem gives an explicit formula for the measure of any rectangle in terms
of a ratio decomposition.

Proof of Lemma 7.5. Suppose that i(R) is a rectangle contained in a Markov
rectangle i(M). There is 0 < ν < 1 such that for all n > 0 we can write
R = R0 ∪ . . . ∪ RN(n) where

(i) R0, . . . , RN(n) are pairwise disjoint rectangles and the spanning ι-leaf
segments of i(Ri) are also i(R)-spanning ι-leaf segments, for every
0 ≤ i ≤ N(n);

(ii) πι(Ri) is an R-rectangle of Θι, for every 0 < i < N(n);
(iii) R0 and RN(n) are empty sets, or πι′(R0) and πι′(RN(n)) are strictly

contained in n-rectangles.

By property (iii), there is a sequence αn tending to 0, such that μ(R0) < αn

and μ(RN(n)) < αn. Let Pi = π−1
ι′ ◦ πι′(Ri), for every 0 < i < N(n). Let

Si = τn
ι′Ri and Qi = τn

ι′Pi for 0 < i < N(n). The rectangles i(Qi) are
ι-spanning (1, n)-rectangles of some Markov rectangle i(Mi). We note that
πι′(Si) = πι′(Qi). By Lemma 7.4, for all ξ, η ∈ πι′(Qi),

ρξ(Si : Qi)
ρη(Si : Qi)

∈ 1 ±O(εn),

for some 0 < ε < 1. By Lemma 7.4, for every ξ, η ∈ πι′(Ri),

ρξ(Ri : Pi)
ρη(Ri : Pi)

∈ 1 ±O(εn). (7.4)

By invariance of the measure scaling function ρ under τι, we get

ρξ(Ri : Pi) = ρξ′(Si : Qi) and ρη(Ri : Pi) = ρη′(Si : Qi), (7.5)

where ξ′ = πι′ (τn
ι′ (ξ)) and η′ = πι′ (τn

ι′ (η)). Putting together (7.4) and (7.5),
we get

ρξ′(Si : Qi)
ρη′(Si : Qi)

∈ 1 ±O(εn). (7.6)

By Theorem 6.7,

ν(Si) =
∫

πι′ (Mi)

ρξ′(Si : Mi)(dξ′)

=
∫

πι′ (Mi)

ρξ′(Si : Qi)ρξ′(Qi : Mi)(dξ′). (7.7)

By (7.6), we get that
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∫

πι′ (Mi)

ρξ′(Si : Qi)ρξ′(Qi : Mi)(dξ′) ∈

(1 ±O(εn)) ρη′(Si : Qi)
∫

πι′ (Mi)

ρξ′(Qi : Mi)(dξ′), (7.8)

for any fixed η′ ∈ πι′(Si). By Theorem 6.7, we obtain that

ν(Qi) =
∫

πι′ (Mi)

ρξ′(Qi : Mi)(dξ′). (7.9)

Putting together (7.7), (7.8) and (7.9), we get that

ν(Si) ∈ (1 ±O(εn)) ρη′(Si : Qi)ν(Qi). (7.10)

By invariance of ν under τ , μ(Si) = μ(Ri) and μ(Qi) = μ(Pi). Therefore,
putting together (7.5) and (7.10), we obtain that

ν(Ri) ∈ (1 ±O(εn)) ρη(Ri : Pi)ν(Pi).

Hence,

ν(R) ∈
N(n)−1∑

i=1

ν(Ri) ± 2αn ⊂ (1 ±O(εn))
N(n)−1∑

i=1

ρηi(R : M)νι′(Pi) ± 2αn,

where ηi ∈ πι′(Ri). Hence, equation (7.3) follows on taking the limit n → ∞.

Lemma 7.6. Let ν be a Gibbs measure with ι′-extended scaling function ρι′ .
Let R be contained in an (ns, nu)-rectangle such that i(R) is contained in a
Markov rectangle. Let R1 and R2 be rectangles in R such that the ι′-spanning
leaves of i(R1) and i(R2) are also ι′-spanning leaves of i(R). For all ι-leaf
segments ξ ∈ πι′(R), we have that

ν(R1)
ν(R2)

∈
(
1 ±O(εns+nu)

)
ρξ(R1 : R2), (7.11)

for some constant 0 < ε < 1 independent of R, R1, R2, ns and nu.

Proof. By invariance of ν and of the measure scaling function ρ under τ , we
get

ρξ(Ri : R) = ρξ′(R′
i : R′), (7.12)

where R′
i = τnι

ι (Ri), R′ = τnι
ι (R), ξ′ ∈ πι′(R′) and ξ = πι′τ

−nι
ι (ξ′). By Hölder

continuity of the measure scaling function, we get that

ρξ′(R′
i : R′)

ρη′(R′
i : R′)

∈ 1 ±O(εns+nu), (7.13)
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for every ξ′, η′ ∈ πι′(R′). Putting together (7.12) and (7.13), we get that

ρξ(Ri : R)
ρη(Ri : R)

∈ 1 ±O(εns+nu), (7.14)

for every ξ, η ∈ πι′(R). By Lemma 7.5 and (7.14), we get that

ν(Ri)
ν(R)

=

∫
πι′ (R)

ρξ(Ri : R)ρξ(R : M)(dξ)
∫

πι′ (R)
ρξ(R : M)(dξ)

=
(
1 ±O(εns+nu)

)
ρη(Ri : R)

∫
πι′ (R)

ρξ(R : M)(dξ)
∫

πι′ (R)
ρξ(R : M)(dξ)

=
(
1 ±O(εns+nu)

)
ρη(Ri : R),

for every η ∈ πι′(R). Hence,

ν(R1)
ν(R2)

∈
(
1 ±O(εns+nu)

) ρη(R1 : R)
ρη(R2 : R)

⊂
(
1 ±O(εns+nu)

)
ρη(R1 : R)ρη(R : R2)

⊂
(
1 ±O(εns+nu)

)
ρη(R1 : R2).

Theorem 7.7. If σν,ι′ : Θι′ → R
+ is a scaling function, then the (dual)

scaling function σν,ι : Θι → R
+ is well-defined.

Recall from Corollary 6.8 that if sι : Θι → R
+ is an ι-measure scaling

function for ι = s or u, then there is a unique τ -invariant Gibbs measure ν
such that sν,ι = sι.

Proof of Theorem 7.7. The dual ρι of ρι′ is constructed as follows: Let I and K
be two ι′-symbolic leaf segments contained in a common n-cylinder ι′-symbolic
leaf ξ. Choose p ∈ I and p′ ∈ K. Let am be the ι-leaf N -cylinders containing
p, and bm the ι-leaf containing p′ and holonomic to am. Let Am = [I, am] and
Bm = [K, bm] (see Figure 7.3). By Lemma 7.6, there is 0 < ε < 1 such that

ν(Am+1)/ν(Am) ∈ (1 ±O(εn+m))ρι,am(Am+1 : Am) ,

and, similarly,

ν(Bm+1)/ν(Bm) ∈ (1 ±O(εn+m))ρι,bm(Bm+1 : Bm) .

By Lemma 7.6, we get

ρι,am(Am+1 : Am)
ρι,bm(Bm+1 : Bm)

∈ 1 ±O(εn+m) .
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Hence,
ν(Am+1)
ν(Bm+1)

∈ (1 ±O(εn+m))
ν(Am)
ν(Bm)

, (7.15)

for some 0 < ε < 1. For every l ≥ 1, I = Al ∩ ξ and K = Bl ∩ ξ, where I and
K do not depend upon l. Therefore, the following ratio

ρι′,ξ(Al : Bl) = lim
m→∞

ν(Am)
ν(Bm)

(7.16)

is well-defined. Furthermore, by (7.15), the corresponding scaling function is
Hölder continuous. Therefore, ρι′ is an extended measure scaling function for
the Gibbs measure ν.

A
m  Bm

 bm
a

mI  K

Fig. 7.3. The rectangles Am = [I, am] and Bm = [K, bm].

7.3 Further literature

This chapter is based on Bowen [17], Pinto and Rand [162] and Pinto and
Rand [166].
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Measure solenoid functions

We introduce the stable and unstable measure solenoid functions and sta-
ble and unstable measure ratio functions, which determine the Gibbs mea-
sures C1+-realizable by C1+ hyperbolic diffeomorphisms and by C1+ self-
renormalizable structures.

8.1 Measure solenoid functions

Let Msolι be the set of all pairs (I, J) with the following properties: (a) If
δι = 1, then Msolι = solι. (b) If δι < 1, then fι′I and fι′J are ι-leaf 2-
cylinders of a Markov rectangle R such that fι′I ∪ fι′J is an ι-leaf segment,
i.e. there is a unique ι-leaf 2-gap between them. Let msolι be the set of all pairs
(I, J) ∈ Msolι such that the leaf segments I and J are not contained in an ι-
global leaf containing an ι-boundary of a Markov rectangle. By construction,
the set msolι is dense in Msolι, and for every pair (C, D) ⊂ msolι there
is a unique ψ ∈ Θι′ and a unique ξ ∈ Θι′ such that i(π−1

ι′ (ψ)) = C and
i(π−1

ι′ (ξ)) = D. We will denote, in what follows, i(π−1
ι′ (ψ)) by ψΛ and i(π−1

ι′ (ξ))
by ξΛ.

Lemma 8.1. Let ν be a Gibbs measure on Θ. The s-measure pre-solenoid
function σν,s : msols → R

+ of ν and the u-measure pre-solenoid function
σν,u : msolu → R

+ of ν given by

σν,s(ψΛ, ξΛ) = lim
n→∞

ν(Θψ0...ψn)
ν(Θξ0...ξn)

and

σν,u(ψΛ, ξΛ) = lim
n→∞

ν(Θψn...ψ0)
ν(Θξn...ξ0)

are both well-defined.
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Proof. Let (I, J) ∈ msolι. By Property (iii) of msolι, there is k = k(I, J) such
that fk

ι′I and fk
ι′J are cylinders with the same mother mfk

ι′I = mfk
ι′J . Let

(ξ : C) and (ξ : D) be the admissible pairs in mscι such that i(ξ.C) = fk
ι′I

and i(ξ.D) = fk
ι′J . Since the measure ν is τ -invariant, we obtain that

σν,ι(I, J) = ρξ(C)ρξ(D)−1 ,

where ρ is the extended scaling function determined by the Gibbs measure
ν. Therefore, the ι-measure pre-solenoid function σν,ι is well-defined for ι ∈
{s, u}.

Lemma 8.2. Suppose δf,ι = 1. If an ι-measure pre-solenoid function σν,ι :
msolι → R

+ has a continuous extension to solι, then its extension satisfies
the matching condition.

Proof. Let (J0, J1) ∈ solι be a pair of primary cylinders and suppose that we
have pairs

(I0, I1), (I1, I2), . . . , (In−2, In−1) ∈ solι

of primary cylinders such that fιJ0 =
⋃k−1

j=0 Ij and fιJ1 =
⋃n−1

j=k Ij . Since the
set msolι is dense in solι there are pairs (J l

0, J
l
1) ∈ msolι and pairs (I l

j , I
l
j+1)

with the following properties:

(i) fιJ
l
0 =

⋃k−1
j=0 I l

j and fιJ
l
1 =

⋃n−1
j=k Ii

j .
(ii) The pair (J l

0, J
l
1) converges to (J0, J1) when i tends to infinity.

Therefore, for every j = 0, . . . , n− 2 the pair (I l
j , I

l
j+1) converges to (Ij , Ij+1)

when i tends to infinity. Since ν is a τ -invariant measure, we get that the
matching condition

σν,ι(J l
0 : J l

1) =
1 +

∑k−1
j=1

∏j
i=1 σν,ι(I l

j : I l
i−1)

∑n−1
j=k

∏j
i=1 σν,ι(I l

j : I l
i−1)

is satisfied for every l ≥ 1. Since the extension of σν,ι : msolι → R
+ to the set

solι is continuous, we get that the matching condition also holds for the pairs
(J0, J1) and (I0, I1), . . . , (In−2, In−1).

8.1.1 Cylinder-cylinder condition

Similarly to the cylinder-gap condition given in § 3.6 for a given solenoid
function, we are going to construct the cylinder-cylinder condition for a given
measure solenoid function σν,ι. We will use the cylinder-cylinder condition to
classify all Gibbs measures that are C1+-Hausdorff realizable by codimension
one attractors.

Let δι < 1 and δι′ = 1. Let (I, J) ∈ Msolι be such that the ι-leaf segment
fι′I ∪ fι′J is contained in an ι-boundary K of a Markov rectangle R1. Then,
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fι′I ∪ fι′J intersects another Markov rectangle R2. Take the smallest k ≥ 0
such that fk

ι′I ∪ fk
ι′J is contained in the intersection of the boundaries of

two Markov rectangles M1 and M2. Let M1 be the Markov rectangle with
the property that M1 ∩ fk

ι′R1 is a rectangle with non empty interior, and so
M2 ∩ fk

ι′R2 has also non-empty interior. Then, for some positive n, there are
distinct ι-leaf n-cylinders J1, . . . , Jm contained in a primary cylinder L of M2

such that fk
ι′I = ∪p−1

i=1 Ji and fk
ι′J = ∪m

i=pJi. Let η ∈ Θι′ be such that ηΛ = L
and, for every i = 1, . . . , m, let Di be a cylinder of Θι such that i(η.Di) = Ji.
Let ξ ∈ Θι′ be such that ξΛ = K and C1 and C2 cylinders of Θι such that
i(ξ.C1) = fι′I and i(ξ.C2) = fι′J . We say that an ι-extended scaling function
ρ satisfies the cylinder-cylinder condition (see Figure 8.1), if, for all such leaf
segments,

ρξ(C2)
ρξ(C1)

=

∑m
i=p ρη(Di)

∑p−1
i=1 ρη(Di)

.

k

R

fI f I kf JfJ

1

K L

R2

1J
1M

2M p-1J pJ mJ... ...

Fig. 8.1. The cylinder-cylinder condition for ι-leaf segments.

Remark 8.3. A function σ : msolι → R
+ that has a Hölder continuous ex-

tension to Msolι determines a unique extended scaling function ρ, and so we
say that σ satisfies the cylinder-cylinder condition, if the extended scaling
function ρ satisfies the cylinder-cylinder condition.

Definition 8.4. A Hölder continuous functions σι : Msolι → R
+ is a measure

solenoid function, if σι satisfies the following properties:

(i) If Bι is a no-gap train-track, then σι is an ι-solenoid function.
(ii) If Bι is a gap train-track and Bι′ is a no-gap train-track, then σι

satisfies the cylinder-cylinder condition.
(iii) If Bι and Bι′ are no-gap train-tracks, then σι does not have to
satisfy any extra property.

8.2 Measure ratio functions

We say that ρ is a ι-measure ratio function, if

(i) ρ(I : J) is well-defined for every pair of ι-leaf segments I and J such
that (a) there is an ι-leaf segment K such that I, J ⊂ K, and (b) I or
J has non-empty interior;
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(ii) if I is an ι-leaf gap, then ρ(I : J) = 0 (and ρ(J : I) = +∞);
(iii) if I and J have non-empty interiors, then ρ(I : J) is strictly positive;
(iv) ρ(I : J) = ρ(J : I)−1;
(v) if I1 and I2 intersect at most in one of their endpoints, then ρ(I1∪I2 :

K) = ρ(I1 : K) + ρ(I2 : K);
(vi) ρ is invariant under f , i.e. ρ(I : J) = r(fI : fJ) for all ι-leaf segments;
(vii) for every basic ι-holonomy map θ : I → J between the leaf segment

I and the leaf segment J defined with respect to a rectangle R and for
every ι-leaf segment I0 ⊂ I and every ι-leaf segment or gap I1 ⊂ I,

∣
∣
∣
∣log

ρ(θI0 : θI1)
ρ(I0 : I1)

∣
∣
∣
∣ ≤ O ((dΛ(I, J))ε) , (8.1)

where ε ∈ (0, 1) depends upon ρ and the constant of proportionality
also depends upon R, but not on the segments considered.

We note that if Bι is a no-gap train-track, then an ι-measure ratio function
is an ι-ratio function.

Let SOLι be the space of all ι-solenoid functions.

Lemma 8.5. The map ρ → ρ|Msolι determines a one-to-one correspondence
between ι-measure ratio functions and solenoid functions in SOLι.

Proof. The proof follows similarly to the proof of Lemma 3.3.

Remark 8.6. (i) By Lemma 8.5, a Gibbs measure ν with an ι-measure pre-
solenoid function with an extension σ̂ to Msolι such that σ̂ ∈ SOLι de-
termines a unique ι-measure ratio function ρν .

(ii) A measure ratio function ρ determines naturally a measure scaling func-
tion, and so, by Corollary 6.8, a Gibbs measure νρ.

(iii) By Lemma 8.5, a function σ : msolι → R
+ with an extension σ̂ to Msolι

such that σ̂ ∈ SOLι determines an ι-measure ratio function, and, by (ii),
a unique Gibbs measure ν such that σ = σν .

8.3 Natural geometric measures

In this section, we define the natural geometric measures μS,δ associated with
a self-renormalizable structure S and δ > 0. The natural geometric measures
are measures determined by the length scaling structure of the cylinders. We
will prove that every natural geometric measure is a pushforward of a Gibbs
measure with the property that the measure solenoid function determines a
measure ratio function. In § 10.2, we will show that a Gibbs measure with
the property that its measure solenoid function determines a measure ratio
function is C1+-realizable by a self-renormalizable structure.
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Definition 20 Let S be a C1+ self-renormalizable structure on Bι. If Bι is
a gap train-track let 0 < δ < 1, and if Bι is a no-gap train-track let δ = 1.

(i) We say that S has a natural geometric measure μι = μS,δ with
pressure P = P (S, δ) if (a) μι is a fι-invariant measure; (b), there
exists κ > 1 such that for all n ≥ 1 and all n-cylinders I of Bι, we
have

κ−1 <
μι(I)

|I|δi e−nP
< κ , (8.2)

where i is a chart containing I of a bounded atlas B of S;
(ii) We say that S is a C1+ realization of a Gibbs measure ν = νS,δ if
μι = (iι)∗νι where νι = (πι)∗ν and μι = μS,δ is a natural geometric
measure of S.

Suppose that we have a C1+ self-renormalizable structure S on Bι and
that B is a bounded atlas for it. Let δ > 0. If I is a segment in Bι, let
|I| = |I|i be its length in any chart i of this atlas which contains it. If C
is a m-cylinder, let us denote m by n(C) and iι(C) by IC . For m1 ≥ 1 and
m2 ≥ 1, let C be an m1-cylinder and D an m2-cylinder contained in the same
1-cylinder. Let

Lδ,s(C : D) =
∑

C′⊂C |IC′ |δe−n(C′)s

∑
D′⊂D |ID′ |δe−n(D′)s

(8.3)

where the sums are respectively over all cylinders contained in C and D and
the values |IC′ | and |ID′ | are determined using the same chart in B. Let the
pressure P = P (S, δ) be the infimum value of s for which the numerator (and
the denominator) are finite.

If ξ ∈ Θι′ , then the leaf 1-cylinder segment ξΛ = i(π−1
ι′ ξ) ⊂ Λ is also

regarded, without ambiguity, as a point in the train-track Bι′ . Similarly, if
C is an n-cylinder of Θι, then the (1, n)-rectangle CΛ = i(π−1

ι ξ) ⊂ Λ is also
regarded, without ambiguity, as an n-cylinder of the train-track Bι.

The following theorem follows from the results proved in Pinto and Rand
[162]. It can also be deduced from standard results about Gibbs states such
as those in Chapter 6.

Lemma 8.7. Let S be a C1+ self-renormalizable structure on Bι. For every
δ > 0, there is a unique geometric natural measure μι = μS,δ with pressure
P = P (S, δ) ∈ R, and there is a unique τ -invariant Gibbs measure ν = νS,δ

on Θ such that μι = (iι)∗νι where νι = (πι)∗ν. Furthermore, the measure μι

has the following properties:

(i) There is 0 < α < 1 such that if C and D are any two n-cylinders
in Θι such that IC and ID are contained in a common segment K,
then

μι(IC)
μι(ID)

∈ (1 ±O(|K|α)) Lδ,P (C : D) .
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(ii) If ρ : msolι → R is the extended measure scaling function of νι,
then

ρξ(C) = lim
m→∞

Lδ,P (Cm : ξm) ,

where Cm and ξm are the cylinders given by ICm = fm
ι′ (CΛ ∩ ξΛ) and

Iξm = fm−1
ι′ ξΛ.

(iii) ( ratio decomposition) if C is an n-cylinder in Θι and Cp is the
primary cylinder containing C, then

μι(IC) =
∫

ξ∈πι′ (C)

ρξ(C)μι′(dξ) . (8.4)

Proof. It follows from putting together Lemma 6.6 and Theorem 6.7.

... ...
  DΛ

1

 DΛ

p

  DΛ

p+1

 DΛ

q

C
Λ

1

  CΛ

2

ξ
Λ

η
Λ

Fig. 8.2. The rectangles C1
Λ, C2

Λ and D1
Λ, . . . , Dq

Λ

Lemma 8.8. Let S be a C1+ self-renormalizable structure on Bι and let ρ be
the extended measure scaling function of the Gibbs measure νS,δ.

(i) If C and D are two cylinders contained in an n-cylinder E of Θι,
then, for all ξ, η contained in the 1-cylinder πι′(π−1

ι E) of Θι′ ,

ρη(C)
ρη(D)

∈ (1 ±O(θn))
ρξ(C)
ρξ(D)

. (8.5)

(ii) Let Bι′ be a no-gap train-track. Let ξ, η ∈ Θι′ be such that the
corresponding leaf segments in Λ have a common intersection K (or
coincide). Let (ξ : C1), (ξ : C2), (η : D1), . . . , (η : Dq) be admissible
pairwise distinct pairs in mscι such that (a) ξΛ∩C1

Λ = ξΛ∩(∪p
i=1D

i
Λ) ⊂

K, and (b) ξΛ ∩ C2
Λ = ξΛ ∩ (∪q

i=p+1D
i
Λ) ⊂ K (see Figure 8.2). Then,

ρξ(C1)
ρξ(C2)

=
∑p

i=1 ρη(Di)
∑q

i=p+1 ρη(Di)
. (8.6)

(iii) Let Bι be a no-gap train-track (and δ = 1). Then, for every ad-
missible pair (C : ξ) ∈ mscι, we get

ρξ(C) = rι(CΛ ∩ ξΛ : ξΛ), (8.7)

where rι is the ι-ratio function determined by the C1+ self-renormal-
izable structure.
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Proof. Proof of (i) and (ii). Suppose that C and D are two cylinders contained
in an n-cylinder E. Let E1 be a (n + 1)-cylinder whose image under the shift
map τ is E and let C1 and D1 be the cylinders in E1 such that τC1 = C and
τD1 = D. Then,

Lδ,P (C1 : D1) ∈ (1 ±O(θn)) Lδ,P (C : D),

where (i) 0 < θ < 1 is independent of C, D, E and E1, and P = P (S, δ) is
the pressure. This follows directly from the definition of Lδ,P together with
the fact that, for all cylinders C ′, D′ in E1,

|ID′ |
|IC′ | ∈ (1 ±O(θn))

|IτD′ |
|IτC′ | .

As a corollary of this we deduce (8.5). Then, equality (8.6) follows from using
that the local holonomies are local diffeomorphisms in the self-renormalizable
structure of Bι.

Proof of (iii). In this case the self-renormalizable structure S is a local
manifold structure as defined in § 4.6 (i.e. the charts are homeomorphisms
onto a subinterval of R), and δ = 1. Using (8.3), we get P (S, δ) = 0 and so
the ratios μ(I)/|I| are uniformly bounded away from 0 and ∞ for all segments
I in Bι. Moreover, in this case, the length system l matches in the sense that if
C is an n-cylinder, then

∑
C′ |IC′ | = |IC | where the sum is over all m-cylinders

C ′ contained in C and |IC | and |IC′ | are obtained using the same chart in B.
Thus, if C and D are n-cylinders and IC ∪ ID is a segment of Bι, then

μι(IC)
μι(ID)

∈ (1 ±O(θn))
|IC |
|ID| .

Hence,

ρξ(C) = lim
m→∞

|fm
ι′ (CΛ ∩ ξΛ)|
|fm

ι′ ξΛ|
,

which implies (8.7).

Remark 8.9. If δ is the Hausdorff dimension of Bι, then the ratios μι(IC)/|IC |δ
are uniformly bounded away from 0 and ∞. It follows from this that the Haus-
dorff δ-measure Hδ is finite and positive on Bι and such that μι is absolutely
continuous with respect to Hδ.

The above remark follows by using the orthogonal charts and the self-
renormalizable structures.

8.4 Measure ratio functions and self-renormalizable
structures

In this section, we prove that, for every δ > 0, a given C1+ self-renormalizable
structure S on Bι′ determines an ι-measure ratio function ρS,δ such that the
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Gibbs measure νρ determined by ρS,δ (see Remark 8.6) is the same as the
Gibbs measure νS,δ that is C1+ realizable by the self-renormalizable structure
S.

Lemma 8.10. Let R be an (ns, nu)-rectangle and R′ and R′′ be ι′-spanning
rectangles contained in R. Let ξ be an ι-leaf segment of R. Let R̂′, R̂′′ and
R̂ be rectangles in Θ such that i(R̂′) = R′, i(R̂′′) = R′′ and i(R̂) = R. Let
ξ̂ ∈ π−1

ι (R̂) be such that i(ξ̂) = ξ. The values

ρS,δ(ξ ∩ R′ : ξ ∩ R′′) = ρι,ξ̂(R̂
′ : R̂′′)

are well-defined.

Proof. By (7.2), the ratios are well-defined for ι-spanning leaves ξ in the in-
terior of R. By (7.2) and (7.6), the ratios are also well-defined for ι-spanning
leaves in the boundary of R.

From now on, for simplicity of notation, we will denote ρS,δ(ξ∩R′ : ξ∩R′′)
by ρι,ξ(R′ : R′′).

Lemma 8.11. (2-dimensional ratio decomposition) Let S be a C1+ self-
renormalizable structure and μι = μS,δ a natural geometric measure for some
δ > 0. Suppose that R is a rectangle contained in a Markov rectangle M .
Then,

μ(R) =
∫

π
Bι′ (R)

ρι,ξ(R : M)μι′(dξ) . (8.8)

We now consider the case where Bι is a no-gap train-track. Let S be a
C1+ self-renormalizable structure and μι = μS,1 the natural measure (with
pressure P = 0). Recall the definition of tι

′

R as the set of spanning ι-leaf
segments of the rectangle R (not necessarily a Markov rectangle). By the
local product structure, one can identify tι

′

R with any spanning ι′-leaf segment
lι

′
(x,R) of R. Suppose that R is a rectangle and M is a Markov rectangle

and that θ : l = lι
′
(x,R) → l′ ⊂ lι

′
(x′, M) is a basic holonomy defined on the

spanning ι′-leaf segment l. This defines an injection tθ : tι
′

R → tι
′

M which we
call the holonomy injection induced by θ (see Figure 8.3). The measure μι′ on
Bι′ induces a measure on tι

′

M which we can pull back to tι
′

R using tθ to obtain
a measure μθ

R,M i.e. μθ
R,M (E) = μι′(πBι′ (tθ(E))).

Lemma 8.12. (2-dimensional ratio decomposition for SRB measures) Let Bι

be a no-gap train-track. Let S be a C1+ self-renormalizable structure and
μι = μS,1 the natural measure (with pressure P = 0). If tθ : tι

′

R → tι
′

M is a
holonomy injection as above with P a Markov rectangle, then

μ(R) =
∫

tι′
R

rι(ξ : tθ(ξ))μθ
R,M (dξ) , (8.9)

where rι is the ι-ratio function determined by S.
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ξ

ls (x, R)

θ(ls (x, R))

ls ( ′x , M )

t
θ
(ξ)

M

R

Fig. 8.3. The holonomy injection tθ.

Remark 8.13. Note that if R ⊂ M , then tθ(ξ) is just the M -spanning ι-leaf
containing ξ and μθ

R,M = μι′ .

Since any rectangle can be written as the union of rectangles R with the
property hypothesised in the theorem for some Markov rectangle, the above
theorem gives an explicit formula for the measure of any rectangle in terms of
a ratio decomposition using the ratio function which characterises the smooth
structure of the train-track.

Proof of Lemmas 8.11 and 8.12. Suppose that R is any rectangle, M is a
Markov rectangle and tθ : tι

′

R → tι
′

M is a holonomy injection as above (in
the case of Lemma 8.11 tθ is the identity map). Then, we note that there is
0 < ν < 1 such that for all n > 0 we can write R = R0 ∪ . . . ∪ RN(n) where

(i) R0, . . . , RN(n) are rectangles which intersect at most in their boundary
leaves and their spanning ι-leaf segments are also R-spanning ι-leaf
segments;

(ii) Pi = tθRi and πι′(Pi) is an n-cylinder of Bι′ for every 0 ≤ i ≤ N(n);
(iii) R0 is the empty set, or πι′(P0) is strictly contained in an n-cylinder

of Bι′ , and so, using the bounded geometry of the Markov map (see
§ 4.3) and (8.2), μ(R0) < O(εn

0 ) for some 0 < ε0 < 1;

Let Si = fn
ι′Ri and Qi = fn

ι′Pi for 1 ≤ i ≤ N(n), and note that the rectangles
Qi are ι-spanning (1, n)-rectangles of some Markov rectangle Mi. We note
that if tθ is not the identity there might be a non-empty set Vn of values of i
such that Si is not be contained in the Markov rectangle Mi. However, since
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there are a finite number of Markov rectangles, the cardinality of the set Vn

is bounded away from infinity, independently of n ≥ 0. Hence, we desregard
in what follows these values of i ∈ Vn, since the measure of the corresponding
sets Si converges to 0 when n tends to infinity. To prove the theorems we
firstly note that by Lemma 8.8 and by (7.1) we obtain that, if Qi, Pi and Mi

are as above, for all ξ, η ∈ Mi,

ρ(ξ ∩ Si : ξ ∩ Qi) ∈ (1 ±O(εn)) ρ(η ∩ Si : η ∩ Qi),

for some 0 < ε < 1. Thus, since μ(Si) = μ(πι(Si)) and μ(Qi) = μ(πι(Qi)) and
by (8.4), if ξ ∈ tι

′

Mi
,

μ(Si) ∈ (1 ±O(εn)) ρ(ξ ∩ Si : ξ ∩ Qi)μ(Qi).

Now consider the case of Lemma 8.11. Then, since Ri and Pi are contained
in the same Markov rectangle, ρ(ξ ∩ Si : ξ ∩ Qi) equals ρ(ξi ∩ R : ξi ∩ M)
for some ξi ∈ tι

′

Ri
and ρ(Qi) = ρ(Pi) which is equal to μι′Pi since Pi is an

ι-spanning rectangle of the Markov rectangle M . Thus we have deduced that
up to addition of a term that is O(νn),

μ(R) ∈ (1 ±O(εn))
N(n)∑

i=1

ρ(ξi ∩ R : ξi ∩ M)μι′(Pi).

Equation (8.8) follows on taking the limit n → ∞.
Now consider the case of Lemma 8.12. Under its hypotheses we have that

ρ(ξ ∩ Si : ξ ∩ Qi) = rι(ξ ∩ Si : ξ ∩ Qi) by (8.7) and (7.1). By the f -invariance
of rι there is ξi ∈ tι

′

Ri
such that rι(ξi : tθ(ξi)) = rι(ξ ∩ Si : ξ ∩ Qi). Thus, as

above, we deduce that

μ(R) ∈ (1 ±O(εn))
N(n)∑

i=1

rι(ξi : tθ(ξi))μι′(tθRi) .

Equation (8.9) follows on taking the limit n → ∞.

Lemma 8.14. Let S be a C1+ self-renormalizable structure on Bι with nat-
ural measure μι = μS,δ for some δ > 0. Suppose that R is contained in a
(ns, nu)-rectangle and that R′ and R′′ are ι′-spanning rectangles contained in
R. Suppose in addition that either (i) R is contained in a Markov rectangle
or (ii) Bι does not have gaps and there is a holonomy injection of R into
a Markov rectangle (in this case δ = 1 and P = 0). Then, for every ι-leaf
segment ξ ∈ tι

′

R, we have that

μ(R′)
μ(R′′)

∈
(
1 ±O(εns+nu)

)
ρ(ξ ∩ R′ : ξ ∩ R′′) (8.10)

for some constant 0 < ε < 1 independent of R, R′, R′′, ns and nu, (and in
case (ii) ρ(ξ ∩ R : ξ ∩ R′) = rι(ξ ∩ R : ξ ∩ R′)).
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Proof. We give the proof for the second case since that for the first is similar.
By Lemma 8.12, we have that

μ(R)
μ(R′)

=

∫
tι′
R

rι(ξ : tθ(ξ))μθ
R,M (dξ)

∫
tι′
R′

rι(ξ : tθ(ξ))μθ
R′,M (dξ)

=

∫
tι′
R

rι,ξ(R : R′)rι(ξ : tθ(ξ))μθ
R,M (dξ)

∫
tι′
R′

rι(ξ : tθ(ξ))μθ
R′,M (dξ)

.

where rι,ξ(R : R′) = rι(R ∩ ξ : R′ ∩ ξ). Let F = fns+nu

ι′ . By inequality (2.2)
(or inequality (8.5) in case (i)), there is 0 < ε < 1 such that

rι,Fη(FR : FR′) ∈ (1 ±O(εns+nu))rι,Fξ(FR : FR′)

for all ξ, η ∈ tι
′

R. Thus,

rι,η(R : R′) ∈ (1 ±O(εns+nu))rι,ξ(R : R′)

and so
μ(R)
μ(R′)

∈ (1 ±O(εns+nu))rι,ξ(R : R′) .

Similarly,
μ(R)
μ(R′′)

∈ (1 ±O(εns+nu))rι,ξ(R : R′) .

Putting together the previous two equations we obtain (8.10).

Theorem 8.15. Let S be a C1+ self-renormalizable structure on Bι with nat-
ural measure μι = μS,δ for some δ > 0. The values

ρS,δ(ξ ∩ R′ : ξ ∩ R′′)

(as in Lemma 8.10) determine an ι-measure ratio function ρS,δ with the fol-
lowing properties:

(i) The Gibbs measure νρ determined by the ι-measure ratio function
ρS,δ (see Remark 8.6) is the same as the Gibbs measure νS,δ which is
C1+ realizable by the self-renormalizable structure S;
(ii) If Bι is a no-gap train-track, then ρS,1 = r, where r is the ratio
function determined by the C1+ self-renormalizable structure S.

Putting together Theorem 8.15 and Lemma 8.5, we obtain the following
corollary.

Corollary 8.16. Let S be a C1+ self-renormalizable structure on Bι with
natural measure μι = μS,δ for some δ > 0. The measure pre-solenoid function
σι

νS,δ
: msolι → R

+ determines a solenoid function σ̂ι
νS,δ

: Msolι → R
+ and

σ̂ι
νS,δ

= ρS,δ|Msolι.
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Proof of Theorem 8.15. Let us prove this lemma first in the case where the
train-track Bι does not have gaps and then in the case where the train-track
Bι has gaps.
(i) Bι does not have gaps. Then, δ = 1 and, by Lemma 8.8 (iii), we have
ρ(ξ∩R′ : ξ∩R′′) = r(ξ∩R′ : ξ∩R′′) where r is the ratio function determined
by the C1+ self-renormalizable structure S. Hence ρS,δ = r is an ι-measure
ratio function. Using (8.10), we get that the Gibbs measure, that is a C1+

realization of the natural geometric measure μS,δ, determines an ι-measure
solenoid function which induces the ι-measure ratio function ρS,δ.
(ii) Bι has gaps. By f -invariance of μ and (8.10), we get that

ρ(ξ ∩ R : ξ ∩ R′) = ρ(fι′ξ ∩ fι′R : fι′ξ ∩ fι′R
′) (8.11)

is invariant under f . Let I and J be ι-leaf segments such that (a) there is
an ι-leaf segment K such that I, J ⊂ K, and (b) I or J has non-empty
interior. Then, there is n > 0, ξ ∈ Bι′ , R and R′ such that fn

ι′ I = ξ ∩ R and
fn

ι′J = ξ ∩ R′. Hence, using (8.11), the ratio

ρS,δ(I : J) = ρS,δ(fn
ι′ I : fn

ι′J)

is well defined independently of n. Using (8.10), we get that (8.1) is satisfied
and the Gibbs measure, that is a C1+ realization of the natural geometric
measure μS,δ, determines an ι-measure solenoid function which induces the
ι-measure ratio function ρS,δ.

8.5 Dual measure ratio function

We will show that an ι-measure ratio function ρι determines a unique dual
function ρι′ which is an ι′-measure ratio function.

Definition 21 We say that the ι-measure ratio function ρι and the ι′-measure
ratio function ρι′ are dual if both determine the same Gibbs measure ν = νρι =
νρι′ on Θ (see Remark 8.6).

Theorem 8.17. Let S be a C1+ self-renormalizable structure on Bι with ι-
measure ratio function ρι = ρS,δ corresponding to the Gibbs measure ν = νS,δ.
Then, there is an ι′-measure ratio function ρι′ dual to ρι.

Putting together Theorem 8.17 and Lemma 8.5, we obtain the following
corollary.

Corollary 8.18. The measure pre-solenoid function σι′

νS,δ
: msolι

′
→ R

+ de-

termines a solenoid function σ̂ι′

νS,δ
: Msolι

′
→ R

+ and σ̂ι′

νS,δ
= ρι′ |Msolι

′
.
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A
m  Bm

 bm
a

mI  K

Fig. 8.4. The rectangles Am = [I, am] and Bm = [K, bm].

Proof of Theorem 8.17. Let μ = i∗ν. The dual ρι′ of ρι is constructed as
follows: Let I and K be (i) two ι′-leaf segments contained in a common n-
cylinder ι′-leaf, or also (ii) two ι′-leaf segments contained in a union of two
n-cylinders with a common endpoint in the case of a local manifold structure.
Choose p ∈ I and p′ ∈ K. Let am be the ι-leaf N -cylinders containing p,
and bm the ι-leaf containing p′ and holonomic to am. Let Am = [I, am] and
Bm = [K, bm] (see Figure 8.4). Now, let us prove that

(i)
μ(Am+1)
μ(Bm+1)

∈ (1 ±O(εn+m))
μ(Am)
μ(Bm)

(8.12)

for some 0 < ε < 1;
(ii) the dual measure raio function is given by

ρι′(I : K) = lim
m→∞

μ(Am)
μ(Bm)

; (8.13)

By Lemma 8.14, there is 0 < ε < 1 such that

μ(Am+1)/μ(Am) ∈ (1 ±O(εn+m))ρι(am+1 : am) ,

and, similarly,

μ(Bm+1)/μ(Bm) ∈ (1 ±O(εn+m))ρι(bm+1 : bm) .

Since ρι is an ι-ratio function,

ρι(am+1 : am) ∈ O(εn+m))ρι(bm+1 : bm) .

Therefore, (8.12) follows. Furthermore, (8.12) implies (8.13).
Using (8.12), we obtain that ρι′ is an ι′-measure ratio function: ρι′ is f -

invariant, ρι′(I : K) = ρι′(K : I)−1 and

ρι′(I : K) = ρι′(I1 : K) + ρι′(I2 : K)

for ι-leaf segments I1 and I2 with at most one common point and such that
I = I1 ∪ I2. Again using (8.12), ρι′ satisfies inequality (8.1).
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8.6 Further literature

The solenoid functions of Pinto and Rand [163] inspired the development of
the notion of measure solenoid function. This chapter is based on Pinto and
Rand [166].



9

Cocycle-gap pairs

We introduce the cocycle-gap pairs. If a Gibbs measure ν is C1+ realizable
as a C1+ hyperbolic diffeomorphism, then the cocycle-gap pairs allow us to
construct all C1+ hyperbolic diffeomorphisms that realize the Gibbs mea-
sure ν.

9.1 Measure-length ratio cocycle

Let Bι be a gap train-track. For each Markov rectangle R let tι
′

R be the set
of ι-segments of R. Let us denote by Bι′

o the disjoint union �m
i=1t

ι′

Ri
over

all Markov rectangles R1, . . . , Rm (without doing any extra-identification). In
this section, for every ξ ∈ Bι′

o and n ≥ 1, we denote by ξn the n-cylinder
πιf

n−1
ι′ ξ of Bι.

Definition 22 Let Bι be a gap train-track and ρ be a ι-measure ratio func-
tion. We say that J : Bι′

o → R
+ is a (ρ, δ, P ) ι-measure-length ratio cocycle

if J = κ/(κ ◦ fι′) where κ is a positive Hölder continuous function on Bι′

o and
is bounded away from 0, and

∑

fι′η=ξ

J(η)ρ(fι′η : m(fι′η))1/δeP/δ < 1 , (9.1)

for every η ∈ Bι′

o .

We note that in (9.1), the mother of η is not defined because η is a leaf
primary cylinder segment, and so we used instead the mother of the leaf 2-
cylinder fι′η.

Let us consider a C1+ self-renormalizable structure S on Bι, and fix a
bounded atlas B for S. Let δ > 0. By Lemma 8.7, the C1+ self-renormalizable
structure S C1+-realizes a Gibbs measure ν = νS,δ as a natural invariant
measure μ = μS,δ = i∗ν with pressure P = P (S, δ). Let ρ = ρS,δ be the
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corresponding ι-measure ratio function (see Theorem 8.15). Since μ is a nat-
ural geometric measure, for every ξ ∈ Bι′

o , the ratios |ξn|ie−nP/δ/μ(ξn)1/δ are
uniformly bounded away from 0 and ∞, where the length |ξn|i is measured in
any chart i ∈ B containing ξn in its domain. Therefore,

κi(ξn) =
|ξn|ie−nP/δ

μ(ξn)1/δ

is well-defined. By Lemma 8.14, we get

μι(ξn)
μι(mξn)

∈ (1 ±O(εn))ρ(fι′ξ : m(fι′ξ)),

for some 0 < ε < 1. Hence, the ratios μι(ξn)/μι(mξn) converge exponentially
fast along backward orbits ξ of cylinders. By (4.1), we get that |ξn|/|mξn| also
converge exponentially fast along backward orbits ξ of cylinders. Therefore,
it follows that there is a Hölder function JS,δ : Bι′

o → R such that

κi(ξn)
κi(mξn)

∈ (1 ±O(εn))JS,δ(ξ), (9.2)

for some 0 < ε < 1.

Lemma 9.1. Let Bι be a gap train-track. Let S be a C1+ self-renormalizable
structure, and δ > 0. Let μS,δ be the natural geometric measure with pressure
P = P (S, δ), and ρ = ρS,δ the corresponding ι-measure ratio function. The
function JS,δ : Bι′

o → R
+ given by (9.2) is a (ρ, δ, P ) ι-measure-length ratio

cocycle.

Proof. If I is an n-cylinder in Bι, then
∑

mI′=I |I ′| < |I|, where the lengths
are measured in the same chart. Thus, since |I ′| = κi(I ′)μι(I ′)1/δe(n+1)P/δ we
deduce that

∑

mI′=I

κi(I ′)
κi(I)

(
μι(I ′)
μι(I)

)1/δ

eP/δ < 1.

For every ξ ∈ Bι′

o , we have that τι′η = ξ if, and only if, ηn+1 ⊂ ξn for every
n ≥ 1. Hence, the Hölder continuous function J = JS,δ satisfies (9.1).

Now, suppose that ξ ∈ Bι′

o is such that there exists p ≥ 1 with the property
that ξnp ⊂ ξn for every n ≥ 1. By (9.2), we get

κi0(ξjp)
κi0(ξ(j−1)p)

=
p−1∏

l=0

κil+1(ξ(j−1)p+l+1)
κil

(ξ(j−1)p+l)

∈ (1 ±O(ν(j−1)p))
p−1∏

l=0

J(f l
ι′(ξ)),

where i0, . . . , ip−1 are charts contained in a bounded atlas of S. Thus, for all
1 < m < M , we have
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κi0(ξMp)
κi0(ξmp)

=
M−m−1∏

n=0

κi0(ξ(n+m+1)p)
κi0(ξ(n+m)p)

∈ (1 ±O(νmp))

[
p−1∏

l=0

J(f l
ι′(ξ))

]M−m

.

Since the term on the left of this equation is uniformly bounded away from
0 and ∞, it follows that

∏p−1
l=0 J(f l

ι′(ξ)) = 1. From Livšic’s theorem (e.g. see
Katok and Hasselblatt [65]) we get that JS,δ = κ/(κ◦fι′) where κ is a positive
Hölder continuous function on Bι′

o and is bounded away from 0.

9.2 Gap ratio function

Let Bι be a gap train-track. Let Gι′ be the set of all pairs (ξ1 : ξ2) ∈ Bι′

o ×Bι′

o

such that mfι′ξ1 = mfι′ξ2. The metric dΛ induces a natural metric dGι′ on
Gι′ given by

dGι′ ((ξ1 : ξ2), (η1 : η2)) = max{dΛ(ξ1, η1), dΛ(ξ2, η2)} .

Definition 23 A function γ : Gι′ → R
+ is an ι-gap ratio function if it

satisfies the following conditions:

(i) γ(ξ1 : ξ2) is uniformly bounded away from 0 and ∞;
(ii) γ(ξ1 : ξ2) = γ(ξ1 : ξ3)γ(ξ3 : ξ2);
(iii) there are 0 < θ < 1 and C > 1 such that

|γ(ξ1 : ξ2) − γ(η1 : η2)| ≤ C
(
dGι′ ((ξ1 : ξ2), γ(η1 : η2))

)θ
. (9.3)

We note that part (ii) of this definition implies that γ(ξ1 : ξ2) = γ(ξ2 : ξ1)−1.
Let S be a C1+ self-renormalizable structure on Bι and B a bounded atlas

for S. Then, the gap ratio function γS is well-defined by

γS(ξ : η) = lim
n→∞

|πBιfn
ι ξ|in

|πBιfn
ι η|in

, (9.4)

where in ∈ B contains in its domain the n-cylinder mfn
ι ξ (we note that

mfn
ι ξ = mfn

ι η).

9.3 Ratio functions

We are going to construct the ratio function of a C1+ self-renormalizable
structure from the gap ratio function and measure-length ratio cocycle.
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Lemma 9.2. Let Bι be a gap train-track. Let S be a C1+ self-renormalizable
structure. Let rS be the corresponding ι-ratio function. Let δ > 0 and let μ =
μS,δ be the natural geometric measure with pressure P = P (S, δ) and ρS,δ the
corresponding ι-measure ratio function. Let JS,δ and γS be the corresponding
ι-gap ratio function and ι-measure-length ratio cocycle. Then, the following
equalities are satisfied:

(i) Let I be an ι-leaf n-cylinder contained in the ι-leaf (n− 1)-cylinder
L. Then,

rS(I : L) = JS,δ(ξI) ρS,δ(I : L)1/δ eP/δ, (9.5)

where ξI = fn−1
ι I ∈ Bι

o.
(ii) Let I be an n-cylinder and K an n-gap and both contained in a
(n − 1)-cylinder L. Then,

rS(I : K) = rS(I : L)
∑

G⊂L γS(G : K)
1 −

∑
D⊂L rS(D : L)

, (9.6)

where the sum in the numerator is over all n-gaps G ⊂ L and the sum
in the denominator is over all n-cylinders D ⊂ L.

Proof. For every n-cylinder I ⊂ Bι, define κi(I) = |I|ie−nP/δ/μι(I)1/δ and
let JS,δ be the associate measure-length cocycle. Let I be an ι-leaf n-cylinder,
L the ι-leaf (n − 1)-cylinder containing I. Choose p ∈ I and let Um be the
ι′-leaf m-cylinders containing p. Let Am be the rectangle [I, Um] and Bm be
the rectangle [L, Um]. Then, fm−1

ι′ Am and fn−1
ι′ Bm are ι′-spanning rectangles

of some Markov rectangle. Let am and bm be the projections of these into Bι.
Then, by the invariance of μ, μ(Am)/μ(Bm) = μι(am)/μι(bm) and therefore

ρS,δ(I : L)1/δ = lim
m→∞

μ(Am)1/δ

μ(Bm)1/δ

= lim
m→∞

μι(am)1/δ

μι(bm)1/δ

= lim
m→∞

κ(am)−1|am|ime−(n+m)P/δ

κ(bm)−1|bm|ime−(n+m−1)P/δ

= JS,δ(ξI)−1rS(I : L)e−P/δ,

where |am|im and |bm|im are measured in a chart im of the bounded atlas on
Bι, and ξI is the leaf primary cylinder segment fn−1

ι (I). Thus, equation (9.5)
is satisfied.

We note that the ratio of the size of K to the size l of the totality of gaps
G in L is given by

(∑
G⊂L γS(G : K)

)−1, where γS is the gap ratio function
and the sum is over all n-gaps in L. But since the complement of the gaps
in L is the union of n-cylinders we have that the ratio of l to the size of L is
1 −

∑
D⊂L rS(D : L) where the sum is over all n-cylinders D in L. Thus, we

deduce that for rS(I : K) we should take
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rS(I : K) = rS(I : L)
∑

G⊂L γS(G : K)
1 −

∑
D⊂L rS(D : L)

, (9.7)

which proves (9.6).

9.4 Cocycle-gap pairs

In this section, we are going to construct a cocyle-gap map b which reflects
the cylinder-gap condition of an ι-solenoid function (see § 3.6), i.e the ratios
are well-defined along the ι-boundaries of the Markov rectangles. Hence, r is
an ι-ratio function.

Let Bι be a gap train-track and Bι′ a no-gap train-track (as in the case
of codimension one attractors or repellors). Let Q be the set of all periodic
orbits O which are contained in the ι-boundaries of the Markov rectangles.
For every periodic orbit O ∈ Q, let us choose a point x = x(O) belonging to
the orbit O. Let us denote by p(x) the smallest period of x. Let us denote
by M(1, x) and M(2, x) the Markov rectangles containing the point x. Let
us denote by li(x) the ι-leaf i-cylinder segment of Markov rectangle M(1, x)
containing the point x. Let A(f i

ι (x)) be the smallest ι-leaf segment containing
all the ι-boundary leaf segments of Markov rectangles intersecting the global
leaf segment passing through the point f i

ι (x). Let q(x) be the smallest integer
which is a multiple of p(x), such that

A(f i
ι (x)) ⊂ fq(x)+i

ι (li(x)),

for every 0 ≤ i < p(x). Let us denote the ι-leaf segments f
q(x)+i
ι (li(x)) by

Li(x). We note that when using the notation Li(x), we will always consider
i to be i mod p(x). For every j ∈ {1, 2}, let J(j, x) be the primary ι′-leaf
segment contained in M(j, x) with x as an endpoint such that R(j, i, x) =
[fq(x)+i

ι (li(x)), fq(x)+i
ι (J(j, x))] is a rectangle for every 0 ≤ i < p(x). Let

Co(j, i, x) ⊂ Bι′

o be the set of all ι-primary leaves ξ of Markov rectangles
M such that fι′ξ ⊂ Li(x) and fι′M ∩ R(j, i, x) has non-empty interior. Let
Gap(j, i, x) ⊂ Gι′ be the set of all sister pairs (ξ1, ξ2) such that mfι′ξ1(=
mfι′ξ2) is an ι-primary leaf of a Markov rectangle M with the property that
M∩R(j, i, x) has non-empty interior. Let Coj = ∪O∈Q∪p(x(O))−1

i=0 Co(j, i, x(O))
and Gapj = ∪O∈Q ∪p(x(O))−1

i=0 Gap(j, i, x(O)). Let ρ be an ι-measure ratio
function with corresponding Gibbs measure ν. Let Dj(ρ, δ, P ) be the set of all
pairs (γj , Jj) with the following properties:

(i) γj : Gapj → R
+ is a map;

(ii) Jj : Coj → R
+ is a map satisfying property (9.1), with respect to

(ρ, δ, P ), for every ξ ∈ Coj such that ξ ⊂ ∪O∈Q ∪p(x(O))−1
i=0 Li(x(O)).

(iii) For every x(O) ∈ Q, letting x = x(O),
∏p(x)−1

l=0 Jj(f l
ι′I

j(i, x) = 1,
where Ij(i, x) ⊂ Coj is a ι′-primary leaf segment containing the peri-
odic point f i

ι′(x).
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For every x(O) ∈ Q, let x = x(O) and let A(1, x) and A(2, x) be the p(x)-
cylinders of M(1, x) and M(2, x), respectively, containing the point x. The
points

πBι′
o
A(j, x), πBι′

o
fιA(j, x), . . . , πBι′

o
fp(x)−1

ι A(j, x)

in Bι′

o form a periodic orbit, under fι, with period p(x), where πBι′
o

: Λ →
Bι′

o is the natural projection. The primary cylinders contained in the sets
Co(j, i, x) are pre-orbits of the points πBι′

o
f i

ι A(j, x) in Bι′

o , under fι. Hence,

we note that, if
∏p(x)−1

i=0 J(πBι′
o
f i

ι A(j, x)) = 1, then, by Livšic’s theorem (e.g.
see Katok and Hasselblatt [65]), there is a map k such that, for every ξ ∈
Co(j, i, x), J(ξ) = k(ξ)/(k ◦ fι′)(ξ).

We say that C is an out-gap segment of a rectangle R if C is a gap segment
of R and is not a leaf n-gap segment of any Markov rectangle M such that
M ∩ R is a rectangle with non-empty interior.

We say that C is a leaf n-cylinder segment of a rectangle R, if C is a leaf
n-cylinder segment of a Markov rectangle M such that M ∩ R is a rectangle
with non-empty interior. We say that C is a leaf n-gap segment of a rectangle
R, if C is a leaf n-gap segment of a Markov rectangle M such that M ∩ R is
a rectangle with non-empty interior. We say that C is an n-leaf segment of
a rectangle R, if C is a leaf n-cylinder segment of R or if C is a leaf n-gap
segment of R.

Lemma 9.3. Let (γ1, J1) ∈ D1(ρ, δ, P ). Let x = x(O), where O ∈ Q. For
every i ∈ {0, 1, . . . , p(x)−1} and for all 2-leaf segments C ⊂ Li(x) of R(1, i, x),
the ratios r(C : mC) are uniquely determined such that they are invariant
under f , satisfy the matching condition, and satisfy equalities (9.5) and (9.6).

Proof. If C ⊂ Li(x) is a leaf 2-cylinder segment of R(1, i, x), then we define
the ratio r(C : mC), using (9.5), by

r(C : mC) = J(ξC) ρ(C : mC)1/δ eP/δ, (9.8)

where ξC = fιC ∈ Co1. For every sister pair (ξ1 : ξ2) ∈ Gap1 we define the
ratio r(fι′ξ1 : fι′ξ2) equal to γ(ξ1 : ξ2). If C ⊂ Li(x) is a leaf 2-gap segment
of R(1, i, x), then we define the ratio r(C : mC) by

r(C : mC) =
1 −

∑
D⊂mC r(D : mC)

∑
G⊂mC r(G : C)

, (9.9)

where the sum, in the numerator, is over all 2-cylinders D ⊂ mC of R(1, i, x),
and the sum, in the denominator, is over all 2-gaps G ⊂ mC of R(1, i, x).
Hence, ∑

C⊂mC

r(C : mC) = 1,

where the sum is over all 2-leaf segments C ⊂ mC of R(1, i, x).
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Lemma 9.4. Let (γ1, J1) ∈ D1(ρ, δ, P ). Let x = x(O), where O ∈ Q, and
let i ∈ {0, 1, . . . , p(x) − 1}. For all n ≥ 0, and for all out-gaps and all 2-
leaf segments C ⊂ fn+i

ι �i(x) of fn+i
ι M(1, x), the ratios r(C : fn+i

ι �i(x)) are
uniquely determined such that they are invariant under f , satisfy the matching
condition, and satisfy equalities (9.5) and (9.6).

Proof. Let us denote fn
ι M(1, x) by Mn and fn

ι �i(x) by Ln
i . The proof follows

by induction on n ≥ 0. For the case n = 0, the ratios r(C : Ln+i
i ) are uniquely

determined by Lemma 9.3. Let us prove that the ratios r(C : Ln+1+i
i ) are

uniquely determined using the induction hypotheses with respect to n. For ev-
ery out-gap and every primary cylinder segment C ⊂ Ln+1+i

i of fn+i
ι M(1, x),

fι′C is a out-gap or a 2-leaf segment. Hence, by the induction hypotheses, the
ratio r(fι′C : Ln+i

i ) is well-defined. Therefore, using the invariance of f , we
define

r(C : Ln+1+i
i ) = r(fι′C : Ln+i

i ) . (9.10)

For every 2-leaf segment C ⊂ Ln+1+i
i of fn+i

ι M(1, x), the ratio r(C : mC) is
well-defined by Lemma 9.3. Hence, by (9.10), we define

r(C : Ln+1+i
i ) = r(C : mC)r(mC : Ln+1+i

i ),

which ends the proof of the induction.

Lemma 9.5. Let (γ1, J1) ∈ D1(ρ, δ, P ). Let x = x(O), where O ∈ Q, and let
i ∈ {0, 1, . . . , p(x)− 1}. Let n ≥ 0 and j ∈ {0, . . . , n}. For all out-gaps and all
j +2-leaf segments C ⊂ fn

ι′Li(x) of fn
ι′R(1, i, x), the ratios r(C : fn

ι′Li(x)) are
uniquely determined such that they are invariant under f , satisfy the matching
condition, and satisfy equalities (9.5) and (9.6).

Proof. The proof follows by induction in n ≥ 0. For the case n = 0, noting
that Li(x) = f

q(x)+i
ι �i(x), the ratios r(C : Li(x)) are well-defined by Lemma

9.4. Hence, using the matching condition, the ratio r(fn+1
ι′ Li+1(x) : fn

ι′Li(x))
is well-defined. Let us prove that for all out-gaps and j +2-leaf segments C ⊂
fn+1

ι′ Li(x) of fn+1
ι′ R(1, i, x), with 1 ≤ j ≤ n + 1, the ratios r(C : fn+1

ι′ Li(x))
are uniquely determined using the induction hypotheses with respect to n.
By the induction hypotheses and by the matching condition, the ratio r(fιC :
fn

ι′Li(x)) is well-defined. By invariance of f , we define r(C : fn+1
ι′ Li(x)) =

r(fιC : fn
ι′Li(x)). which ends the proof of the induction.

Let us attribute the ratios for the cylinders and gaps of R(2, i, x) such that
they agree with the ratios previously defined in R(1, i, x).

Lemma 9.6. Let (γ1, J1) ∈ D1(ρ, δ, P ). Let x = x(O), where O ∈ Q, and let
i ∈ {0, 1, . . . , p(x) − 1}. Let n ≥ 0 and j ∈ {1, . . . , n}. For all out-gaps and
all j + 2-leaf segments C ⊂ fn

ι′Li(x) \ fn+1
ι′ Li+1(x) of fn

ι′R(2, i, x), the ratios
r(C : fn

ι′Li(x)) are uniquely determined such that they are invariant under
f , satisfy the matching condition, satisfy equalities (9.5) and (9.6), and are
well-defined along the ι-boundaries of the Markov rectangles. Hence, r is an
ι-ratio function.
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Proof. The proof follows by induction in n ≥ 0. Let us prove the case n = 0.
By construction, Li(x) ⊃ A(f i

ι (x)), i.e Li(x) contains all the ι-boundary leaf
segments of Markov rectangles intersecting the global leaf segment passing
through the point f i

ι (x). Hence, if G2 ⊂ Li(x) \ fι′Li+1(x) is an out-gap of
R(2, i, x), then there is an out-gap or a leaf 2-gap segment G1 of R(1, i, x)
such that G1 = G2. Therefore, we define r(G2 : Li(x)) = r(G1 : Li(x)).
Since Li(x) ⊃ A(f i

ι (x)), if G2 ⊂ Li(x) \ fι′Li+1(x) is a leaf 2-gap segment
of R(2, i, x), then there is an out-gap or a leaf 2-gap segment G1 of R(1, i, x)
such that G1 = G2. Hence, we define r(G2 : Li(x)) = r(G1 : Li(x)). If
C2 ⊂ Li(x) \ fι′Li+1(x) is a leaf 2-cylinder segment of R(2, i, x), then there is
a primary leaf segment or a leaf 2-cylinder segment C1 of R(1, i, x) such that
C2 = C1. Therefore, we define r(C2 : Li(x)) = r(C1 : Li(x)). Let us prove
that for all out-gaps and j + 2-leaf segments C ⊂ fn+1

ι′ Li(x) \ fn+2
ι′ Li+1(x) of

fn+1
ι′ R(2, i, x), with 1 ≤ j ≤ n + 1, the ratios r(C : fn+1

ι′ Li(x)) are uniquely
determined using the induction hypotheses with respect to n. By the induction
hypotheses and by the matching condition, the ratio r(fιC : fn

ι′Li(x)) is well-
defined. By invariance of f , we define r(C : fn+1

ι′ Li(x)) = r(fιC : fn
ι′Li(x)).

which ends the proof of the induction.

Lemma 9.7. Let (γ1, J1) ∈ D1(ρ, δ, P ). Let x = x(O), where O ∈ Q, and let
i ∈ {0, 1, . . . , p(x)− 1}. For all out-gaps and all 2-leaf segments C ⊂ Li(x) of
R(2, i, x), the ratios r(C : Li(x)) are uniquely determined such that they are
invariant under f , satisfy the matching condition, satisfy equalities (9.5) and
(9.6), and are well-defined along the ι-boundaries of the Markov rectangles.
Hence, r is an ι-ratio function.

Proof. By construction of Li(x) \ fι′Li+1(x), there is k = k(n, i, x) such that
Li(x)\fι′Li+1(x) = ∪k

l=1Dl, where Dl are out-gaps, primary leaf segments and
2-leaf segments of R(1, i, x). Therefore, fn

ι′Li(x) \ fn+1
ι′ Li+1(x) = ∪k

l=1f
n
ι′Dl

where fn
ι′Dl are out-gaps and j + 2-leaf segments of R(1, i, fn

ι′ (x)) with 0 ≤
j ≤ n. Hence, by Lemma 9.6 and using the matching condition, the ratio
r(fn

ι′Li(x)\fn+1
ι′ Li+1(x) : fn

ι′Li(x)) is well-defined. Hence, using the matching
condition, we define

r(fn+1
ι′ Li+1(x) : fn

ι′Li(x)) = 1 − r(fn
ι′Li(x) \ fn+1

ι′ Li+1(x) : fn
ι′Li(x)) .

Therefore, using again the matching condition, we define

r(fn+1
ι′ Li+n+1(x) : Li(x)) =

n∏

j=0

r(f j+1
ι′ Li+j+1(x) : f j

ι′Li+j(x)) . (9.11)

Let M(i, x) be the 2-cylinder of R(2, i, x) containing the point x. Take N > 0,
large enough, such that fN+1

ι′ Li+N+1(x) ⊂ M(i, x). Hence, there is m =
m(N, i, x) such that M(i, x) = (∪m

l=0Dl)∪ fN+1
ι′ Li+N+1(x) where Dl are out-

gaps or j+2-leaf segments of R(1, i, x) for some 0 ≤ j ≤ N . Hence, by Lemma
9.6, (9.11) and using the matching condition, the ratio is well-defined by
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r(M(i, x) : Li(x)) =
m∑

l=0

r(Dl : Li(x)) + r(fN+1
ι′ Li+N+1(x) : Li(x)) .

If C ⊂ Li(x) \ M(i, x) is a out-gap or a 2-leaf segment of R(2, i, x), then,
by Lemma 9.6, the ratio is well-defined by r(C : Li(x)). By construction
of the ratios, in Lemmas 9.3-9.7, they are compatible with the cylinder-gap
condition.

Definition 24 Let (γ1, J1) ∈ D1(ρ, δ, P ). Let x = x(O), where O ∈ Q, and
let i ∈ {0, 1, . . . , p(x) − 1}. Let the ratios r(C : Li(x)) for all out-gaps and
all 2-leaf segments C ⊂ Li(x) of R(2, i, x) be as given in Lemma 9.7. For all
ξ ∈ Co(2, i, x), letting I = fι′ξ ⊂ Li(x), we define

J2(ξ) = r(I : Li(x))r(Li(x) : mI)ρ(I : Ki)−1/δe−P/δ .

For all (C, D) ∈ Gap(2, i, x), we define

γ(C : D) = r(fι′C : Li(x))r(Li(x) : fι′D) .

Lemma 9.8. Let D1(ρ, δ, P ) 
= ∅. The cocycle-gap map b = bρ,δ,P :
D1(ρ, δ, P ) → D2(ρ, δ, P ) is well-defined by b(γ1, J1) = (γ2, J2) where γ2 and
J2 are as given in Definition 24. Furthermore, the cocycle-gap map b is a
bijection.

Proof. Let us check that (γ2, J2) satisfies properties (i)-(iii) of D2(ρ, δ, P ). By
construction of the ratios r, in Lemmas 9.3-9.7, (γ2, J2) satisfies properties
(i) and (ii) in the definition of D2(ρ, δ, P ). Let us check property (iii). Let us
denote by A and B the p(x)-cylinders of M(1, x) and M(2, x), respectively,
containing the point x. By invariance of r, we have that r(A : B) = r(fp(x)

ι A :
f

p(x)
ι B), and so r(A : f

p(x)
ι A) = r(B : f

p(x)
ι B). By invariance of the ι-measure

ratio function ρ, we have that ρ(A : B) = ρ(fp(x)
ι A : f

p(x)
ι B), and so ρ(A :

f
p(x)
ι A) = ρ(B : f

p(x)
ι B). Since, by hypotheses

∏p(x)−1
l=0 J(mif

p(x)−i
ι A) = 1,

we get, from (9.5), that r(A : f
p(x)
ι A) = ρ(A : f

p(x)
ι A)ep(x)P/δ. Therefore,

r(B : fp(x)
ι B) = r(A : fp(x)

ι A)
= ρ(A : fp(x)

ι A)ep(x)P/δ

= ρ(B : fp(x)
ι B)ep(x)P/δ

and so, using (9.5), we obtain that
∏p(x)−1

i=0 J(πBι′
o
f i

ι B) = 1.

Definition 25 Let Bι be a gap train-track. Let δ > 0 and P ∈ R. Let ρ be
an ι-measure ratio function and ν = νρ the corresponding Gibbs measure on
Θ. We say that a pair (γ, J) is a (ν, δ, P ) ι cocycle-gap pair , if (γ, J) has the
following properties:
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(i) γ is an ι-gap ratio function.
(ii) J is an ι measure-length ratio cocyle.
(iii) If Bι′ is a no-gap train-track, then (γ, J) satisfies the following
cocyle-gap property: b(γ|Gap1, J |Co1) = (γ|Gap2, J |Co2), where b =
bν,δ,P is the cocyle-gap map.

Let JGι(ν, δ, P ) be the set of all (ν, δ, P ) ι cocycle-gap pairs.

Theorem 9.9. Let Bι be a gap train-track. Let δ > 0 and P ∈ R. Let ρ be an
ι-measure ratio function with corresponding Gibbs measure ν.

(i) If there is a (ρ, δ, P ) ι-measure-length ratio cocycle, then the set
JGι(ν, δ, P ) is an infinite dimensional space.
(ii) If S is a C1+ self-renormalizable structure with natural geometric
measure μS,δ = i∗ν and pressure P , then (γS , JS,δ) ∈ JGι(ν, δ, P ).
(iii) If the set JGι(ν, δ, P ) 
= ∅, then there is a well-defined injective
map (γ, J) → r(γ, J) which associates to each cocycle-gap pair (γ, J) ∈
JGι(ν, δ, P ) an ι-ratio function r(γ, J) satisfying (9.5) and (9.6).

Remark 9.10. Let 0 < δ < 1 and P = 0. Let ρ be an ι-measure ratio function
with corresponding Gibbs measure ν. Since J = 1 is a (ρ, δ, P ) ι-measure-
length ratio cocycle, then, by Theorem 9.9, the set JGι(ν, δ, P ) is an infinite
dimensional space.

Proof of Theorem 9.9. Proof of (i). Choose a map γ1 : Gap1 → R
+. Let

J0 be a (ρ, δ, P ) ι-measure-length ratio cocycle, and let J1 = J0|Co1. Since
(γ1, J1) ∈ D1(ρ, δ, P ), by Lemma 9.8, the pair (γ2, J2) = bρ,δ,P (γ1, J1) ∈
D2(ρ, δ, P ) is well-defined. Let k0 and k2 be maps such that J0 = k0/(k0 ◦ fι′)
and J2 = k2/(k2 ◦ fι′). For every x(O) ∈ Q, let x = x(O), and let B be
the p(x)-cylinder of M(2, x) containing the point x. Recall that the points
πBι′

o
B, πBι′

o
fιB, . . ., πBι′

o
f

p(x)−1
ι B in Bι′

o form a periodic orbit under fι, with
period p(x), and that the primary cylinders contained in the set Co(2, i, x) are
pre-orbits of the points πBι′

o
f i

ι B in Bι′

o , under fι. Therefore, there is a small
neighbourhood V of Co2 in Bι′

o , there is ε > 0, small enough, and there is an
Hölder continuous map k : Bι′

o → R
+ with the following properties:

(i) k|Co2 = k2, k|(Bι′

o \ V ) = k0 and Co1 ⊂ Bι′

o \ V .
(ii) Let a = minξ∈Co2{J0(ξ), J2(ξ)} and b = maxξ∈Co2{J0(ξ), J2(ξ)}, and

let J = k/(k ◦fι′). For every ξ ∈ V , we have that a−ε ≤ J(ξ) ≤ b+ε,
and, so, J satisfies the cocycle-gap property.

Choosing an Hölder continuous map γ : Gι′ → R
+ such that γ|Gap1 = γ1

and γ|Gap2 = γ2 and by property (i) above, the pair (γ, J) satisfies (9.1).
Therefore, the pair (γ, J) is contained in JGι(ν, δ, P ). Using that (9.1) is an
open condition, the above construction allows us to construct an infinite set
of ι-measure-length ratio cocycles and an infinite set of gap ratio functions
such that the corresponding pairs are contained in JGι(ν, δ, P ).
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Proof of (ii). Let S be a C1+ self-renormalizable structure with natural geo-
metric measure μS,δ = i∗ν and pressure P . By Lemma 9.1, JS,δ is a (ρ, δ, P )
ι-measure-length ratio cocycle and, by (9.4), γS is an ι-gap ratio function. If
Bι′ is a no-gap train-track, using (9.5) and (9.6), the pair (γS , JS,δ) satisfies
the cocycle-gap condition because the ratio function rS associated to S is
well-defined along the ι-boundaries of the Markov rectangles.
Proof of (iii). The equations (9.5) and (9.6) give us an inductive construction,
on the level n of the n-cylinders and n-gaps, of a ratio function r in terms
of (ρ, J, γ, δ, P ) with the property that the ratio between a leaf n-cylinder
segment C and a leaf n-cylinder or n-gap segment D with a common endpoint
with C is bounded away from zero and infinity independent of n and of the
cylinders and gaps considered. The construction gives that r is invariant under
f . The Hölder continuity of γ, J and ρ implies that r satisfies (2.2). If Bι′ is a
no-gap train-track, by the construction of the cocycle-gap condition, the ratio
function r is well-defined along the ι-boundaries of the Markov rectangles.
Hence, r is an ι-ratio function.

9.5 Further literature

The HR structures of Pinto and Rand [163] and the measure solenoid functions
inspired the development of the notion of cocycle-gap pairs. This chapter is
based on Pinto and Rand [166].
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Hausdorff realizations

We present a construction of all hyperbolic basic sets of diffeomorphisms on
surfaces which have an invariant measure that is absolutely continuous with
respect to Hausdorff measure. These C1+ hyperbolic diffeomorphisms are C1+

realizations of Gibbs measures. The cocycle-gap pairs form a moduli space for
the C1+ conjugacy classes of C1+ hyperbolic realizations of Gibbs measures.

10.1 One-dimensional realizations of Gibbs measures

Let S be a C1+ self-renormalizable structure on a train-track Bι. In Theorem
8.15 we have shown that the map

(S, δ) → ρS,δ (10.1)

is well-defined where ρS,δ is the ι-measure ratio function associated to a Gibbs
measure νS,δ = ν such that μS,δ = (iι)∗νι is a natural geometric measure of
S.

Lemma 10.1. (Rigidity) Let Bι be a no gap train-track (and δ = 1). The
map S → ρS,δ is a one-to-one correspondence between C1+ self-renormalizable
structures on Bι and ι-measure ratio functions. Furthermore, ρS,δ = rS where
rS is the ratio function determined by S.

However, if Bι is a gap train-track, then the set of pre-images of the map
(S, δ) → ρS,δ is an infinite dimensional space (see Lemma 10.3 below).

Proof. By Lemma 8.7, the C1+ self-renormalizable structure S realizes a
Gibbs measure ν = νS,δ. By Theorem 8.15, we get that ρS,δ = rS . Since,
by Lemma 4.4, the ratio function rS determines uniquely the C1+ self-
renormalizable structure S, the map S → ρS,δ is a one-to-one correspondence.
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Definition 26 Let Bι and Bι′ be (gap or no-gap) train-tracks. Let ρ be an ι-
measure ratio function and ν = νρ on Θ the corresponding Gibbs measure (see
Remark 8.6). Let us denote by Dι(ν, δ, P ) the set of all C1+ self-renormalizable
structures S with geometric natural measure μS,δ = (iι) ∗ νι and pressure P .

By Lemma 10.1, if Bι is a no-gap train-track, and δ = 1 and P = 0, the
set Dι(ν, δ, P ) is a singleton.

Let Bι be a gap train-track and S a C1+ self-renormalizable structure
in Dι(ν, δ, P ). In Lemma 9.2, we associate to the C1+ self-renormalizable
structure S a measure-length ratio cocycle JS , and, in § 9.1, we associate to
the C1+ self-renormalizable structure S a gap ratio function γS . By Theorem
9.9, if Bι′ is a no-gap train-track, then the cylinder-gap condition of rS implies
that the pair (γS , JS,δ) satisfies the cocycle-gap condition. Therefore, the map

S → (γS , JS,δ) (10.2)

between C1+ self-renormalizable structures contained in Dι(ν, δ, P ) and pairs
contained in JGι(ν, δ, P ) is well-defined.

Definition 27 The (δι, Pι)-bounded solenoid equivalence class of a Gibbs
measure ν is the set of all solenoid functions σι with the following properties:
There is C = C(σι) > 0 such that for every pair (ξ, D) ∈ mscι

|δι log sι(DΛ ∩ ξΛ : ξΛ) − log ρξ(D) − nPι| < C ,

where (i) ρ is the ι-extended measure scaling function of ν, (ii) sι is the
scaling function determined by σι, (iii) ξΛ = i(π−1

ι′ ξ) is an ι′-leaf primary
cylinder segment and (iv) DΛ = i(π−1

ι D) and so DΛ ∩ ξΛ is an ι-leaf n-
cylinder segment.

Remark 10.2. Let σ1,ι and σ2,ι be two solenoid functions in the same (δι, Pι)-
bounded solenoid equivalence class of a Gibbs measure ν. Using the fact that
σ1,ι and σ2,ι are bounded away from zero, we obtain that the corresponding
scaling functions also satisfy inequality (3.4) for all pairs (J, miJ) where J is
an ι-leaf (i+1)-cylinder. Hence, the solenoid functions σ1,ι and σ2,ι are in the
same bounded equivalence class (see Definiton 10).

By Lemma 10.3, below, the set JGι(ν, δ, P ) gives a parametrization of all
C1+ self-renormalizable structures S which are pre-images of the ι-measure
ratio function ρν,ι, under the map S → ρS,δ given in (10.1), with a natural
geometric measure μι = (iι)∗νι and pressure P (S, δ) = P . Hence, JGι(ν, δ, P )
forms a moduli space for the set of all C1+ self-renormalizable structures in
Dι(ν, δ, P ).

Lemma 10.3. (Flexibility) Let Bι be a gap train-track. Let ρ be an ι-measure
ratio function and ν = νρ the corresponding Gibbs measure on Θ.
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(i) Let δ > 0 and P ∈ R be such that JGι(ν, δ, P ) �= ∅. The map
S → (γS , JS,δ) determines a one-to-one correspondence between C1+

self-renormalizable structures in Dι(ν, δ, P ) and cocycle-gap pairs in
JGι(ν, δ, P ).
(ii) A C1+ self-renormalizable structure S is contained in Dι(ν, δ, P )
if, and only if, the ι-solenoid function σS is contained in the (δ, P )-
bounded solenoid equivalence class of ν (see Definition 27).

Proof. Proof of (i). Let us prove that (J, γ) ∈ JGι(ν, δ, P ) determines a unique
C1+ self-renormalizable structure S with a natural geometric measure μS,δ =
(iι)∗νι. By Theorem 9.9, the pair (J, γ) determines a unique ι-ratio function
r = rι(J, γ). By Lemma 4.4, the ι-ratio function r determines a unique C1+

self-renormalizable structure S with an atlas B(r). Let us prove that μι =
(iι)∗νι is a natural geometric measure of S with the given δ and P . Let ρ be
the ι-measure ratio function associated to the Gibbs measure ν. By Lemma
7.5, for every leaf n-cylinder or n-gap segment I we obtain that

μι(I) = O(ρ(I ∩ ξ : ξ)) (10.3)

for every ξ ∈ πι′(I). On the other hand, by construction of the ratio function
rι and using (9.5), we get

ρ(I ∩ ξ : ξ) = e−nP r(I ∩ ξ : ξ)δ
n−1∏

j=0

(
J

(
τ j
ι′(ξ)

))−δ

.

Since J is a Hölder cocycle, it follows that
∏n−1

j=0 J
(
τ j
ι′(ξ)

)
= k(ξ)/k(τn

ι′ (ξ))
is uniformly bounded away from zero and infinity, where k is an Hölder con-
tinuous positive function. By (4.1), we get that

r(I ∩ ξ : ξ) = O (|I|j) (10.4)

where j ∈ B(r) and I is contained in the domain of j. Hence,

ρ(I ∩ ξ : ξ) = O
(
|I|δje−nP

)
. (10.5)

Putting together equations (10.3) and (10.5), we deduce that μι(I) =
O

(
|I|δje−nP

)
, and so μι = (iι)∗νι is a natural geometric measure of S with

the given δ and P .
Proof of (ii). Let S be a C1+ self-renormalizable structure in Dι(ν, δ, P ). Then,
putting together (10.4) and (10.5), there is κ > 0 such that

|δ log rι(I ∩ ξ : ξ) − log ρ(I ∩ ξ : ξ) − np| < κ

for every leaf n-cylinder I and ξ ∈ πι′(I). Thus the solenoid function r|solι is
in the (δ, P )-bounded solenoid equivalence class of ν.
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Conversely, let S be a C1+ self-renormalizable structure in the (δ, P )-
bounded solenoid equivalence class of ν and μι = (iι)∗νι, i.e. there is κ > 0
such that

|δ log rι(I ∩ ξ : ξ) − log ρ(I ∩ ξ : ξ) − np| < κ (10.6)

for every leaf n-cylinder I and ξ ∈ πι′(I). Hence, using (10.3) and (10.4)
in (10.6), we get μι(I) = O

(
|I|δje−nP

)
. Since μι = (iι)∗νι we get that S is

contained in Dι(ν, δ, P ).

Lemma 10.4. Let Bι be a (gap or a no-gap) train-track. Let δ > 0 and
P ∈ R. Let S1 ∈ Dι(ν1, δ, P ) and S2 ∈ Dι(ν2, δ, P ) be C1+ self-renormalizable
structures The following statements are equivalent:

(i) The C1+ self-renormalizable structures S1 and S2 are Lipschitz con-
jugate;
(ii) The Gibbs measures ν1 and ν2 are equal;
(iii) The solenoid functions sS1 and sS2 are in the same bounded equiv-
alence class (Definition 10).

Proof. Proof that (i) is equivalent to (ii). Using (8.2), if ν1 = ν2, then the
C1+ self-renormalizable structure S1 is Lipschitz conjugate to S2. Conversely,
if S1 is Lipschitz conjugate to S2, then the C1+ self-renormalizable structure
S1 (and S2) satisfies (8.2) with respect to the measures μι,1 = (iι)∗νι,1 and
μι,2 = (iι)∗νι,2. By Lemma 8.7, there is a unique τ -invariant Gibbs measure
satisfying (8.2) and so ν1 = ν2.
Proof that (ii) is equivalent to (iii). Using (3.4) and (4.1), we obtain that the
C1+ self-renormalizable structures S and S ′ on Bι are in the same Lipschitz
equivalence class if, and only if, the corresponding solenoid functions rS,ι|solι

and rS′,ι|solι are in the same bounded equivalence class. Hence, statement (ii)
is equivalent to statement (iii).

10.2 Two-dimensional realizations of Gibbs measures

We start by giving the definition of a natural geometric measure for a C1+

hyperbolic diffeomorphism.

Definition 28 For ι ∈ {s, u}, if Bι is a gap train-track assume 0 < δι < 1,
and if Bι is a no-gap train-track take δι = 1.

(i) Let g be a C1+ hyperbolic diffeomorphism in T (f, Λ). We say that
g has a natural geometric measure μ = μg,δs,δu with pressures Ps =
Ps(g, δs, δu) and Pu = Pu(g, δs, δu) if, there is κ > 1 such that for all
leaf ns-cylinder Is, for all leaf nu-cylinder Iu,

κ−1 <
μ(R)

|Iu|δu |Is|δse−nsPs−nuPu
< κ , (10.7)
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where R is the (ns, nu)-rectangle [Is, Iu] and where the lengths | · | are
measured in the stable and unstable C1+foliated lamination atlases
As(g, ρ) and Au(g, ρ) of g with respect to some Riemannian metric ρ.

(ii) We say that a C1+ hyperbolic diffeomorphism with a natural ge-
ometric measure μ = μg,δs,δu with pressures Ps = Ps(g, δs, δu) and
Pu = Pu(g, δs, δu) is a C1+ realization of a Gibbs measure ν = νg,δs,δu

if μ = i∗ν. We denote by T (ν, δs, Ps, δu, Pu) the set of all these C1+

hyperbolic diffeomorphisms g ∈ T (f, Λ).

A C1+ hyperbolic diffeomorphism g ∈ T (f, Λ) determines a unique pair
(S(g, s),S(g, u)) of C1+ stable and unstable self-renormalizable structures (see
Lemma 4.5). By Lemma 8.7, for δs > 0 and δu > 0, the pair (S(g, s),S(g, u))
of self-renormalizable structures determines a unique pair of natural ge-
ometric measures (μS(g,s),δs

, μS(g,u),δu
) corresponding to a unique pair of

Gibbs measures (νS(g,s),δs
, νS(g,u),δu

). Furthermore, by Theorem 8.15, the self-
renormalizable structures (S(g, s),S(g, u)) determine a pair of measure ratio
functions (ρS(g,s),δs

, ρS(g,u),δu
) of (νS(g,s),δs

, νS(g,u),δu
).

Lemma 10.5. Let g be a C1+ hyperbolic diffeomorphism contained in T (f, Λ).
The following statements are equivalent:

(i) g has a natural geometric measure μg,δs,δu ;
(ii) g is a C1+ realization of a Gibbs measure νg,δs,δu ;
(iii) νS(g,s),δs

= νS(g,u),δu
;

(iv) The s-measure ratio function ρS(g,s),δs
is dual to the u-measure

ratio function ρS(g,u),δu
.

Furthermore, if g has a natural geometric measure μg,δs,δu , then (πs)∗μg,δs,δu =
μS(g,s),δs

and (πu)∗μg,δs,δu = μS(g,u),δu
.

Proof. By Theorem 8.17, (iii) is equivalent to (iv). By definition if g is a C1+

realization of a Gibbs measure νg,δs,δu , then μg,δs,δu = i∗νg,δs,δu is a natural
geometric measure of g, and so (ii) implies (i). Let us prove first that (i) implies
(ii) and (iii), and secondly that (iii) implies (i). Then, the last paragraph of
this lemma follows from (10.10) below which ends the proof.
(i) implies (ii) and (iii). Let μg,δs,δu be the natural geometric measure of g.
Since the stable and unstable lamination atlases As(g, ρ) and Au(g, ρ) of g
are C1+ foliated (see § 1.7) and by construction of the C1+ train-track atlases
Bs(g, ρ) and Bu(g, ρ), in § 4.2, we obtain that there is κ1 ≥ 1 with the property
that, (for ι = s and u) and for every ι-leaf nι-cylinder I,

κ−1
1 |I|ρ ≤ |I ′|j ≤ κ1|I|ρ (10.8)

where I ′ = πBι(I), where |I ′|j is measured in any chart j ∈ Bι(g, ρ) and
where |I|ρ is the length in the Riemannian metric ρ of the minimal full ι-leaf
containing I. Let I ′Λ be the (1, nι)-rectangle in Λ such that πBι(I ′Λ) = I ′.
Noting that (πBι)∗μg,δs,δu(I ′) = μg,δs,δu(I ′Λ), by (10.7) and (10.8), there is
κ2 ≥ 1 such that
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κ−1
2 ≤ (πBι)∗μg,δs,δu(I ′)

|I ′|δι
j e−nιPι

≤ κ2 , (10.9)

for every nι-cylinder I ′ on the train-track. By Lemma 8.7, the natural geo-
metric measure determined by the C1+ self-renormalizable structure S(g, ι)
and by δι > 0 is uniquely determined by (10.9). Hence,

(πBs)∗μg,δs,δu = μS(g,s),δs
and (πBu)∗μg,δs,δu = μS(g,u),δu

. (10.10)

Therefore, the Gibbs measures νS(g,s),δs
and νS(g,u),δu

on Θ are equal which
proves (iii), and μg,δs,δu = i∗νS(g,s),δs

= i∗νS(g,u),δu
which proves (ii).

(iii) implies (i). Let us denote νS(g,s),δs
= νS(g,u),δu

by ν. Let μ = i∗ν. For
ι ∈ {s, u}, by definition of a C1+ realization of a Gibbs measure as a self-
renormalizable structure S(g, δι), for every ι-leaf nι-cylinder Iι, there is κ3 ≥ 1
such that

κ−1
3 ≤ μι(I ′ι)

|I ′ι|δι

j e−nιPι

≤ κ3 ,

where I ′ι = πBι(I) and |I ′ι|j is measured in any chart j ∈ Bι(g, ρ). Hence, by
(10.8), for ι = s and u, we obtain that

μι(I ′ι) = O
(
|Iι|δι

ρ e−nιPι
)

. (10.11)

Let R be the rectangle [Is, Iu]. By Lemma 8.11,

μ(R) =
∫

I′
ι′

ρι,ξ(R : M)μι′(dξ) ,

where M is the Markov rectangle containing R. By Lemma 8.7 (i) and (ii),
we get that ρι,ξ(R : M) = O(μι(I ′ι)) for every ξ ∈ πBι′ (R). Hence

μ(R) = O(μs(I ′s)μu(I ′u)) . (10.12)

Putting together (10.11) and (10.12), we get

μ(R) = O
(
|Iu|δu

ρ |Is|δs
ρ e−nsPs−nuPu

)
(10.13)

and so μ is a natural geometric measure.

Lemma 10.6. The map g → (S(g, s),S(g, u)) gives a one-to-one correspon-
dence between C1+ conjugacy classes of hyperbolic diffeomorphisms contained
in T (ν, δs, Ps, δu, Pu) and pairs of C1+ self-renormalizable structures con-
tained in Ds(ν, δs, Ps) ×Du(ν, δu, Pu).

Proof. By Lemma 10.5, if g ∈ T (ν, δs, Ps, δu, Pu), then, for ι ∈ {s, u}, S(g, ι) ∈
Dι(ν, δι, Pι). Conversely, by Lemma 4.5, a pair (Ss,Su) ∈ Ds(ν, δs, Ps) ×
Du(ν, δu, Pu) determines a C1+ hyperbolic diffeomorphism g such that
S(g, s) = Ss and S(g, u) = Su and νS(g,s),δs

= νS(g,u),δu
= ν. Therefore,

by Lemma 10.5, we obtain that g is a C1+ realization of the Gibbs measure ν.
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Lemma 10.7. (Dual-rigidity) Let Bι′ be a no-gap train-track (and so δι′ = 1
and Pι′ = 0). For every δι > 0 and every C1+ ι-self-renormalizable struc-
ture Sι there is a unique C1+ ι′-self-renormalizable structure Sι′ such that
the C1+ hyperbolic diffeomorphism g corresponding to the pair (Ss,Su) =
(S(g, s),S(g, u)) has a natural geometric measure μg,δs,δu . Furthermore,
μSs,δs = (πBs)∗μg,δs,δu and μSu,δu = (πBu)∗μg,δs,δu .

Proof. By Lemma 8.7, a C1+ self-renormalizable structure Sι and δι > 0
determine a unique Gibbs measure ν = νSι,δι and Pι ∈ R such that
Sι ∈ Dι(ν, δι, Pι) is a C1+ realization of ν. By Theorem 8.15, the C1+ self-
renormalizable structure Sι determines an ι-measure ratio function ρSι,δι for
the Gibbs measure ν. By Theorem 8.17, the ι-measure ratio function ρSι,δι

determines a unique ι′-measure ratio function ρι′ of ν on Θ. By Lemma 10.1,
there is a unique C1+ self-renormalizable structure Sι′ , with ι′-measure ra-
tio function ρSι′ ,1 = ρι′ , which is a C1+ realization of the Gibbs measure
ν. By Lemma 4.5, the pair (Ss,Su) determines a C1+ hyperbolic diffeomor-
phism g such that S(g, s) = Ss and S(g, u) = Su. Hence, νS(g,s),δs

= ν and
νS(g,u),δu

= ν which implies that νS(g,s),δs
= νS(g,u),δu

. Therefore, by Lemma
10.5, g is a C1+ realization of the Gibbs measure ν with natural geometric mea-
sure μg,δs,δu = i∗ν. Thus, μSs,δs = (πBs)∗μg,δs,δu and μSu,δu = (πBu)∗μg,δs,δu .

Recall the definition of the maps g → (S(g, s),S(g, u)) and S(g, ι) →
(γS(g,ι), JS(g,ι),δι

) for ι equal to s and u.

Theorem 10.8. (Flexibility) Let Bι be a gap train-track. Let ν be a Gibbs
measure determining an ι-measure ratio function. Let δι > 0 and Pι ∈ R be
such that JGι(ν, δι, Pι) �= ∅.

(i) (Smale horseshoes) Let δι′ > 0 and Pι′ ∈ R be such that JGι′(ν, δι′ , Pι′) �=
∅. The map

g → (γS(g,s), JS(g,s),δs
, γS(g,u), JS(g,u),δu

)

gives a one-to-one correspondence between C1+ conjugacy classes of
hyperbolic diffeomorphisms in T (ν, δs, Ps, δu, Pu) and pairs of stable
and unstable cocycle-gap pairs in JGs(ν, δs, Ps) × JGu(ν, δu, Pu).
(ii) (Codimension one attractors and repellors) Let δι′ = 1 and Pι′ =
0. The map g → (γS(g,ι), JS(g,ι),δι

) gives a one-to-one correspon-
dence between C1+ conjugacy classes of hyperbolic diffeomorphisms in
T (ν, δs, Ps, δu, Pu) and pairs of stable and unstable cocycle-gap pairs
in JGι(ν, δι, Pι).

Proof. Statement (i) follows from putting together the results of lemmas 10.3
and 10.6. Statement (ii) follows as statement (i) using the fact that, by Lemma
10.1, the C1+ self-renormalizable structure S(g, ι) uniquely determines S(g, ι′)
in this case.



126 10 Hausdorff realizations

  [z,x]

[x, z]

ls (x, R)

lu (x, R)
z

 x

  
e

g ,s
[x, z]

  
e

g ,s
[z, x]  j(x)

j(z)
j

Fig. 10.1. An orthogonal chart.

Lemma 10.9. Let g1 and g2 be C1+ hyperbolic diffeomorphisms. The follow-
ing statements are equivalent:

(i) The diffeomorphism g1 is Lipschitz conjugate to g2.
(ii) For ι equal to s and u, S(g1, ι) is Lipschitz conjugate to S(g2, ι).
(iii) For ι equal to s and u, the solenoid functions sg1,ι and sg2,ι are
in the same bounded equivalence class (Definition 10).

Proof. Proof that (i) is equivalent to (ii). For all x ∈ Λ, let A be a small open
set of M containing x, and let R be a rectangle (not necessarily a Markov
rectangle) such that A∩Λ ⊂ R. We construct an orthogonal chart j : R → R

2

as follows. Let eg,s : �s(x,R) → R be a chart contained in As(g, ρ) and
eg,u : �u(x,R) → R be a chart contained in Au(g, ρ). The orthogonal chart
j on R is now given by j(z) = (eg,s[z, x]), eg,u[x, z])) ∈ R

2 (see Figure 10.1).
By Pinto and Rand [163], the orthogonal chart j : R → R

2 has an extension
ĵ : B → R

2 to an open set B of the surface such that ĵ is C1+ compatible
with the charts in the C1+ structure C(g) of the surface M . Hence, using
the orthogonal charts, any two C1+ hyperbolic diffeomorphisms g1 and g2

are Lipschitz conjugate if, and only if the charts in Aι(g1, ρ1) are bi-Lipschitz
compatible with the charts in Aι(g2, ρ2) for ι equal to s and u. By construction
of the train-track atlases Bι(g1, ρ1) and Bι(g2, ρ2) from the lamination atlases
Aι(g1, ρ1) and Aι(g2, ρ2), the charts in Aι(g1, ρ1) are bi-Lipschitz compati-
ble with the charts in Aι(g2, ρ2) if, and only if, the charts in Bι(g1, ρ1) are
bi-Lipschitz compatible with the charts in Bι(g2, ρ2). Hence, the C1+ hyper-
bolic diffeomorphisms g1 and g2 are Lipschitz conjugate if, and only if, for ι
equal to s and u, the corresponding C1+ self-renormalizable structures S(g1, ι)
and S(g2, ι) are Lipschitz conjugate. Therefore, statement (i) is equivalent to
statement (ii).
Proof that (ii) is equivalent to (iii). Follows from Lemma 10.4.

Lemma 10.10. Let δs > 0, δu > 0 and Ps, Pu ∈ R.

(i) A C1+ hyperbolic diffeomorphism g is contained in T (ν, δs, Ps, δu, Pu)
if, and only if, for ι equal to s and u, the ι-solenoid function σg,ι is
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contained in the (δι, Pι)-bounded solenoid equivalence class of ν (see
Definition 27).
(ii) If g1 ∈ T (ν1, δs, Ps, δu, Pu) and g2 ∈ T (ν2, δs, Ps, δu, Pu) are C1+

hyperbolic diffeomorphisms, then g1 is Lipschitz conjugate to g2 if, and
only if, ν1 = ν2.

Proof. Proof of (i). By Lemma 4.5, the C1+ hyperbolic diffeomorphism g
determines a unique pair (S(g, s),S(g, u)) of C1+ self-renormalizable struc-
tures such that σg,s = σS(g,s),s and σg,u = σS(g,u),u. By Lemma 10.6,
g ∈ T (ν, δs, Ps, δu, Pu) if, and only if, (S(g, s),S(g, u)) ∈ Ds(ν, δs, Ps) ×
Du(ν, δu, Pu). By Lemma 10.3 (ii), for ι equal to s and u, S(g, ι) ∈ Dι(ν, δι, Pι)
if, and only if, S(g, ι) is contained in the (δι, Pι)-bounded solenoid equivalence
class of ν which ends the proof.
Proof of (ii). By Lemma 10.6, g1 ∈ T (ν1, δs, Ps, δu, Pu) and g2 ∈ T (ν2, δs,
Ps, δu, Pu) if, and only if, for ι equal to s and u, S(g1, ι) ∈ Dι(ν1, δι, Pι) and
S(g2, ι) ∈ Dι(ν2, δι, Pι). By Lemma 10.4, S(g1, ι) and S(g2, ι) are Lipschitz
conjugate if, and only if, ν1 = ν2. Since, by Lemma 10.9, g1 and g2 are
Lipschitz conjugate if, and only if, for ι equal to s and u, S(g1, ι) and S(g2, ι)
are Lipschitz conjugate, we get that g1 and g2 are Lipschitz conjugate if, and
only if, ν1 = ν2.

10.3 Invariant Hausdorff measures

Let Sι be a C1+ ι self-renormalizable structure. By Remark 8.9, a natural
geometric measure μSι,δι with pressure P (Sι, δι) = 0 is an invariant measure
absolutely continuous with respect to the Hausdorff measure of Bι and δι

is the Hausdorff dimension of Bι with respect to the charts of Sι. Let us
denote Dι(ν, δι, 0) and JGι(ν, δι, 0) respectively by Dι(ν, δι) and JGι(ν, δι).
By Lemma 8.7, for every C1+ ι self-renormalizable structure Sι there is a
unique Gibbs measure νSι such that Sι ∈ Dι(ν, δι). Using Lemma 10.6, we
obtain that the sets [ν] ⊂ Tf,Λ(δs, δu) defined in the introduction are equal to
the sets T (ν, δs, 0, δu, 0) (see Definition 28).

Theorem 10.11. The map g → (Ss(g),Su(g)) gives a 1-1 correspondence
between C1+ conjugacy classes in [ν] ⊂ Tf,Λ(δs, δu) and pairs in Ds(ν, δs) ×
Du(ν, δu).

Hence, if g ∈ Tf,Λ(δs, δu), then δ(Ss(g)) = δs and δ(Su(g)) = δu. Let Sι

be a C1+ ι self-renormalizable structure. If δ(Sι) = 1 we call Bι a no-gap
train-track. If 0 < δ(Sι) < 1 we call Bι a gap train-track. Let ι′ denote the
element of {s, u} which is not ι ∈ {s, u}.

Proof of Theorem 10.11. Theorem 10.11 follows from Lemma 10.6.
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Theorem 10.12. There is a natural map g → (Ss(g),Su(g)) which gives a
one-to-one correspondence between C1+ conjugacy classes in T (f, Λ) and pairs
of stable and unstable C1+ self-renormalizable structures.

Hence, for a pair (Ss,Su) of C1+ self-renormalizable structures to be re-
alizable by a C1+ hyperbolic diffeomorphism in T (f, Λ), the unstable C1+

self-renormalizable structure does not impose any restriction in the stable
C1+ self-renormalizable structure, and vice-versa. The same is no longer true
if we ask g ∈ T (f, Λ) to be a C1+-Hausdorff realization of a Gibbs measure
as we describe in the next section.

Proof of Theorem 10.12. Theorem 10.12 follows from Lemma 4.5.

Theorem 10.13. (i) Any two elements of [ν] ⊂ Tf,Λ(δs, δu) have the same
set of stable and unstable eigenvalues and these sets are a complete invariant
of [ν] in the sense that if g1, g2 ∈ Tf,Λ(δs, δu) have the same eigenvalues if,
and only if, they are in the same subset [ν].

(ii) The map ν → [ν] ⊂ Tf,Λ(δs, δu) gives a 1 − 1 correspondence between
C1+-Hausdorff realizable Gibbs measures ν and Lipschitz conjugacy classes in
Tf,Λ(δs, δu).

Proof. Proof of statement (i). By Lemma 10.10 (ii), the sets [ν] ⊂ Tf,Λ(δs, δu)
are Lipschitz conjugacy classes in Tf,Λ(δs, δu), and the map ν → T (ν, δs, δu)
is injective. If g ∈ Tf,Λ(δs, δu), then g has a natural geometric measure μg,δs,δu

with pressures Ps(g, δs, δu) and Pu(g, δs, δu) equal to zero. By Lemma 10.5,
there is a Gibbs measure ν = νg,δs,δu on Θ such that i∗ν = μg,δs,δu and so
g ∈ [ν] ⊂ Tf,Λ(δs, δu). Hence, the map ν → T (ν, δs, δu) is surjective into the
Lipschitz conjugacy classes in Tf,Λ(δs, δu).
Proof of statement (ii). By Theorem 11.3 (ii), the set of stable and unstable
eigenvalues of all periodic orbits of a C1+ hyperbolic diffeomorphisms g ∈
Tf,Λ(δs, δu) is a complete invariant of each Lipschitz conjugacy class, and by
statement (i) of this lemma the sets T (ν, δs, δu) are the Lipschitz conjugacy
classes in Tf,Λ(δs, δu).

Theorem 10.14. Let Bs and Bu be the stable and unstable train-tracks de-
termined by a C1+ hyperbolic diffeomorphism (f, Λ). The set Dι(ν, δι) is non-
empty if, and ony if, the ι-measure solenoid function σν : msolι → R

+ of the
Gibbs measure ν has the following properties:

(i) If Bι and Bι′ are no-gap train-tracks, then σν has a non-vanishing
Hölder continuous extension to the closure of msolι satisfying the
boundary condition.
(ii) If Bι is a no-gap train-track and Bι′ is a gap train-track, then
σν has a non-vanishing Hölder continuous extension to the closure of
msolι.



10.3 Invariant Hausdorff measures 129

(iii) If Bι is a gap train-track and Bι′ is a no-gap train-track, then
σν has a non-vanishing Hölder continuous extension to the closure of
msolι satisfying the cylinder-cylinder condition.
(iv) If Bι and Bι′ are gap train-tracks, then σν does not have to satisfy
any extra-condition.

Furthermore, Dι(ν, δι) �= ∅ if, and only if, Dι′(ν, δι′) �= ∅
Proof. We will separate the proof in three parts. In part (i), we prove that if
Sι ∈ Dι(ν, δι), then σν,ι satisfies the properties indicated in Theorem 10.14.
In part (ii), we prove the converse of part (i). In part (iii), we prove that
Dι(ν, δι) �= ∅ if, and ony if, Dι′(ν, δι′) �= ∅.
Part (i). Let Sι ∈ Dι(ν, δι). By Theorem 8.15, Sι and δι determine a unique
ι-measure ratio function ρν,ι of the Gibbs measure ν. Hence, the function
ρν,ι|msolι

′
is the ι-measure solenoid function σν,ι of ν and, by Lemma 8.5,

σν,ι satisfies the properties indicated in Theorem 10.14.
Part (ii). Conversely, if ν has an ι-solenoid function σν,ι satisfying the prop-
erties indicated in Theorem 10.14, by lemmas 8.2 and 8.5, σν,ι determines a
unique ι-measure ratio function ρν,ι of ν. If Bι is a no-gap train-track, by
Lemma 10.1, there is a C1+ self-renormalizable structure Sι ∈ Dι(ν, δι) with
δι = 1. If Bι is a gap train-track, then, by Remark 9.10, the set JGι(ν, δι)
is non-empty (in fact it is an infinite dimensional space). Hence, by Lemma
10.3, the set D(ν, δι) is also non-empty which ends the proof.
Part (iii). To prove that Dι(ν, δι) �= ∅ if, and ony if, Dι′(ν, δι′) �= ∅, it is
enough to prove one of the implications. Let us prove that if Dι(ν, δι) �= ∅, then
Dι′(ν, δι′) �= ∅, Let Sι ∈ Dι(ν, δι). By Theorem 8.15, Sι and δι determine a
unique ι-measure ratio function ρν,ι of the Gibbs measure ν. By Theorem 8.17,
the ι-measure ratio function ρν,ι determines a unique dual ι′-measure ratio
function ρν,ι′ of ν. Hence, the function ρν,ι′ |msolι

′
is the ι-measure solenoid

function σν,ι′ of ν and, by Lemma 8.5, σν,ι′ satisfies the properties indicated
in Theorem 10.14. Now the proof follows as in part (ii), with ι changed by ι′,
which shows that σν,ι′ determines a non-empty set Dι′(ν, δι′).

Theorem 10.15. (Anosov diffeomorphisms) Suppose that f is a C1+ Anosov
diffeomorphism of the torus Λ. Fix a Gibbs measure ν on Θ. Then, the fol-
lowing statements are equivalent:

(i) The set ν, [ν] ⊂ Tf,Λ(1, 1) is non-empty and is precisely the set of
g ∈ Tf,Λ(1, 1) such that (g, Λg, ν) is a C1+ Hausdorff realization. In
this case μ = (ig)∗ν is absolutely continuous with respect to Lesbegue
measure.
(ii) The stable measure solenoid function σν,s : msols → R

+ has a
non-vanishing Hölder continuous extension to the closure of msols

satisfying the boundary condition.
(iii) The unstable measure solenoid function σν,u : msolu → R

+ has
a non-vanishing Hölder continuous extension to the closure of msols

satisfying the boundary condition.
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The treatment of codimension one attractors has a number of extra-
dificulties due to the fact that the invariant set Λ is locally a Cartesian product
of a Cantor set with an interval but the stable and unstable measure solenoid
functions are built in a similar way to the construction for Anosov diffeomor-
phisms. In the case of codimension one attractors, the continuous extension
of the stable measure solenoid functions have to satisfy the cylinder-cylinder
condition for the corresponding Gibbs measures to be C1+-Hausdorff realiz-
able (see § 8.1) . The cylinder-cylinder condition, like the boundary condition,
consists of a finite set of simple algebraic equalities and is needed because
the Markov rectangles have common boundaries along the stable laminations.
Hence, the cylinder-cylinder condition just applies to the stable measure func-
tion.

Theorem 10.16. (Codimension one attractors) Suppose that f is a C1+ sur-
face diffeomorphism and Λ is a codimension one hyperbolic attractor. Fix a
Gibbs measure ν on Θ. Then, the following statements are equivalent:

(i) For all 0 < δs < 1, [ν] ⊂ Tf,Λ(δs, 1) is non-empty and is precisely
the set of g ∈ Tf,Λ(δs, 1) such that (g, Λg, ν) is a C1+ Hausdorff real-
ization. In this case μ = (ig)∗ν is absolutely continuous with respect
to the Hausdorff measure on Λg.
(ii) The stable measure solenoid function σν,s : msols → R

+ has a
non-vanishing Hölder continuous extension to the closure of msols

satisfying the cylinder-cylinder condition.
(iii) The unstable measure solenoid function σν,u : msolu → R

+ has a
non-vanishing Hölder continuous extension to the closure of msolu.

In the case of Smale horseshoes, there are no extra conditions that the
measure solenoid functions have to satisfy for the corresponding Gibbs mea-
sures to be C1+-Hausdorff realizable.

Proof of Theorem 10.15 and Theorem 10.16. Proof that statement (i) implies
statements (ii) and (iii). If g ∈ [ν] ⊂ Tf,Λ(δs, δu), by Lemma 10.6, the sets
Ds(ν, δs) and Du(ν, δu) are both non-empty. Hence, by Theorem 10.14, the
stable measure solenoid function of the Gibbs measure ν satisfies (ii) and the
unstable measure solenoid function of the Gibbs measure ν satisfies (iii).
Proof that statement (ii) implies statement (i), and that statement (iii) implies
statement (i). By Theorem 10.14, the properties of the the ι-solenoid function
σν,ι indicated in this theorem imply that Dι(ν, δι) �= ∅. Again, by Theorem
10.14 and Dι′(ν, δι′) �= ∅. Hence, by Lemma 10.6, the set [ν] ⊂ Tf,Λ(δs, δu) is
non-empty. Therefore, every g ∈ T (ν, δs, δu) is a C1+-Hausdorff realization of
ν which ends the proof.

Theorem 10.17. (Smale horseshoes) Suppose that (f, Λ) is a Smale horse-
shoe and ν is a Gibbs measure on Θ. Then, for all 0 < δs, δu < 1,
[ν] ⊂ Tf,Λ(δs, δu) is non-empty and is precisely the set of g ∈ Tf,Λ(δs, δu)
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such that (g, Λg, ν) is a C1+ Hausdorff realization. In this case μ = (ig)∗ν is
absolutely continuous with respect to the Hausdorff measure on Λg.

Proof. Let ν be a Gibbs measure. By Theorem 10.14, the set Ds(ν, δs) and
Du(ν, δu) are both non-empty. Hence, by Lemma 10.6, the set T (ν, δs, δu) is
also non-empty. Therefore, every g ∈ T (ν, δs, δu) is a C1+-Hausdorff realiza-
tion of ν which ends the proof.

10.3.1 Moduli space SOLι

Recall the definiton of the set SOLι given in § 8.2. By Theorem 10.18, below,
the set of all ι-measure solenoid functions σν with the properties indicated in
Theorem 10.14 determine an infinite dimensional metric space SOLι which
gives a nice parametrization of all Lipschitz conjugacy classes Dι(ν, δ) of C1+

self-renormalizable structures Sι with a given Hausdorff dimension δ.

Theorem 10.18. If Bι is a gap train-track assume 0 < δι < 1 and if Bι is a
no-gap train-track assume δι = 1.

(i) The map S → ρS,δι induces a one-to-one correspondence between
the sets Dι(ν, δι) and the elements of SOLι.
(ii) The map g → ρS(g,ι),δι

induces a one-to-one correspondence be-
tween the sets [ν] contained in Tf,Λ(δs, δu) and the elements of SOLι.

Proof. Proof of (i). If S ∈ Dι(ν, δι), then the Hausdorff dimension of S is
δι, and S determines an ι-measure ratio function ρS,δι = ρν,ι which does not
depend upon S ∈ Dι(ν, δι). By Lemma 8.5, ρν,ι|Msolι is an element of SOLι.
Hence, the map S → ρS,δι associates to each set Dι(ν, δ) a unique element
of SOLι. Conversely, let σ̂ ∈ Msolι. By Lemma 8.5, σ̂ determines a unique
ι-measure ratio function ρσ̂ such that ρσ̂|Msolι = σ̂. By Corollary 6.8, the
ι-measure ratio function ρσ̂ determines a Gibbs measure νσ̂. If Bι is a no-gap
train-track, then, by Lemma 10.1, ρσ̂ determines a non-empty set Dι(νσ̂, δι).
If Bι is a gap train-track, then, by Remark 9.10, the set JGι(ν, δι) is non-
empty and so, by Lemma 10.3, the set Dι(νσ̂, δι) is also non-empty. Therefore,
each element σ̂ ∈ Msolι determines a unique non-empty set Dι(νσ̂, δι) of C1+

self-renormalizable structures S with ρS,δι |Msolι = σ̂.
Proof of (ii). By Lemma 10.5, if g ∈ [ν], then S(g, ι) ∈ Dι(ν, δι) and so, by
statement (i) of this lemma, ρS(g,ι),δι

|Msolι is an element of SOLι which does
not depend upon g ∈ [ν]. Conversely, let σ̂ ∈ Msolι. By statement (i) of this
lemma, σ̂ determines an ι-measure ratio function ρσ̂,ι, and a non-empty set
Dι(νσ̂, δι). By Lemma 10.5, ρσ̂,ι determines a unique dual ι′-ratio function ρσ̂,ι′

associated to the Gibbs measure νσ̂. Again, by statement (i) of this lemma,
ρσ̂,ι′ |Msolι

′
determines a non-empty set Dι′(νσ̂, δι′). By Lemma 10.6, the set

Ds(νσ̂, δs)×Du(νσ̂, δu) determines a unique non-empty set [νσ̂] ⊂ Tf,Λ(δs, δu)
of hyperbolic diffeomorphisms g ∈ [νσ̂] such that ρS(g,ι),δι

|Msolι = σ̂.
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10.3.2 Moduli space of cocycle-gap pairs

By Lemma 10.4, each set Dι(ν, δ) is a Lipschitz conjugacy class. Hence, by
Theorem 10.19 proved below, if Bι is a no-gap train-track, then the Lipschitz
conjugacy class consists of a single C1+ self-renormalizable structure. Fur-
thermore, by Lemma 11.2, the set of eigenvalues of all periodic orbits of Sι is
a complete invariant of each set Dι(ν, δ).

Theorem 10.19. Let us suppose that Dι(ν, δ) �= ∅.
(i) (Flexibility) If Bι is a gap train-track, then Dι(ν, δ) is an infi-
nite dimensional space parametrized by cocycle-gap pairs contained in
JGι(ν, δ).
(ii) (Rigidity) If Bι is a no-gap train-track, then Dι(ν, 1) consists of a
single C1+ self-renormalizable structure.

Proof. Statement (i) follows from Lemma 10.1. Now, let us prove statement
(ii). By Remark 9.10, the set JGι(ν, δ) is an infinite dimensional space, and
by Lemma 10.3, the set Dι(ν, δ) is parameterized by the cocycle-gap pairs in
JGι(ν, δ) which ends the proof.

Theorem 10.20. (Rigidity) If δι = 1, the mapping g → Sι′(g) gives a 1-1
correspondence between C1+ conjugacy classes in [ν] ⊂ Tf,Λ(δs, δu) and C1+

self-renormalizable structures in Dι′(ν, δι′).

Proof. By Lemma 10.6, if g ∈ T (ν, δs, δu), then Sι′(g) ∈ Dι′(ν, δι′). Con-
versely, let Sι′ be a C1+ self-renormalizable structure contained in Dι′(ν, δι′).
By Lemma 10.6, a pair (Sι,Sι′) determines a C1+ hyperbolic diffeomorphism
g ∈ T (ν, δs, δu). if, and only if, Sι′ ∈ Dι′(ν, δι′). By Theorem 10.14, the set
D(ν, δι) is non-empty. Noting that δι = 1, it follows from Theorem 10.19 (ii)
that the set Dι(ν, δι) contains only one C1+ self-renormalizable structure Sι

which finishes the proof.

10.3.3 δι-bounded solenoid equivalence class of Gibbs measures

When we speak of a δι-bounded solenoid equivalence class of ν we mean a
(δι, 0)-bounded solenoid equivalence class of a Gibbs measure ν (see Definition
27). In § 9.4, we use the cocycle-gap pairs to construct explicitly the solenoid
functions in the δι-bounded solenoid equivalence classes of the Gibbs measures
ν. By Theorem 10.21 (ii) proved below, given an ι-solenoid function σι there
is a unique Gibbs measure ν such that σι belongs to the δι-bounded solenoid
equivalence class of ν.

Theorem 10.21. (i) There is a natural map g → (σs(g), σu(g)) which
gives a one-to-one correspondence between C1+ conjugacy classes of
C1+ hyperbolic diffeomorphisms g ∈ T (ν, δs, δu) and pairs (σs(g), σu(g))
of stable and unstable solenoid functions such that, for ι equal to s and
u, σι(g) is contained in the δι-bounded solenoid equivalence class of ν.
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(ii) There is a natural map Sι → σSι which gives a one-to-one cor-
respondence between C1+ self-renormalizable structures Sι contained
in Dι(ν, δι) and ι-solenoid functions σSι contained in the δι-bounded
equivalence class of ν.
(iii) Let us suppose that Dι(ν, δι) �= ∅.
(a) (Rigidity) If δι = 1, then the δι-bounded solenoid equivalence

class of ν is a singleton consisting in the continuous extension
of the ι measure solenoid function σν,ι to solι.

(b) (Flexibility) If 0 < δι < 1, then the δι-bounded solenoid equiv-
alence class of ν is an infinite dimensional space of solenoid
functions.

Proof. Statement (i) follows from Lemma 10.10 (i). Statement (ii) follows from
Lemma 10.1 if Bι is a no-gap train-track, and from Lemma 10.3 (ii) if Bι is
a gap train-track. Statement (iii) follows from statement (ii) and Theorem
10.19.

Theorem 10.22. Given an ι-solenoid function σι and 0 < δι′ ≤ 1, there is
a unique Gibbs measure ν and a unique δι′-bounded equivalence class of ν
consisting of ι′-solenoid functions σι′ such that the C1+ conjugacy class of
hyperbolic diffeomorphisms g ∈ Tf,Λ(δs, δu) determined by the pair (σs, σu)
have an invariant measure μ = (ig)∗ν absolutely continuous with respect to
the Hausdorff measure.

Proof. By Theorem 10.21 (ii), the ι-solenoid function σι determines a unique
C1+ self-renormalizable structure Sι ∈ Dι(ν, δι). By Theorem 10.14, the set
Dι′(ν, δι′) is nonempty. Let Sι′ ∈ Dι′(ν, 1). By Theorem 10.21 (ii), the C1+

self-renormalizable structure Sι′ determines a unique ι′-solenoid function σι′

such that, by Theorem 10.21 (i), the pair (σι, σι′) determines a unique C1+

conjugacy class T (ν, δs, δu) of hyperbolic diffeomorphisms g ∈ T (ν, δs, δu)
with an invariant measure μ = i∗ν absolutely continuous with respect to the
Hausdorff measure.

Putting together Theorem 10.21 and Theorem 10.22, we obtain the fol-
lowing implications:

(i) (Flexibility for Smale horseshoes) For ι = s and u, given a ι-solenoid
function σι there is an infinite dimensional space of solenoid functions
σι′ such that the C1+ hyperbolic Smale horseshoes determined by the
pairs (σs, σu) have an invariant measure μ absolutely continuous with
respect to the Hausdorff measure.

(ii) (Rigidity for Anosov diffeomorphisms) For ι = s and u, given an ι-
solenoid function σι there is a unique ι′-solenoid function such that the
C1+ Anosov diffeomorphisms determined by the pair (σs, σu) has an
invariant measure μ absolutely continuous with respect to Lebesgue.



134 10 Hausdorff realizations

(iii) (Flexibility for codimension one attractors) Given an unstable solenoid
function σu there is an infinite dimensional space of stable solenoid
functions σs such that the C1+ hyperbolic codimension one attrac-
tors determined by the pairs (σs, σu) have an invariant measure μ
absolutely continuous with respect to the Hausdorff measure.

(iv) (Rigidity for codimension one attractors) Given an s-solenoid func-
tion σs there is a unique unstable solenoid function σu such that the
C1+ hyperbolic codimension one attractors determined by the pair
(σs, σu) have an invariant measure μ absolutely continuous with re-
spect to the Hausdorff measure using non-zero stable and unstable
pressures.

10.4 Further literature

Cawley [21] characterised all C1+-Hausdorff realizable Gibbs measures as
Anosov diffeomorphisms using cohomology classes on the torus. This chap-
ter is based on Pinto and Rand [166].
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Extended Livšic-Sinai eigenvalue formula

We present an extension of the eigenvalue formula of A. N. Livšic and Ja.
G. Sinai for Anosov diffeomorphisms that preserve an absolutely continuous
measure to hyperbolic basic sets on surfaces which possess an invariant mea-
sure absolutely continuous with respect to Hausdorff measure. We also give a
characterization of the Lipschitz conjugacy classes of such hyperbolic systems
in a number of ways, for example following De la Llave, Marco and Moriyon,
in terms of eigenvalues of periodic points and Gibbs measures.

11.1 Extending the eigenvalues’s result of De la Llave,
Marco and Moriyon

De la Llave, Marco and Moriyon [70, 71, 75, 76] have shown that the set of
stable and unstable eigenvalues of all periodic points is a complete invariant
of the C1+ conjugacy classes of Anosov diffeomorphisms.

Let P be the set of all periodic points in Λ under f . Let p(x) be the
(smallest) period of the periodic point x ∈ P. For every x ∈ P and ι ∈ {s, u},
let j : J → R be a chart in A(g, ρg) such that x ∈ J . The eigenvalue λι

g,ι(x)
of x is the derivative of the map j−1fpj at j(x).

For ι ∈ {s, u}, by construction of the train-tracks, Pι = πBι(P) is the set
of all periodic points in Bι under the Markov map fι. Furthermore, πBι |P is
an injection and the periodic points x ∈ Λ and πBι(x) ∈ Bι have the same
period p(x) = p(πBι(x)). Let us denote πBι(x) by xι. Let Sι be a C1+ self-
renormalizable structure. Let j : J → R be a train-track chart of Sι such that
xι ∈ J . The eigenvalue λSι(xι) of xι is the derivative of the map j◦τ

p(xι)
ι ◦j−1

at j(xι), where τι is the Markov map on the train-track Bι.
For every x ∈ P, every ι ∈ {s, u} and every n ≥ 0, let Iι

n(x) be an ι-leaf
(np(x) + 1)-cylinder segment such that x ∈ Iι

n(x) and f
p(x)
ι Iι

n+1(x) = Iι
n(x).

Lemma 11.1. For ι ∈ {s, u}, let Sι ∈ Dι(ν, δι, Pι) be a C1+ ι self-renormal-
izable structure. For every x ∈ P,
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λSι(xι) = rSι(I
ι
0(x) : Iι

1(x)) (11.1)
= ρν,ι(Iι

0 : Iι
1)

−1/διe−p(x)Pι/δι (11.2)

= ρν,ι′(Iι′

0 : Iι′

1 )−1/διe−p(x)Pι/δι , (11.3)

where rSι is the ι-ratio function of Sι, ρν,ι is the ι-measure ratio function of
the Gibbs measure ν, and ρν,ι′ is the ι′-measure ratio function of the Gibbs
measure ν.

Proof. For every x ∈ P, let us denote by p the period p(x) of x, and let us
denote by Iι

n the interval Iι
n(x). We note that the p-mother mpIι

n+1 of Iι
n+1

is Iι
n, and so fp

ι Iι
n+1 = mpIι

n+1. By (4.1),

rSι(I
ι
0 : Iι

1) = lim
n→∞

|Iι
n|

|Iι
n+1|

.

Hence,

λSι(xι) = lim
n→∞

|fp
ι Iι

n+1|
|Iι

n+1|

= lim
n→∞

|Iι
n|

|Iι
n+1|

= rSι(I
ι
0 : Iι

1),

which proves (11.1). By Theorem 8.15, the ι-measure ratio function ρSι,δι is
the ι-measure ratio function ρν,ι of the Gibbs measure ν. Hence, by (9.5), we
get

rSι(I
ι
1 : Iι

0) =
p−1∏

l=0

rSι(m
lIι

1 : ml+1Iι
1)

=
p−1∏

l=0

(
JS,δι(ξl)ρν,ι(mlIι

1 : ml+1Iι
1)

1/διePι/δι

)
, (11.4)

where ξl = fp−l
ι mlIι

1 ∈ Bι
o. We note that fι′ξl = ξl+1 and fι′ξp−1 = ξ0 in Bι′

o .
Since JSι,δι = κ/(κ ◦ fι′) for some function κ, we get

p−1∏

l=0

JSι,δι(ξl) =
p−1∏

l=0

κ(ξl)
κ(ξl+1)

= 1 . (11.5)

Furthermore,
p−1∏

l=0

ρν,ι(mlIι
1 : ml+1Iι

1) = ρν,ι(Iι
1 : Iι

0) . (11.6)

Using (11.5) and (11.6) in (11.4) we obtain that
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rSι(I
ι
1 : Iι

0) = ρν,ι(Iι
1 : Iι

0)
1/διepPι/δι .

Therefore, by (11.1), we have

λSι(xι) = rSι(I
ι
0 : Iι

1)
= ρν,ι(Iι

0 : Iι
1)

−1/διe−pPι/δι ,

which proves (11.2). By Lemma 8.14, there is 0 < ε < 1 such that, for every
n ≥ 0,

ρν,s(Is
n+1 : Is

n) ∈ (1 ± εn)
μ([Is

n+1, I
u
1 ])

μ([Is
n, Iu

1 ])
(11.7)

and

ρν,u(Iu
n+1 : Iu

n) ∈ (1 ± εn)
μ([Is

1 , Iu
n+1])

μ([Is
1 , Iu

n ])
. (11.8)

Since fnp
(
[Is

1 , Iu
n+1]

)
=

(
[Is

n+1, I
u
1 ]

)
and by invariance of μ, we obtain that

μ([Is
n+1, I

u
1 ])

μ([Is
n, Iu

1 ])
=

μ([Is
1 , Iu

n+1])
μ([Is

1 , Iu
n ])

. (11.9)

Putting together (11.7), (11.8) and (11.9), we obtain that

ρν,s(Is
n+1 : Is

n) ∈ (1 ± εn)ρν,u(Iu
n+1 : Iu

n) .

Hence, by invariance of ρSs,s and ρSs,u under f , we obtain

ρν,s(Is
1 : Is

0) = lim
n→∞

ρν,s(Is
n+1 : Is

n)

= lim
n→∞

ρν,u(Iu
n+1 : Iu

n)

= ρν,u(Iu
1 : Iu

0 ),

which proves (11.3).

Lemma 11.2. Let Bι be a (gap or a no-gap) train-track.

(i) The C1+ self-renormalizable structures S1 ∈ Dι(ν1, δ, P ) and S2 ∈
Dι(ν2, δ, P ) have the same eigenvalues for all periodic orbits if, and
only if, ν1 is equal to ν2.
(ii) The set of eigenvalues of all periodic orbits of a C1+ self-renormalizable
structure is a complete invariant of each Lipschitz conjugacy class.

Statement (ii) of the above lemma for Markov maps is also in Sullivan
[231].

Proof. Proof of (i). By Lemma 10.4, the C1+ self-renormalizable structures
S1 ∈ Dι(ν1, δ, P ) and S2 ∈ Dι(ν2, δ, P ) are Lipschitz conjugate if, and only
if, the Gibbs measures ν1 and ν2 are equal. By Lemma 11.1, if the Gibbs
measures ν1 and ν2 are equal, then S1 and S2 have the same eigenvalues for
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all periodic orbits. Hence, to finish the proof of statement (i), we are going to
prove that if the C1+ self-renormalizable structures S1 and S2 have the same
eigenvalues for all periodic orbits, then the C1+ self-renormalizable structures
S1 and S2 are Lipschitz conjugate.

Without loss of generality, let us assume that S1 and S2 are unstable
C1+ self-renormalizable structures. For j ∈ {1, 2}, the ( restricted) u-scaling
function zu,j : Θu → R

+ of S is well-defined by (see § 4.6)

zu,j(w0w1 . . .) = lim
n→∞

|πBs ◦ fn+1 ◦ π−1
Bu ◦ iu(w0w1 . . .)|kn

|πBs ◦ fn ◦ π−1
Bu ◦ iu(w1w2 . . .)|kn

,

where kn is a train-track chart in a C1+ self-renormalizable atlas Bj deter-
mined by Sj such that the domain of the chart kn contains πBs ◦ fn ◦ π−1

Bu ◦
iu(w1w2 . . .). For every stable-leaf (i + 1)-cylinder J , let w(J) ∈ Θu be such
that iu(w(J)) = πBu(J). Hence, for every l ∈ {0, . . . , i − 1}, we have that

π−1
Bu ◦ iu(f l

uw(J)) = f−i+l(mlJ) ,

where f−i+l(mlJ) are stable-leaf primary cylinders. By construction of the
(restricted) u-scaling function zu,j and of the u-scaling function su,j of Sj , we
have that

su,j(J : miJ) =
i−1∏

l=0

zu,j(f l
u(w(J))) . (11.10)

Let PΘu be the set of all periodic point under the shift. For every w =
w0w1 . . . ∈ PΘu let p(w) be the smallest period of w. By construction of
the train-tracks, for every w, there is a unique periodic point x(w) ∈ Λ with
period p(w) with respect to the map f such that iu(w) = πBux(w). Further-
more, there is a unique periodic point πsx(w) ∈ Bs with period p(w) for the
Markov map. By (11.10), for every w ∈ PΘu , we have that

p(w)−1∏

i=0

zu,j(f i
u(w)) = λSj (πBsx(w)) . (11.11)

Since the C1+ self-renormalizable structures S1 and S2 have the same eigen-
values for all periodic orbits, by (11.11), we have that

p(w)−1∏

i=0

zu,1(f i
u(w))

zu,2(f i
u(w))

= 1 , (11.12)

for every w ∈ PΘu . From Livšic’s theorem (e.g. see Katok and Hasselblatt
[65]), we get that

zu,1(w)
zu,2(w)

=
κ(w)

κ ◦ fu(w)
, (11.13)

where κ : Θu → R
+ is a positive Hölder continuous function. By (11.10) and

(11.13), for every stable-leaf (i + 1)-cylinder J we obtain that
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su,1(J : miJ)
su,2(J : miJ)

=
i−1∏

l=0

zu,1(f l
u(w(J)))

zu,2(f l
u(w(J)))

=
κ(w)

κ ◦ f i
u(w)

. (11.14)

Since κ is bounded away from zero and infinity, there is C > 1 such that, for
all w ∈ Θu and i ≥ 1, we have that

C−1 <
κ(w)

κ ◦ τ i
u(w)

< C . (11.15)

Putting together (11.14) and (11.15), we obtain that

su,1(J : miJ)
su,2(J : miJ)

.

Therefore, the ι-solenoid functions σu,1 : solι → R
+ and σu,2 : solι → R

+

corresponding to the C1+ self-renormalizable structures S1 and S2 are in the
same bounded equivalence class (see Definition 10). Hence, by Lemma 10.4,
the C1+ self-renormalizable structures S1 and S2 are Lipschitz conjugate.
Proof of (ii). Statement (ii) follows from putting together Lemma 10.4 and
Statement (i) of this lemma with P = 0.

Lemma 11.3. (i) If g ∈ T (f, Λ), then λg,s(x) = λSs(xs)−1 and
λg,u(x) = λSs(xu) where, for ι ∈ {s, u}, λg,ι(x) is the eigenvalue
of the C1+ hyperbolic diffeomorphism g and λSι is the eigenvalue of
the C1+ self-renormalizable structure Sι = S(g, ι).
(ii) The set of stable and unstable eigenvalues of all periodic orbits of
a C1+ hyperbolic diffeomorphism g ∈ T (f, Λ) is a complete invariant
of each Lipschitz conjugacy class.

Proof. By construction of the train-track atlas Bι(g, ρg) from the lamination
atlas Aι(g, ρg) in § 4.2, if λg,ι(x) is the eigenvalue of x ∈ P, then the eigenvalue
of xι ∈ Pι is either λg,ι(x) if ι = u, or λ−1

g,ι if ι = s.

Theorem 11.4. (i) If g ∈ T (f, Λ), then λg,s(x) = λSs(xs)−1 and
λg,u(x) = λSs(xu) where, for ι ∈ {s, u}, λg,ι(x) is the eigenvalue
of the C1+ hyperbolic diffeomorphism g and λSι is the eigenvalue of
the C1+ self-renormalizable structure Sι = S(g, ι).
(ii) The set of stable and unstable eigenvalues of all periodic orbits of
a C1+ hyperbolic diffeomorphism g ∈ T (f, Λ) is a complete invariant
of each Lipschitz conjugacy class.

Proof. By Lemma 11.2, the set of eigenvalues of all periodic orbits of a C1+

self-renormalizable structure is a complete invariant of each Lipschitz conju-
gacy class of C1+ self-renormalizable structures. Hence, using Lemma 10.9,
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we get that the set of stable and unstable eigenvalues of all periodic orbits of
a C1+ hyperbolic diffeomorphism g is a complete invariant of each Lipschitz
conjugacy class.

11.2 Extending the eigenvalue formula of A. N. Livšic
and Ja. G. Sinai

We show an extension of the eigenvalue formula of A. N. Livšic and Ja. G.
Sinai for Anosov diffeomorphisms to C1+ hyperbolic diffeomorphisms.

Theorem 11.5. A C1+ hyperbolic diffeomorphism g ∈ T (f, Λ) has a nat-
ural geometric measure μg,δs,δu with pressures Ps = Ps(g, δs, δu) and Pu =
Pu(g, δs, δu) if, and only if, for all x ∈ Λ

λg,s(xs)−δsep(x)Ps = λg,u(xu)δuep(x)Pu . (11.16)

From Theorem 11.5, we get the following corollary.

Corollary 11.6. A C1+ hyperbolic diffeomorphism g ∈ T (f, Λ) has a g-
invariant probability measure which is absolutely continuous to the Hausdorff
measure on Λg if and only if for every periodic point x of g|Λg,

λg,s(x)δg,sλg,u(x)δg,u = 1 .

Proof of Theorem 11.5. By Lemma 8.7, the C1+ self-renormalizable structures
S(g, s) and S(g, u) are C1+ realizations of Gibbs measures ν1 = νS(g,s),δs

and
ν2 = νS(g,u),δs

. By Lemmas 11.1 and 11.3, for all x ∈ P, we have

λg,u(xu) = λS(g,u)(xu)

= ρν2,u(Iu
0 : Iu

1 )−1/δue−p(x)Pu/δu (11.17)

and

λg,s(xs) = λS(g,s)(xs)−1

= ρν1,u(Iu
0 : Iu

1 )1/δsep(x)Ps/δs . (11.18)

Let us prove that if the C1+ hyperbolic diffeomorphism g has a natural geo-
metric measure, then (11.16) holds. Hence, by Lemma 10.5, the Gibbs mea-
sures ν1 and ν2 are equal. By (11.17), we have

ρν1,u(Iu
0 : Iu

1 ) = ρν2,u(Iu
0 : Iu

1 )

= λg,u(xι)−δue−p(x)Pu . (11.19)

By (11.18), we obtain that
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ρν1,u(Iu
0 : Iu

1 ) = λg,s(xι)δse−p(x)Ps . (11.20)

Putting together (11.19) and (11.20), we obtain that

λg,s(xs)−δsep(x)Ps = λg,u(xu)δuep(x)Pu ,

and so (11.16) holds. Conversely, let us prove that if (11.16) holds, then the
C1+ hyperbolic diffeomorphism g has a natural geometric measure. Putting
together (11.16) and (11.18), we obtain that

λg,u(xu) = ρν1,u(Iu
0 : Iu

1 )−1/δue−nPu/δu .

Hence, the Gibbs measure ν1 determines the same set of eivenvalues for all
periodic orbits of self-renormalizable structures in Bu as the Gibbs measure
ν2. Therefore, by Lemma 11.2, ν1 = ν2 and consequently, by Lemma 10.5, the
C1+ hyperbolic diffeomorphism g has a natural geometric measure.

11.3 Further literature

Livšic and Sinai [69] proved that an Anosov diffeomorphism f admits an f -
invariant measure that is absolutely continuous with respect to the Lebesgue
measure on M if, and only if, λf,s(x)λf,u(x) = 1 for every periodic point
x ∈ P. De la Llave [70], De la Llave, Marco and Moriyon [71], and Marco and
Moriyon [75, 76] have shown that the set of stable and unstable eigenvalues
of all periodic points is a complete invariant of the C1+ conjugacy classes of
Anosov diffeomorphisms. This chapter is based on Pinto and Rand [166].
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Arc exchange systems and renormalization

We describe the construction of stable arc exchange systems from the stable
laminations of hyperbolic diffeomorphisms. A one-to-one correspondence is es-
tablished between (i) Lipshitz conjugacy classes of C1+H stable arc exchange
systems that are C1+H fixed points of renormalization and (ii) Lipshitz con-
jugacy classes of C1+H diffeomorphisms f with hyperbolic basic sets Λ that
admit an invariant measure absolutely continuous with respect to the Haus-
dorff measure on Λ. Let HDs(Λ) and HDu(Λ) be, respectively, the Hausdorff
dimension of the stable and unstable leaves intersected with the hyperbolic
basic set Λ. If HDu(Λ) = 1, then the Lipschitz conjugacy is in fact a C1+H

conjugacy in (i) and (ii). We prove that if the stable arc exchange system
is a C1+HDs+α fixed point of renormalization with bounded geometry, then
the stable arc exchange system is smoothly conjugate to an affine stable arc
exchange system.

12.1 Arc exchange systems

Recall that a train-track T =
⊔n

j=1 Ij� ∼ is the disjoint union of non-trivial
sets Ij , topologically nontrivial closed intervals, with a given endpoints equiv-
alence relation. Let

⊔n
j=1 Ij be a finite disjoint union of non-trivial compact

intervals. An endpoints equivalence relation consists in fixing pairwise dis-
joint equivalence classes E1, . . . , Ei such that ∪i

j=1Ej is equal to the set of
all endpoints of the intervals I1, . . . , In, and any two endpoints x and y are
equivalent if, and only if, they belong to a same set Ej . We allow the case
where some, or all, equivalence classes are singletons. If all the equivalence
classes are singletons, then the endpoints equivalence relation is trivial.

The closed (resp., open) intervals contained in
⊔n

j=1 Ij are called closed
(resp., open) arcs of the train-track T. If T has junctions, then one fix a set
of junction arcs K1, . . . Km ⊂ T that are images of intervals J1, . . . , Jm ⊂ R

by homeomorphisms ki : Ji → Ki with the property that ki(intJi) intersects
only one junction. From now on, a train-track T has always associated to a
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fixed set of junction arcs allowed. If I is closed (respectively, open), we say
that k(I) is a closed (respectively, open) arc in T. A chart in T is the inverse
of a parametrization. A topological atlas B on the train-track T is a given set
of charts {(j, J)} on the train-track covering locally every arc. A C1+α, with
α > 0, atlas B on the train-track T is a topological atlas such that the overlap
maps are C1+α and have uniformly C1+α bounded norm. A C1+H atlas B is
a C1+α atlas, for some α > 0.

Definition 29 The quadruple (Φ,JΦ, TΦ,BΦ) is a C1+H arc exchange system
if the following properties are satisfied:

(i) TΦ is a train-track with a set {LΦ,1, . . . , LΦ,m} of junction arcs,
and BΦ is a C1+α train-track atlas, for some α > 0.

(ii) Φ is a set of homeomorphisms φi : IΦ,i → JΦ,i such that φi|int(IΦ,i)
is a C1+α diffeomorphism, and IΦ,i and JΦ,i are nontrivial closed arcs.

(iii) JΦ is a set of C1+α diffeomorphisms ej = eΦ,j : LΦ,j → KΦ,j, for
j = 1, . . . , m, with the following properties: (a) LΦ,j is a junction arc,
(b) there are closed arcs IL

Φ,j and IR
Φ,j such that IL

Φ,j ∪ IR
Φ,j = LΦ,j and

IL
Φ,j ∩IR

Φ,j is a junction, and (c) there are maps φL
j,i1

, . . . , φL
j,in(j,R)

and
φR

j,i1
, . . . , φR

j,in(j,R)
in Φ such that ej |IL

Φ,j = φL
j,in(j,L)

◦ . . . ◦ φL
j,i1

and
ej |IR

Φ,j = φR
j,in(j,R)

◦ . . . ◦ φR
j,i1

.

For simplicity, (a) we assume that if φi : IΦ,i → JΦ,i is in Φ, then there
is φj : IΦ,j → JΦ,j in Φ such that IΦ,j = JΦ,i, JΦ,j = IΦ,i and φj = φ−1

i ,
and (b) for every x ∈ TΦ, there exist at most two distinct intervals IΦ,i and
IΦ,j containing x. For simplicity of notation, we will denote by Φ the C1+H

exchange system (Φ,JΦ, TΦ,BΦ). We will call JΦ the junction exchange set
of the C1+H arc exchange system Φ.

We say that a finite sequence {φin ∈ Φ}m
n=1 or an infinite sequence {φin ∈

Φ}n≥1 is admissible with respect to x, if φin ◦ . . . ◦ φi1(x) ∈ IΦ,in+1 and φin 	=
φ−1

in−1
, for all n > 1. We define the invariant set ΩΦ of Φ as being the set of all

points x ∈ TΦ for which there are two distinct infinite admissible sequences{
φF

in
∈ Φ

}
n≥1

and
{
φB

in
∈ Φ

}
n≥1

with respect to x. The forward orbit OF (x)
of a point x ∈ ΩΦ is the set

{
φF

in
(x) : n ≥ 1

}
, and the backward orbit OB(x)

of x is the set
{
φB

in
(x) : n ≥ 1

}
. We will assume that the invariant set ΩΦ is

minimal, i.e, for every x ∈ ΩΦ, the closure OF (x) is equal to the invariant
set ΩΦ and that the closure OB(x) is also equal to the invariant set ΩΦ.
Furthermore, we will assume that the endpoints of the intervals IΦ,1, . . . , IΦ,n

belong to the invariant set ΩΦ and ΩΦ ⊂ ∪n
i=1IΦ,i. We denote the Hausdorff

dimension of ΩΦ by HD(ΩΦ). If 0 < HD(ΩΦ) < 1, we call Φ a C1+H arc
exchange system. If HD(ΩΦ) = 1, we call Φ a C1+H interval exchange system.

We say that an arc exchange system Φ is determined by a map φ : Iφ → Jφ

if all the maps φi : IΦ,i → JΦ,i contained in Φ are the restriction of the map
φ or its inverse φ−1 to IΦ,i. In this case, we call φ an arc exchange map. We
note that not all arc exchange systems are determined by arc exchange maps.
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Let Φ = {φi : IΦ,i → JΦ,i; i = 1, . . . , n} and Ψ = {ψi : IΨ,i → JΨ,i; i =
1, . . . , n} be C1+α arc exchange systems with junction sets JΦ = {eΦ,j :
LΦ,j → KΦ,j ; j = 1, . . . , m} and JΨ = {eΨ,j : LΨ,j → KΨ,j ; j = 1, . . . ,m}, re-
spectively. We say that Φ and Ψ are C0 conjugate, if there is a homeomorphism
h : ΩΦ → ΩΨ with the following properties:

(i) h has a homeomorphic extension ξ : TΦ → TΨ such that IΨ,i = ξ (IΦ,i),
JΨ,i = ξ (JΦ,i), LΨ,i = ξ (LΦ,i) and KΨ,i = ξ (KΦ,i).

(ii) For every 1 ≤ i ≤ n, h ◦ φi(x) = ψi ◦ h(x), where x ∈ ΩΦ ∩ IΦ,i.
(iii) For every 1 ≤ j ≤ m, h ◦ eΦ,j(x) = eΨ,j ◦ h(x), where x ∈ ΩΦ ∩ LΦ,i.

By minimality of ΩΦ, h is uniquely determined and the arcs ξ (IΦ,i), ξ (JΦ,i),
ξ (LΦ,i) and ξ (KΦ,i) do not depend upon the extension ξ of h. We say that Φ
and Ψ are Lipschitz conjugate, if there is a Lipschitz homeomorphic extension
ξ : TΦ → TΨ of h satisfying property (i) above. We say that Φ and Ψ are
C1+α conjugate, for some α > 0, if there is a C1+α homeomorphic extension
ξ : TΦ → TΨ of h satisfying property (i) above. We say that Φ and Ψ are
C1+H conjugate, if Φ and Ψ are C1+α conjugate, for some α > 0. We denote
by [Φ]C1+α the set of all C1+α arc exchange systems that are C1+α conjugate
to Φ, and we denote by [Φ]C1+H the set

⋃
α>0[Φ]C1+α .

12.1.1 Induced arc exchange systems

Let g ∈ F . Suppose that M and N are Markov rectangles of g, and x ∈ M
and y ∈ N . We say that x and y are stable holonomically related if (i) there
is an unstable leaf segment 
u(x, y) such that ∂
u(x, y) = {x, y}, and (ii)

u(x, y) ⊂ 
u(x,M) ∪ 
u(y,N). Let P = PM be the set of all pairs (M,N)
such that there are points x ∈ M and y ∈ N stable holonomically related.

For every Markov rectangle M ∈ M, choose a spanning leaf segment 
M

in M . Let I = {
M : M ∈ M}. For every pair (M,N) ∈ P, there are maximal
leaf segments 
D

(M,N) ⊂ 
M , 
C
(M,N) ⊂ 
N such that the holonomy h(M,N) :


D
(M,N) → 
C

(M,N) is well-defined (see §1.2 and §1.5). We call such holonomies
h(M,N) : 
D

(M,N) → 
C
(M,N) the (stable) primitive holonomies associated to the

Markov partition M. The complete set Hs of stable holonomies consists of all
primitive holonomies h(M,N) and their inverses h−1

(M,N), for every (M,N) ∈ Ps.
The complete set Hu is defined similarly to Hs (see §5.1).

Let f : T → T be the Anosov automorphism defined by f(x, y) =
(x + y, y), where T = R2 \ (Zv × Zw). We exhibit the complete set of
holonomies Hf,M = {h(A,A), h(A,B), h(B,A), h

−1
(A,A), h

−1
(A,B), h

−1
(B,A)} associated

to the Markov partition M = {A, B} of f . We consider a derived-Anosov dif-
feomorphism g : T → T semi-conjugated, by a map π : T → T , to the Anosov
automorphism f . The derived-Anosov diffeomorphism g admits a Markov
partition Mg = {A1, A2, B1} with the property that A = π(A1) ∪ π(A2)
and B = π(B1). The complete sets of holonomies Hg,Mg and Hf,M are
related by the following equalities: h(A,B) ◦ π|π(
D

(A1,B1)
) = π ◦ h(A1,B1),
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h(A,A) ◦ π|π(
D
(A2,A1)

) = π ◦ h(A2,A1), h(B,A) ◦ π|π(
D
(B1,A1)

) = π ◦ h(B1,A1)

and h(B,A) ◦ π|π(
D
(B1,A2)

) = π ◦ h(B1,A2) (see Figure 12.1).

Lemma 12.1. The triple (f, Λ,M) induces a train-track T
ι
f with a set of

junction arcs. Furthermore, the atlas Aι(f, ρ) induces a C1+α atlas Bι(f, ρ)
on T

ι
f .

Proof. For every ι-leaf segment 
ι
M ∈ Iι, let 
̂ι

M be the smallest full ι-leaf
segment containing 
ι

M (see definition in §1.1). If HD(Λι) = 1, then 
ι
M = 
̂ι

M .
By the Stable Manifold Theorem, there are C1+H diffeomorphisms jι,M :

̂ι
M → Ĵ ι

M . We choose the C1+H diffeomorphisms jι,M : 
̂ι
M → Ĵ ι

M with the
extra property that their images are pairwise disjoint, i.e. Ĵ ι

M ∩ Ĵ ι
N = ∅ for all

M,N ∈ M such that M 	= N . Let

L̂ι
M =

n⊔

i=1


̂ι
Mi

and Lι
M = L̂ι

M
⋂

Λι
f . (12.1)

Let jι : L̂ι
M → Ĵ ι

M be the map defined by jι|
̂ι
M = jι,M , for every M ∈ M.

Let 
ι′

M (x) be the spanning ι′-leaf segment of the Markov rectangle M ∈ M
passing through x. Let

πι :
n⋃

i=1

Mi → Lι
M (12.2)

be the projection defined by πι(xi) = yi, where yi ∈ 
ι′

Mi
(xi) ∩ Lι

M, for every
xi ∈ Mi. If HD(Λι) < 1, then the endpoints equivalence relation is trivial.
If HD(Λι) = 1, then the endpoints equivalence relation is non trivial, as we
now describe. The endpoints x̂i ∈ 
̂ι

Mi
and x̂j ∈ 
̂ι

Mj
are in the same endpoints

equivalence class, if 
ι′

Mi
(xi)∩
ι′

Mj
(xj) is non-empty. The endpoints equivalence

class in L̂ι
M is the minimal equivalence class satisfying the above property. Let

the ι-train-track T
ι
f = L̂ι

M� ∼ be the set L̂ι
M with the endpoints equivalence

class as defined above.
If HD(Λι) < 1, the charts kι,M , for every M ∈ M, form a C1+α atlas

Bι(f, ρ) for the train-track T
ι
f .

If HD(Λι) = 1, for every pair (M,N) ∈ Pι′ , we define L̂ι
(M,N) = 
̂ι

M∪
̂ι
N ⊂

T
ι
f as a junction arc. We fix an ι-leaf segment Lι

(M,N) that is the union of
two spanning ι-leaf segments Lι

M and Lι
N . For every ι-leaf segment Lι

(M,N),
let L̃ι

(M,N) be the smallest full ι-leaf segment containing Lι
(M,N), and a chart

j̃(M,N) : L̃ι
(M,N) → J ι

(M,N) in the atlas Aι(f, ρ). By Pinto and Rand [164], the
holonomies hM : 
ι

M → 
ι
(M,N) ∩ M and hN : 
ι

N → 
ι
(M,N) ∩ N have C1+α

extensions h̃M : 
̂ι
M → L̃ι

(M,N) and h̃N : 
̂ι
N → L̃ι

(M,N) onto their images.

We define the junction stable chart j(M,N) : L̂ι
(M,N) → J ι

(M,N) in Bι(f, ρ) by
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Fig. 12.1. The complete set of holonomies Hg,Mg =
{h(A1,B1), h(A2,A1), h(B1,A1), h(B1,A2), h

−1
(A1,B1), h

−1
(A2,A1), h

−1
(B1,A1), h

−1
(B1,A2)} for

the derived-Anosov diffeomorphism g : T → T semi-conjugated, by a
map π : T → T , to the Anosov automorphism f : T → T defined by
f(x, y) = (x + y, y). The complete set of holonomies for the Anosov auto-
morphism f : T → T associated to the Markov partition M = {A, B} is
given by Hf,M = {h(A,A), h(A,B), h(B,A), h

−1
(A,A), h

−1
(A,B), h

−1
(B,A)}. The complete set of

holonomies Hg,Mg is related to Hf,M as follows: h(A,B)◦π|π(�D
(A1,B1)) = π◦h(A1,B1),

h(A,A) ◦ π|π(�D
(A2,A1)) = π ◦ h(A2,A1), h(B,A) ◦ π|π(�D

(B1,A1)) = π ◦ h(B1,A1) and

h(B,A) ◦ π|π(�D
(B1,A2)) = π ◦ h(B1,A2).
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j(M,N)|
̂ι
M = j̃(M,N) ◦ h̃M and j(M,N)|
̂ι

N = j̃(M,N) ◦ h̃N . By construction, the
charts kM , for every M ∈ M, and k(M,N), for every (M,N) ∈ Pι′ , form a
C1+α atlas Bι(f, ρ) for T

ι
f .

Let A(M,N), B(M,N) ∈ M be the Markov rectangles such that there
is a ι′-leaf segment Lι′

(M,N) that (i) passes through x, (ii) has endpoints

a = a(M,N) ∈ intA(M,N) and b = b(M,N) ∈ intB(M,N), and (iii) Lι′

(M,N) \
(
ι′(a, A(M,N)) ∪ 
ι′(b, B(M,N))) is contained in the ι′-boundaries of Markov
rectangles, where 
ι′(a, A(M,N)) is the spanning leaf of A(M,N) passing through
a, and 
ι′(b, B(M,N) is the spanning leaf of B(M,N) passing through b. Let

(A,M,N) be an ι-spanning leaf of A(M,N) passing through a, and let 
(B,M,N)

be an ι-spanning leaf of B(M,N) passing through b. For i ∈ {A, B}, fix
K(i,M,N) ⊂ 
(i,M,N) and L(i,M,N) ⊂ L(M,N) such that the basic holonomy
h(i,M,N) : K(i,M,N) ∩ Λ → L(i,M,N) is well-defined. Let K̂(i,M,N), L̂(i,M,N),

̂D
(M,N) and 
̂C

(M,N) be the smallest full ι-leaf segments that contain K(i,M,N),
L(i,M,N), 
D

(M,N) and 
C
(M,N), respectively. The set of all basic holonomies

h(i,M,N) : K̂(i,M,N) → L(i,M,N), with i ∈ {A, B} and (M,N) ∈ Pι′ , form
the ι-primitive junction set (see Figure 12.2).

Lemma 12.2. The triple (f, Λ,M) induces a C1+H ι-arc exchange system

(Φι
f,M,J ι

Φ, Tι
Φ,Bι

Φ(f, ρ)),

with the following properties:

(i) The set Φι = Φι
f,M consists of all C1+α diffeomorphisms φι

(M,N) :


̂D
(M,N) → 
̂C

(M,N), with i ∈ {A, B} and (M,N) ∈ Pι such that
φι

(M,N)|
D
(M,N) = h(M,N).

(ii) The junction set JΦ consists of all C1+α diffeomorphisms e(i,M,N) :
K̂(i,M,N) → L̂(i,M,N), with i ∈ {A, B} and (M,N) ∈ Pι′ , such that
e(i,M,N)|K(i,M,N) = h(i,M,N), for every i ∈ {A, B} and (M,N) ∈ Pι′ .

Proof. Since the holonomies are C1+α diffeomorphisms with respect to Aι(f, ρ),
(a) there are C1+α diffeomorphic extensions φι

(M,N) : 
̂D
(M,N) → 
̂C

(M,N) of the
holonomies hι

(M,N) : 
D
(M,N) → 
C

(M,N) with respect to the atlas Bι(f, ρ), for
(M,N) ∈ Pι, and (b) there are C1+α diffeomorphic extensions eι

(i,M,N) :

K̂(i,M,N) → L̂(i,M,N) of the holonomies hι
(i,M,N) : K(i,M,N) → L(i,M,N) with

respect to the atlas Bι(f, ρ), for (M,N) ∈ Pι′ and i ∈ {A, B}.

12.2 Renormalization of arc exchange systems

Let Φ = {φi : ĨΦ,i → J̃Φ,i : i = 1, . . . , n} and Ψ = {ψi : ĨΨ,i → ĨΨ,i : i =
1, . . . , m} be C1+H arc exchange systems. We say that Ψ is a renormalization
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Fig. 12.2. The construction of the elements of the junction set.

of Φ if there is a renormalization sequence set S = S(Φ, Ψ) = {s1, . . . , sm}
with the following properties:

(i) For every i ∈ {1, . . . , n}, we have that

ψi = φsi
k(si)

◦ . . . ◦ φsi
1
|IΨ,i,

where si = si
k(si) . . . si

1 ∈ S. In particular, ΩΨ ⊂ ΩΦ and Iψi ⊂ IΦs,1i .
(ii) For every x ∈ ΩΦ\ΩΨ , there are exactly two distinct sequences si, sj ∈

S with the property that there are points yi ∈ IΨ,i, yj ∈ IΨ,j such that

x = φsi
k(x,i)

◦ . . . ◦ φsi
1
(yi) and x = φsj

k(x,j)
◦ . . . ◦ φsj

1
(yj),

for some 0 < k(x, i) < k(si) and 0 < k(x, j) < k(sj).

For every Φ ∈ [Φ]C0 , let ξΦ : TΦ → TΦ be an extension of the topological
conjugacy h between the C1+H arc exchange systems Φ and Φ. Since h is



150 12 Arc exchange systems and renormalization

unique, by minimality of ΩΦ, for every si ∈ S, ξ(Iψi) and ξ(Jψi) are the
smallest closed arcs containing h(Iψi) and h(Jψi), respectively, and, so, are
uniquely determined. Define the C1+H arc exchange system Ψ by

Ψ =
{

ψ
i
= φ

si
k(si)

◦ . . . ◦ φ
si
1

: ξ(Ĩψi) → ξ(J̃ψi), for every si ∈ S(Φ, Ψ)
}

.

For every eΦ,j : Lφj → Kφj , let IL
Ψ , IR

Ψ , ψL
j,1, . . . , ψ

L
j,n(j,L) and ψR

j,1, . . . , ψ
R
j,n(j,L)

be as in property (ii) of definition of C1+α arc exchange system, in §12.1. We
define the junction set JΨ = {eΨ,1, . . . , eΨ,m} of Ψ as follows: eΨ,j : LΨ,j →
KΨ,j is given by eΨ,j |ξ(φ(IL

Ψ,j)) = ΨL
j,in(j,L)

◦ . . . ◦ ΨL
j,i1 and eΨ,j |ξ(φ(IR

Ψ,j)) =
ΨR

j,in(j,R)
◦. . .◦ΨR

j,i1 . By construction, Ψ is topologically conjugate to Ψ and does
not depend on the extension ξ of h considered in the sets ξ(Iψ1), . . . , ξ(Iψn).
Furthermore, Ψ is a C1+H arc exchange system that is a renormalization of
Φ with respect to the renormalization sequence set S(Φ, Ψ) = S(Φ, Ψ). Hence,
the renormalization operator R is well-defined by RΦ = Ψ .

Definition 30 Let R : [Φ]C0 → [Ψ ]C0 be a renormalization operator. We say
that a C1+α arc exchange system Γ ∈ [Φ]C0 is a C1+α fixed point of the
renormalization operator R, if RΓ is C1+α conjugated to Γ , i.e [RΓ ]C1+α =
[Γ ]C1+α . We say that a C1+H arc exchange system Γ ∈ [Φ]C0 is a C1+H

fixed point of the renormalization operator R, if Γ is C1+α fixed point of the
renormalization operator R, for some α > 0.

12.2.1 Renormalization of induced arc exchange systems

We present an explicit construction of a renormalization operator R = Rf,M
acting on the topological conjugacy class of the C1+H arc exchange system
Φf,M induced by (f, Λ,M). Let the Markov partition N = f∗M be the push-
forword of the Markov partition M, i.e, for every M ∈ M, N = f(M) ∈ N .

Lemma 12.3. Let Φf,M and Φf,N be the C1+H arc exchange systems induced
(as in Lemma 12.2), respectively, by (f, Λ,M) and (f, Λ,N ).

(a) There is a well-defined renormalization operator

R = Rf,M : [Φf,M]C0 → [Φf,N ]C0 .

(b) Let Ψ = RΦ. For every eΦ,j : Lφj → Kφj and eΨ,j : Lψj → Kψj ,
let IL

φj
, IR

φj
, IL

ψj
and IR

ψj
be as in property (iii) of the Definition 29.

If eΦ,j |IL
φj

= φL
j,in

◦ . . . ◦ φL
j,i1

and eΦ,j |IR
φj

= φR
j,in

◦ . . . ◦ φR
j,i1

, then
eΨ,j |IL

ψj
= ψL

j,in
◦ . . . ◦ ψL

j,i1
and eΨ,j |IR

ψj
= ψR

j,in
◦ . . . ◦ ψR

j,i1
.

Proof. For simplicity of notation, let us denote kM by k (see (12.1)). We
choose a map
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σ : {1, . . . , n} → {1, . . . , n} (12.3)

with the property that Ni ∩ Mσ(i) 	= ∅, where Ni ∈ N and Mσ(i) ∈ M. For
each Ni ∈ N , let 
Ni be the stable spanning leaf segment 
Mσ(i) ∩ π(Ni), and
let 
̂Ni be the corresponding full stable spanning leaf (i.e 
̂Ni ∩Λ = 
Ni), where
π :

⋃n
i=1 Mi → LM is the natural projection as defined in (12.1). Set

LN =
n⋃

i=1


Ni and L̂N =
n⋃

i=1


̂Ni .

The set L̂N determines the train-track TN with atlas B(f, ρ) as constructed
in Lemma 12.1. Let HN = {h(Ni,Nj) : 
D

(Ni,Nj)
→ 
C

(Ni,Nj)
|(Ni, Nj) ∈ PN } be

the (stable) primitive holonomic system associated to the Markov partition
N . By construction, for every (Ni, Nj) ∈ PN there is a sequence hα1 , . . . , hαn

of holonomies in HM such that

h(Ni,Nj) = hαn ◦ . . . ◦ hα1 |
̂D
Ni

.

Let
ψ(Ni,Nj) : 
̂D

(Ni,Nj)
→ 
̂D

(Ni,Nj)

be given by ψ(Ni,Nj) = φαn ◦ . . . ◦ φα1 , where φαi ∈ Φf,M and φαi |
D
(Ni,Nj)

=
hαi |
D

(Ni,Nj)
. Set

Ψ =
{

ψ(Ni,Nj) : 
̂D
(Ni,Nj)

→ 
̂C
(Ni,Nj)

|(Ni, Nj) ∈ PN

}
.

Let Φf,N be as constructed in Lemma 12.2. Hence, Ψ = Φf,N , and, so, Ψ is
a C1+H arc exchange system. Since the set S(Φf,M, Φf,N ) of all sequences
α1 . . . αn such that ψ(Ni,Nj) = φαn ◦ . . . ◦φα1 , for some (Ni, Nj) ∈ PN , form a
renormalizable sequence set, the C1+H arc exchange system Φf,N is a renor-
malization of Φf,M. Therefore, by §12.2, there is a well-defined renormal-
ization operator R = Rf,M : [Φf,M]C0 → [Φf,N ]C0 . Since N = f∗M and
RΦf,M = Φf,N , property (b) holds.

Lemma 12.4. The C1+H arc exchange system Φf,M is a C1+H fixed point of
renormalization, i.e [RΦf,M]C0 = [Φf,M]C0 , where R = Rf,M : [Φf,M]C0 →
[Φf,N ]C0 is the renormalization operator.

Proof. We construct a C1+α conjugacy Θ : TN → TM between Φf,M and
Φf,N . For every N ∈ N and M = f−1(N), there is a holonomy θN between
the spanning leaf segments f−1 (
N ) and 
M . By Theorem 1.6 (see also Pinto
and Rand [164]), the holonomy θN has a C1+α diffeomorphic extension θ̂N :
f−1(
̂N ) → 
̂M . Let Θ : TN → TM be the C1+α diffeomorphism given by

Θ|
̂N = θ̂N ◦ f−1, (12.4)
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for every N ∈ N . We observe that each pair

(Ni, Nj) ∈ PN

determines a unique pair (Mi, Mj) = (f−1(Ni), f−1(Nj)) ∈ PM, and vice-
versa. By Lemma 12.3(b), it is enough to prove that Θ conjugates
φ(Ni,Nj)|
D

(Ni,Nj)
with φ(Mi,Mj)|
D

(Mi,Mj)
, for every (Ni, Nj) ∈ PN , to show

that Φf,M is a C1+H fixed point of renormalization.
By construction of the maps θNi and θNj , we have that

h(Mi,Mj)|
D
(Mi,Mj)

= θNi ◦ f−1 ◦ h(Ni,Nj) ◦ f ◦ θ−1
Nj

,

and so

Θ ◦ ψ(Ni,Nj) ◦ Θ−1|
D
(Mi,Mj)

= θNj ◦ f−1 ◦ h(Ni,Nj) ◦ f ◦ θ−1
Nj

= h(Mi,Mj)

= ψ(Mi,Mj),

which ends the proof.

12.3 Markov maps versus renormalization

The map F : T̂ ⊂ T → T determines a C1+α Markov map, with respect to the
atlas B and with invariant set Ω ⊂ T̂, if the following properties are satisfied:

(i) T̂ = T or T̂ is a union of closed intervals.
(ii) F : T → T is a C1+α diffeomorphism, for every (small) arc, with

respect to the C1+α atlas B on the train-track T.
(iii) There exist c > 0 and λ > 1 such that, for every x ∈ Ω,

|d(jn ◦ Fn ◦ i−1)(x)| > cλn, (12.5)

with respect to charts i, jn ∈ B.
(iv) The map F admits a Markov partition {K1, . . . , Km}, i.e. there exists

a finite set of arcs {K̂1, . . . , K̂m} such that (a) Ki = K̂i ∩ Ω, (b)
∪m

i=1∂K̂i ⊂ Ω and (c) F
(
∂K̂i

)
⊂ ∪m

i=1∂K̂i, for every j = 1, . . . ,m.

Let F : LM → LM be the map induced by the action of f−1 on stable leaf
segments, i.e. F (x) = π◦f−1(x) for every x ∈ L (see (12.2)). Since f is a local
diffeomorphism, the map F is a local homeomorphism. Let F̃ : kM(LM) →
kM(LM) be the map defined by F̃ = kM ◦F ◦k−1

M . Since the holonomies have
C1+α extensions (see Theorem 1.6 and also Pinto and Rand [164]), and the
map f is C1+α, for some α > 0, the map F̃ has a C1+α extension Ff,M :
Tf → Tf , with respect to the atlas Bι(f, ρ), (not uniquely determined) that
is a C1+α Markov map with Markov partition {kM ◦π(M1), . . . , kM ◦π(Ml)},
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where M = {M1, . . . , Ml} is the Markov partition of f (see also Pinto and
Rand [163]). Hence, the map Ff,M : Tf → Tf constructed above is a C1+α

Markov map.

Definition 31 Let h : ΩΦ → ΩΨ be the topological conjugacy between a C1+H

arc exchange system Ψ = {ψi : Iψi → Jψi ; i = 1, . . . , m} and Φf,M = {φi :
Iφi → Jφi ; i = 1, . . . , n}. We say that Ψ induces a C1+H Markov map

FΨ : TΨ → TΨ ,

if FΨ is a C1+α Markov map, for some α > 0, and FΨ ◦ h(x) = h ◦ Ff,M(x),
for every x ∈ ΩΨ .

Let us suppose that the C1+H arc exchange system Ψ is a C0 fixed point of
renormalization [RΨ ]C0 = [Ψ ]C0 . In this case, Ψ is an infinitely renormalizable
C1+H arc exchange system, i.e there is an infinite sequence

(
RmΨ =

{
ψ

(m)
i : Ĩ

(m)
ψi

→ J̃
(m)
ψi

; i = 1, . . . , n(m)
})

m≥1

of arc exchange systems inductively determined, for every m ≥ 1, by RmΨ =
R(Rm−1Ψ).

Set

L(1)
m =

{
ψ

(m)

si
k

◦ . . . ◦ ψ
(m)

si
1

(
I
(m+1)
ψi

)
: I

(m+1)
ψi

⊂ I
(m)
ψ

si
1

, 0 ≤ k ≤ k(si), si ∈ S
}

.

Set, inductively on j ≥ 1, the sets

L(j)
m =

{
ψ

(m)

si
k

◦ . . . ◦ ψ
(m)

si
1

(I) : I ∈ L
(j−1)
m+1 , I ⊂ I

(m)
ψ

si
1

, 0 ≤ k ≤ k(si), si ∈ S
}

.

By construction, L
(j+1)
m ⊂ L

(j)
m and ΩRmΨ = ∩j≥1L

(j)
m . We call L

(j)
m the j-

th level of the partition of RmΨ . Let the j-gap set G
(j)
m of RmΨ be the set

of all maximal closed intervals I such that I ⊂ J for some J ∈ L
(j−1)
m and

intI ∩K = ∅, for every K ∈ L
(j)
m . We say that the C1+H arc exchange system

Ψ has bounded geometry, if there are constants 0 < c1, c2 < 1 such that, for all
j ≥ 1 and all intervals I ∈ L

(j)
0 ∪G

(j)
0 contained in a same interval K ∈ L

(j−1)
0 ,

we have c1 < |ζ(I)|/|ζ(K)| < c2, where the length is measured with respect
to any chart ζ in the C1+α atlas BΨ .

Lemma 12.5. Let Φf,M be a C1+H arc exchange system induced by (f, Λ,M).
A C1+H arc exchange system Ψ ∈ [Φf,M]C0 , with bounded geometry, deter-
mines a C1+H Markov map FΨ topologically conjugate to Ff,M if, and only
if, Ψ is a C1+H fixed point of the renormalization operator Rf,M.

Remark 12.6. Lemma 12.5 also holds for C1,α regularities.
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Proof of Lemma 12.5. For simplicity of notation, let us denote kM by k (see
(12.1)). Let Θ : KN → KM be the C1+α diffeomorphism as constructed in
(12.4). For every N ∈ N , let M = f−1(N) ∈ M. Recall that 
N ⊂ 
Mσ(i) ⊂
LM (see (12.3)). By construction of F = Ff,M and Θ, the spanning leaf
segment 
N ⊂ LN has the property that F ◦k(
N ) = k(
M ) and F |k(
N ) = Θ.
Therefore,

F |KN = Θ. (12.6)

Every leaf segment 
 ⊂ LM with the property that F ◦ k(
) = k(
M ) is a
spanning leaf segment of N . Therefore, there is a sequence eα1 , . . . , eαp of arc
exchange maps in Φ = Φf,M such that

eαp ◦ . . . ◦ eα1(k(
)) = k(
N ).

Furthermore,

F |k(
) = Θ ◦ eαp ◦ . . . ◦ eα1 . (12.7)

Let ξ : ∪n
i=1Iφi → ∪n

i=1Iψi be a homeomorphic extension of the conjugacy
between Φ and Ψ . For every e ∈ Φ, there is a unique e ∈ Ψ such that e =
ξ ◦ e ◦ ξ−1. Since FΨ is topologically conjugate to F , by (12.6), we have that

FΨ |ξ(KN ) = ΘΨ , (12.8)

where ΘΨ : ξ(KN ) → ξ(KM) is a homeomorphic extension of the conjugacy
between Ψ and its renormalization RΨ . Letting 
̃N , 
̃ and eα1 , . . . , eαp be as
above, by (12.7), we obtain that

FΨ |ξ ◦ k(
̃) = ΘΨ ◦ eαp
◦ . . . ◦ eα1

. (12.9)

By (12.8), if FΨ is C1+α, then ΘΨ is C1+α (also along arcs containing junc-
tions). By (12.9), if ΘΨ is C1+α, then FΨ is locally a C1+α diffeomorphism.

Let L
(j)
0 be the j-th level of the partition of Ψ . By construction, every

interval I ∈ L
(j)
0 has the property that F j−1

Ψ (I) is an element of the Markov
partition of FΨ (this property characterizes L

(j)
0 ). In particular, the map FΨ

sends each interval I ∈ L
(j)
0 onto an interval FΨ (I) ∈ L

(j−1)
0 for every j > 0.

Hence, if Ψ has bounded geometry we obtain that the length of the sets
in L

(j)
0 converge exponentially fast to 0 when j tends to infinity. Therefore,

using the Mean Value Theorem, we obtain that if Ψ has bounded geometry,
then FΨ satisfies property (ii) and, conversely, if FΨ satisfies property (ii) we
obtain that Ψ has bounded geometry. So, we conclude that if Ψ is a C1+α arc
exchange system, with bounded geometry, then FΨ is a C1+α Markov map,
and vice-versa.
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12.4 C1+H flexibility

Let (f, Λ,M) be a C1+H hyperbolic diffeomorphism. Let Cι
f,M be the topo-

logical conjugacy class of Φι
f,M. Let F be the set of all C1+H hyperbolic

diffeomorphisms topologically conjugate to f (see §2.1).

Theorem 12.7. There is a unique map

T ι
f,M : F = {[g]C1+H : g ∈ F} → Cι =

{
[Φι]C1+H : Φι ∈ Cι

f,M
}

defined by T ι
f,M ([g]C1+H ) = [Φι

g,Mg
]C1+H , where Mg is the pushforword of

the Markov partition M of f by the topological conjugacy between f and g.
The map Tι = T ι

f,M : F → C has the following properties:

(a) If [Φι]C1+H = Tι[g]C1+H , then HD(Ωι
Φ) = HD(Λι

g);
(b) Tι(F) = Cι

R, where Cι
R ⊂ C is the set of all C1+H conjugacy

classes [Φι]C1+H ∈ C that are C1+H fixed points of renormalization,
[RιΦι]C1+H = [Φι]C1+H ;
(c) For every pair ([Φs]C1+H , [Φu]C1+H ) ∈ Cs

R × Cu
R, there is a unique

C1+H conjugacy class of C1+H hyperbolic diffeomorphisms

g ∈ T −1
s ([Φs]C1+H ) ∩ T −1

u ([Φu]C1+H );

(d) For every [Φι]C1+H ∈ Cι
R there is a unique Lipschitz conjugacy

class of C1+H hyperbolic diffeomorphisms g ∈ T −1
ι ([Φι]C1+H ) that

admits an invariant measure absolutely continuous with respect to the
Hausdorff measure on Λg;
(e) The set Cι

R is characterized by a moduli space consisting of solenoid
functions;
(f) The set Cι

L consisting of all Lipschitz conjugacy classes in Cι
R is

also characterized by a moduli space consisting of measure solenoid
functions.

The above solenoid functions and measure solenoid functions are intro-
duced in Pinto and Rand [163, 167], where they are used to construct moduli
spaces for the set of all C1+H and Lipschitz conjugacy classes of C1+H hyper-
bolic diffeomorphisms (see Chapter 3). If HD(Λι′) = 1, then, in Theorem 12.7,
the Lipschitz conjugacy classes coincide with the C1+H conjugacy classes, and,
so, Cι

L = Cι
R.

Remark 12.8. We note that in Theorem 12.7, if the ι-lamination of the hyper-
bolic basic set Λ is orientable, then the ι-arc exchange systems in Cι

f,M are
determined by ι-arc exchange maps.

Proof of Theorem 12.7. By Theorem 1.6 (see also Pinto and Rand [164]),
the basic holonomies are C1+α diffeomorphisms with respect to the C1+α

atlases Aι(g1, ρ1) and Aι(g2, ρ2), for some α > 0. Hence, there is a C1+α
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diffeomorphism u : Tg1 → Tg2 , with respect to the atlases Bι(g1, ρ1) on Tg1

and Aι(g2, ρ2) on Tg2 , such that u ◦ πg1 = πg2 ◦ u, where πg1 : Λg1 → Tg1 and
πg2 : Λg2 → Tg2 are the natural projections. Hence, the C1+α induced arc
exchange system Φg1 is C1+α conjugate to the C1+α induced arc exchange
system Φg1 .
Proof of statement (a). Since the holonomies are C1+α (see Theorem 1.6
and also Pinto and Rand [164]), the Hausdorff dimension of the stable leaf
segments 
 is the same independently of the stable leaf segment considered,
and so equal to HD(Λs

g). In particular, all leaf segments 
Mg ∈ Ig have the
same Hausdorff dimension which is equal to the Hausdorff dimension of Lg.
Since the arc invariant set TΦg,Mg

is equal to k(Lg), the Hausdorff dimension

HD
(
TΦg,Mg

)
is equal to HD(Λs

g).

Proof of statement (b). By Lemma 12.4, if g ∈ F , then the C1+H arc exchange
system Φg,Mg is a fixed point of the renormalization operator Rg,Mg that, by
construction, is the same as Rf,M. Hence, T (F) ⊂ CR.

The proof that T (F) ⊃ CR follows from the proof of the statement (c)
below.
Proof of statement (c). Let Φ be a C1+H arc exchange system such that
[RΦ]C1+H = [Φ]C1+H . Since [RΦ]C1+H = [Φ]C1+H , by Lemma 12.5, the C1+H

arc exchange system Φ induces a Markov map FΦ. Therefore, (Φ, FΦ) is equiv-
alent to a C1+α self-renormalizable structure as defined in Chapter 4.

By Theorem 1.6 (see also Pinto and Rand [164, 167]), there is a one-
to-one correspondence between C1+H conjugacy classes of (Φ, FΦ) and C1+H

conjugacy classes of C1+H diffeomorphisms g(Φ, FΦ) with hyperbolic invariant
set Λg, and with an invariant measure absolutely continuous with respect to
the Hausdorff measure.
Proof of statement (d). Let Φ be a C1+H arc exchange system such that
[RΦ]C1+H = [Φ]C1+H . Since [RΦ]C1+H = [Φ]C1+H , by Lemma 12.5, the C1+H

arc exchange system Φ induces a Markov map FΦ. Let CF be the set of all
C1+H conjugacy classes of pairs (Φ, FΦ). Hence, there is a one-to-one map
m1 : CR → CF given by m1(Φ) = (Φ, FΦ). By Lemma 9.2 (see also Pinto and
Rand [166, 167]), there is a well-defined Teichmüller space TS consisting of
solenoid functions, and a one-to-one map m2 : TS → CF given by m2(s) =
(Φ, FΦ). Therefore, m−1

1 ◦ m2 : TS → CR is a one-to-one map.

12.5 C1,HD rigidity

Let us present the following notion of C1,HD regularity of a function (see
§5.1).

Definition 32 Let φ : I → J be a homeomorphism between open sets I ⊂ R

and J ⊂ R. If 0 < α < 1, then φ is said to be C1,α if φ is differentiable and
for all points x, y ∈ I
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|φ′(y) − φ′(x)| ≤ χφ(|y − x|), (12.10)

where the positive function χφ(t) satisfies limt→0 χφ(t)/tα = 0. φ is said to be
C1,α, if, for all points x, y ∈ I,

∣
∣
∣
∣log φ′(x) + log φ′(y) − 2 log φ′

(
x + y

2

)∣
∣
∣
∣ ≤ χ(|y − x|),

where the positive function χ(t) satisfies limt→0 χ(t)/t = 0.

In particular, for every β > α > 0, a C1+β diffeomorphism is C1,α, and, for
every γ > 0, a C2+γ diffeomorphism is C1,1. We note that the regularity C1,1

(also denoted by C1+zigmund) of a diffeomorphism θ used in this chapter is
stronger than the regularity C1+Zigmund (see de Melo and van Strien [99]). The
importance of these C1,α smoothness classes for a diffeomorphism θ : I → J
follows from the fact that if 0 < α < 1, then the map θ will distort ratios of
lengths of short intervals in an interval K ⊂ I by an amount that is o(|I|α),
and if α = 1 the map θ will distort the cross-ratios of quadruples of points in
an interval K ⊂ I by an amount that is o(|I|) (see Chapter 5).

An arc exchange system (Φ,JΦ, TΦ,BΦ) is affine, if BΦ is an affine atlas
and the maps in Φ and in JΦ are affine with respect to the charts in BΦ.

Theorem 12.9. Let Cι
f,M be the topological conjugacy class of C1+H ι-arc

exchange systems determined by a C1+H hyperbolic diffeomorphism (f, Λ,M)
(as in Theorem 12.7). Every C1,HD(Λι) arc exchange system Φ ∈ Cf,M, with
bounded geometry, that is a C1,HD(ΩΦ) fixed point of renormalization operator,
i.e [Rf,MΦ]C1,HD(ΩΦ) = [Φ]C1,HD(ΩΦ) , is C1,HD(Λι) conjugate to an affine ι-arc
exchange system that is an affine fixed point of renormalization. Furthermore,
the C1,HD(Λι) arc exchange system Φ ∈ Cf,M determines stable transversely
affine ratio functions rΦ.

Corollary 12.10. Let Cf,M be the topological conjugacy class of C1+H Can-
tor exchange systems determined by a C1+H diffeomorphism f with codimen-
sion 1 hyperbolic attractor Λ and with a Markov partition M satisfying the
disjointness property (as in Theorem 12.7). There is no C1,HD(ΩΦ) Cantor
exchange system Φ ∈ Cf,M, with bounded geometry, that is a C1,HD(ΩΦ) fixed
point of renormalization operator, i.e [Rf,MΦ]C1,HD(ΩΦ) = [Φ]C1,HD(ΩΦ) .

Proof. By Theorem 12.9, we obtain that rΦ is a stable transversely affine
ratio function. However, putting together Theorem 5.9 and Lemma 5.11, there
are no stable transversely affine ratio functions with respect to the stable
lamination of Λf , and so we get a contradiction.

Proof of Theorem 12.9. Let us suppose that the arc exchange system Ψ is
a C1,α fixed point of the renormalization operator Rf,M with α = HD(TΨ )
and with bounded geometry. Hence, by Lemma 12.5, Ψ induces a C1,α Markov
map FΨ . Let ξ be the homeomorphic extension of the conjugacy between Φ
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and Ψ , and set η = ξ ◦ k ◦π. We will consider the following two distinct cases:
(a) HD(Λι) < 1 and (b) HD(Λι) = 1.
Case HD(Λι) < 1. Let Tn be the set of all pairs (I, J) such that (i) I is a
stable leaf n-cylinder, (ii) J is a stable leaf n-gap cylinder, and (iii) I and J
have a unique common endpoint. Using the Mean Value Theorem and that
FΨ is a C1,α Markov map, the function r : ∪n≥1Tn → R

+ given by

r(I, J) = lim
m→+∞

|η ◦ fm(J)|
|η ◦ fm(I)|

is well-defined, where |L| means the length of the smallest interval containing
L ⊂ R. By bounded geomatry of Ψ , we obtain that r is bounded away from
zero. Furthermore, using that FΨ is a C1,α Markov map, for every pair (I, J) ∈
Tn, we get

|η(J)|
|η(I)| (1 − Cn (|η(I ∪ J)|α)) ≤ r(I, J) ≤ |η(J)|

|η(I)| (1 + Cn (|η(I ∪ J)|α)) ,

(12.11)
where Cn ∈ R

+
0 converges to zero when n tends to infinity.

Let h = h(M,N) : 
̃D
(M,N) → 
̃C

(M,N) be a ι-primitive holonomy. Since the

arc exchange system is C1,α, for every (I, J) ∈ Tn such that I ∪ J ⊂ 
̃D
(M,N),

we get

1 − Cn|η(I ∪ J)|α ≤ |η(I)|
|η(J)|

|η ◦ h(J)|
|η ◦ h(I)| ≤ 1 + Cn|η(I ∪ J)|α, (12.12)

where Cn ∈ R
+
0 converges to zero when n tends to infinity.

From (12.11), we obtain that

|η(I)|
|η(J)|

|η ◦ h(J)|
|η ◦ h(I)| (1 − Cn|η(I ∪ J)|α) ≤ r(h(I), h(J))

r(I, J)
≤

≤ |η(I)|
|η(J)|

|η ◦ hα(J)|
|η ◦ hα(I)| (1 + Cn|η(I ∪ J)|α) .

Thus, using (12.12) we get

1 − C ′
n|η(I ∪ J)|α ≤ r(h(I), h(J))

r(I, J)
≤ 1 + C ′

n|η(I ∪ J)|α,

where C ′
n ∈ R

+
0 converges to zero when n tends to infinity.

Since α = HD(TΨ ), by Theorem 5.4 (see also Pinto and Rand [165]), we
obtain that r is a stable transversely affine ratio function.
Case HD(Λι) = 1. Let J0, J1 and J2 be distinct leaf segments such that J0

and J1 have a common endpoint, and J1 and J2 have also a common endpoint.
Let the cross-ratio cr(J0, J1, J2) be given by
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cr(J0, J1, J2) =
1 + r(J1, J0)

r(J2, J0 ∪ J1 ∪ J2)
.

A similar argument to the one above gives that

1 − Cn|η(J0 ∪ J1 ∪ J2)| ≤
cr(h(J0), h(J1), h(J2))

cr(J0, J1, J2)
≤ 1 + Cn|η(J0 ∪ J1 ∪ J2)|,

where Cn ∈ R
+
0 converges to zero when n tends to infinity. Hence, by Theorem

5.4 (see also Pinto and Rand [165]), we obtain that r is a stable transversely
affine ratio function. Therefore, the ratio function r determines an affine atlas
A(r) on the ι-leaf segments such that the holonomies and f are affine. Thus,
the atlas B(r), on the train-track Tf , induced by A(r) is an affine atlas such
that the arc exchange system is affine and the Markov map is also affine.
Therefore, the arc exchange system is an affine fixed point of renormalization.

12.6 Further literature

The works of Masur [80], Penner [149], Thurston [234] and Veech [235] show
a strong link between affine interval exchange maps and Anosov and pseudo-
Anosov maps. E. Ghys and D. Sullivan (see Cawley [21]) observed that Anosov
diffeomorphisms on the torus determine circle diffeomorphisms that have an
associated renormalization operator. Denjoy [25] has shown the existence of
upper bounds for the smoothness of Denjoy maps. Harrison [45] has conjec-
tured that there are no C1+γ Denjoy maps with γ > HD. This conjecture has
been proved, partially, by Norton in [105] and by Kra and Schmeling in [67].
This chapter is based on Pinto, Rand and Ferreira [171] and [172].



13

Golden tilings (in collaboration with
J.P. Almeida and A. Portela)

We prove a one-to-one correspondence between: (i) Pinto’s golden tilings;
(ii) smooth conjugacy classes of golden diffeomorphisms of the circle that
are fixed points of renormalization; (iii) smooth conjugacy classes of Anosov
difeomorphisms, with an invariant measure absolutely continuous with re-
spect to the Lebesgue measure, that are topologically conjugated to the
Anosov automorphism GA(x, y) = (x + y, x); and (iv) solenoid functions.
The solenoid functions give a parametrization of the infinite dimensional
space consisting of the mathematical objects described in the above equiv-
alences.

13.1 Golden difeomorphisms

We will denote by S a clockwise oriented circle homeomorphic to the cir-
cle S

1 = R/(1 + γ)Z, with γ equal to the inverse of the golden number(
1 +

√
5
)
/2. An arc in S is the image of a non trivial interval I in R by

an homeomorphism α : I → S. If I is closed (resp. open) we say that α(I) is
a closed (resp. open) arc in S. We denote by (a, b) (resp. [a, b]) the positively
oriented open (resp. closed) arc on S starting at the point a ∈ S and ending at
the point b ∈ S. A C1+ atlas A of S is a set of charts such that (i) every small
arc of S is contained in the domain of some chart in A, and (ii) the overlap
maps are C1+α compatible, for some α > 0.

A C1+ golden diffeomorphism is a triple (g, S,A) where g is a C1+ dif-
feomorphism, with respect to the C1+α atlas A, for some α > 0, and g is
quasi-symmetric conjugated to the rigid rotation rγ : S

1 → S
1, with rotation

number equal to γ. In order to simplify the notation, we will denote the C1+

golden diffeomorphism (g, S,A) only by g.
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Fig. 13.1. The equivalence relation in S that gives rise to the train-track T .

13.1.1 Golden train-track

Let us mark a point in S, that we will denote by 0 ∈ S, from now on. Let
A =

[
g(0), g2(0)

]
be the oriented closed arc in S, with endpoints g(0) and g2(0)

and containing the point 0. Let B =
[
g2(0), g(0)

]
be the oriented closed arc in

S, with endpoints g(0) and g2(0) and not containing the point 0. We introduce
an equivalence relation ∼ in S by identifying the points g(0) and g2(0). We call
the oriented topological space T (S, g) = S/ ∼ by train-track (see Figure 13.1).
We consider T = T (S, g) equipped with the quotient topology. Let πg : S → T
be the natural projection. We call the point πg(g(0)) = πg(g2(0)) ∈ T the
junction ξ of the train-track T . Let AT = AT (S, g) ⊂ T be the projection by
πg of the closed arc A, and let BT = BT (S, g) ⊂ T be the projection by πg of
the closed arc B. A parametrization in T is the image of a non trivial interval
I in R by a homeomorphism α : I → T satisfying the following restrictions:

(i) if ξ ∈ α(I), there exists δ0 > 0 such that for all 0 < δ < δ0, the points
α(x − δ) and α(x + δ) do not belong simultaneously to BT , where
x = α−1(ξ).

If I is closed (resp. open) we say that α(I) is a closed (resp. open) arc in T .
A chart in T is the inverse of a parametrization. A topological atlas B on the
train-track T is a set of charts {(j, J)} on the train-track with the property
that every small arc is contained in the domain of a chart in B, i.e. for any
open arc K on the train-track and any x ∈ K there exists a chart {(j, J)} ∈ B
such that J ∩ K is a non trivial open arc on the train-track and x ∈ J ∩ K.
A C1+ atlas B in T is a topological atlas B such that the overlap maps are
C1+α and have uniformly C1+α bounded norm, for some α > 0.
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13.1.2 Golden arc exchange systems

The construction of the arc exchange systems, that we now present, is inspired
in Rand’s commuting pairs (see Rand [189]) and in Pinto-Rand’s complete set
of holonomies (see Pinto and Rand [165] and §13.2.2).
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Fig. 13.2. The arc exchange maps for the train-track T = T (S, g).

The C1+ golden diffeomorphism g : S → S determines three maximal dif-
feomorphisms g(A,A), g(A,B) and g(B,B), on the train-track, with the property
that the domain and the counterdomain of each diffeomorphism are either
contained in A or in B, as we now describe: let ID

(A,A) be the arc πg([0, g2(0)]),
let ID

(A,B) be the arc πg([g(0), 0]), and let ID
(B,B) be the arc πg([g2(0), g(0)]).

Let IC
(A,A) be the arc πg([g(0), g3(0)]), let IC

(A,B) be the arc πg([g2(0), g(0)]),
and let IC

(B,B) be the arc πg([g3(0), g2(0)]). Let g(A,A) : ID
(A,A) → IC

(A,A) be the
homeomorphism determined by g(A,A)◦πg = πg◦g, let g(A,B) : ID

(A,B) → IC
(A,B)

be the homeomorphism determined by g(A,B) ◦ πg = πg ◦ g, and let g(B,B) :
ID
(B,B) → IC

(B,B) be the homeomorphism determined by g(B,B)◦πg = πg◦g. We
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call these maps and their inverses by arc exchange maps. The arc exchange
system

E(g) = E(S, g) =
{

g(A,A), g
−1
(A,A), g(A,B), g

−1
(A,B), g(B,B), g

−1
(B,B)

}

is the union of all arc exchange maps defined with respect to the train-track
T (S, g) (see Figure 13.2).
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Fig. 13.3. Construction of the chart j : J → R in case (ii).

Let A be an atlas in S for which g is C1+. We are going to construct an atlas
B in the golden train-track that is the extended pushforward BA = (πg)∗ A of
the atlas A in S. If x ∈ T\{ξ}, then there exists a sufficiently small open arc
J , containing x, such that π−1

g (J) is contained in the domain of some chart
(I, i) in A. In this case, we define (J, i ◦ π−1

g ) as a chart in B. If x = ξ and J
is a small arc containing ξ, then either (i) π−1

g (J) is an arc in S or (ii) π−1
g (J)

is a disconnected set that consists of a union of two connected components.
In case (i), π−1

g (J) is connected and we define
(
g, i ◦ π−1

g

)
as a chart in B. In

case (ii), π−1
g (J) is a disconnected set that is the union of two connected arcs

J1 and J2 of the form
(
b, g2(0)

]
and [g(0), a), respectively (see Figure 13.3).

Let (I, i) ∈ A be a chart such that I ⊃ (b, g(a)). We define j : J → R as
follows:

j(x) =
{

i ◦ π−1
g (x), if x ∈ πg((b, g2(0)])

i ◦ g ◦ π−1
g (x), if x ∈ πg([g(0), a))

We call the atlas determined by these charts, the extended pushforward atlas
of A and, by abuse of notation, we will denote it by BA = (πg)∗ A.
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Definition 13.1. An arc exchange system E is C1+ in the train-track T , with
respect to a C1+ atlas B, if the following properties are satisfied:

(i) There is a quasi-symmetric homeomorphism h : T
(
S

1, rγ

)
→ T

that conjugates the exchange maps e ∈ E with the exchange maps
e ∈ E

(
S

1, rγ

)
, with respect to the atlas Biso.

(ii) If e ∈ E, then e is a C1+α diffeomorphism, with respect to the
charts in B, for some α > 0.
(iii) If e1 : I1 → J1 and e2 : I2 → J2 in E are such that (a) I = I1 ∪ I2

and J = J1 ∪ J2 are arcs, (b) I1 ∩ I2 is a single point {p} and (c)
e1(p) = e2(p), then the map e : I → J defined by e|I1 = e1 and e|I2 =
e2 is a C1+α diffeomorphism with respect the charts in B, for some
α > 0. (It follows that J = J1 ∩ J2 is the single point e1(p) = e2(p).)

Let us consider the rigid rotation rγ : S
1 → S

1 with the atlas Aiso given
by the local isometries with respect to the natural metric in S

1 induced by
the Euclidean metric in R. The arc exchange system E

(
S

1, rγ

)
is rigid with

respect to the extended pushforward atlas Biso =
(
πrγ

)
∗ Aiso, i.e. the maps

e ∈ E(S1, rγ) are translations in Biso.

Lemma 13.2. (i) If g is a C1+ golden diffeomorphism with respect to
a C1+ atlas A, then the arc exchange system E(g) is C1+ with respect
to the extended pushforward BA = (πg)∗ A of the C1+ atlas A.
(ii) If E is a C1+ arc exchange system with respect to a C1+ atlas
B, then the golden homeomorphism g(E) is C1+ with respect to the
pullback AB = (πg)

∗ B of the C1+ atlas B.

Proof. Lemma 13.2 follows from the above construction of the arc exchange
system E, and the definition of the extended pushforward atlas BA = (πg)∗ A.

13.1.3 Golden renormalization

Feigenbaum [33, 34] and Coullet and Tresser [23] introduced renormalization
for unimodal maps. The operator for general rotations was first defined in
Rand et al. [196]. Sullivan pointed out that Rg has a smooth atlas, corre-
sponding to the fact that the renormalization operator acts on the space of
commuting pairs as introduced in Rand [188, 191]. Here, we follow a new, but
equivalent, construction.

The renormalization of (g, S,A) is the triple (Rg, AT ,B|AT
) (see Figure

13.4), where (i) the circle AT = [g(0), g2(0)]/ ∼ is taken with the orientation
of [g(0), g2(0)], from right to left, i.e. with the original orientation in the
train-track reversed, (ii) B|AT

is the restriction of the atlas B to AT , and (iii)
Rg : AT → AT is the map given by
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Fig. 13.4. The renormalization (Rg, AT ,B|AT ).

Rg(x) =

{
g(A,A)(x), if x ∈ ID

(A,A)

g(B,A) ◦ g(A,B)(x), if x ∈ ID
(A,B)

(13.1)

For simplicity, we will refer to the renormalization (Rg, RS, RA) =
(Rg, AT ,B|AT

) by renormalization of g, and we will denote it, for simplic-
ity of notation, by Rg.

Let F be the set of all C1+ golden diffeomorphisms (g, S,A).

Lemma 13.3. The renormalization Rg of a C1+ golden diffeomorphism g is a
C1+ golden diffeomorphism, i.e. there is a well defined map R : F → F given
by R(g) = Rg. In particular, the renormalization Rrγ of the rigid rotation is
the rigid rotation rγ .

Proof. Let us consider the rigid rotation rγ : S
1 → S

1 with the atlas Aiso given
by the local isometries, with respect to the natural metric in S

1 induced by the
Euclidean metric in R. Then, there is an affine map h : S

1 → AT , with respect
to the atlas Aiso in S

1 and the atlas Biso|A in AT , uniquely determined by
h(0) = πrγ (0) ∈ AT . The map h is an affine conjugacy between

(
rγ , S1,Aiso

)

and
(
Rrγ , AT ,Biso|AT

)
. If g : S → S is a C1+ golden diffeomorphism, then

there is a unique quasi-symmetric homeomorphism ψ : S → S
1 conjugating

g with the golden rigid rotation such that ψ(0) = [0] ∈ S
1. Hence, πg ◦ ψ|A

is a topological conjugacy between Rg and Rrγ . Since Rrγ is the golden rigid
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rotation, we get that Rg is also quasi-symmetric conjugated to the golden
rigid rotation. Since Rg is C1+ with respect to the atlas B|A, we get that Rg

is a C1+ golden diffeomorphism.

The marked point 0 ∈ S determines a marked point πg(0) in the circle
AT = RS. Since Rg is homeomorphic to a golden rigid rotation, there exists
h : S → RS, with h(0) = πg(0), such that h conjugates g and Rg.

Definition 13.4. If h : S → RS is C1+, we call g a C1+ fixed point of
renormalization. We will denote by R ⊂ F the set of all C1+ fixed points of
renormalization.

We note that the rigid rotation rγ , with respect to the atlas Aiso, is an affine
fixed point of renormalization. Hence, rγ ∈ R.

13.1.4 Golden Markov maps

Let (g, S,A) be a C1+ golden diffeomorphism and (Rg, RS, RA) =
(Rg, AT ,B|AT

) its renormalization. Let T = T (S, g) and RT = T (RS, Rg)
be the golden train-tracks determined by the C1+ golden diffeomorphisms g
and Rg, respectively. Let B and RB be the atlas in the train-tracks T and RT ,
that are the extended pushforwards of the atlases A and RA, respectively. Let
E(g) be the arc exchange system determined by the golden diffeomorphism g.

Let the map dM̃A : AT ⊂ T → RT be defined by M̃A(x) = πRg (x). The
image M̃A (AT ) is the set RT . Let the map dM̃B : BT ⊂ T → RT be defined
by M̃B(x) = πRg ◦ g(B,B)(x). The image of the transformation M̃B(S,g) is the
set ART . The map M̃g : T → RT is defined as follows:

M̃g(x) =
{

M̃A(x), if x ∈ AT

M̃B(x), if x ∈ BT
.

The map M̃g is a local homeomorphism, and M̃g is C1+ with respect to the
atlas B in T and the atlas RB in RT .

Let h be the homeomorphism that conjugates g and Rg sending the marked
point 0 of g in the marked point 0 of Rg. This homeomorphism induces a
homeomorphism h̃ : T → RT such that h̃ ◦ πg(x) = πRg ◦ h(x), for all x ∈ S.
Let the Markov map Mg : T → T associated to g ∈ F be defined by Mg =
h̃−1 ◦ M̃g. In particular, Mrγ is an affine map with respect to the atlas Biso

(see Figure 13.5).

Lemma 13.5. The diffeomorphism g is a fixed point of renormalization if,
and only if, the Markov map Mg associated to (g, S,A) is a C1+ local diffeo-
morphism with respect to the atlas B = (πg)∗ A.

Proof. If g is a C1+ fixed point of renormalization, then the conjugacy h : S →
RS is a C1+ diffeomorphism. Hence, h̃ : T → RT is a C1+ diffeomorphism.
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Fig. 13.5. The golden Markov map Mrγ with respect to the atlas Biso.

Since M̃ : T → RT is a C1+ local diffeomorphism, we obtain that Mg = h̃−1 ◦
M̃ is a C1+ local diffeomorphism. Conversely, let M̃ be a local diffeomorphism.
For every small enough train-track arc J ⊂ T , let M−1

J be the inverse of
M |J . Hence, the map h̃|J = M̃ ◦ M−1

J is a C1+ diffeomorphism onto its
image. Therefore, h̃ is a C1+ diffeomorphism with respect to the atlas B
in T and RB in RT , which implies that the map h : S → RS, defined by
h ◦ πg(x) = πRg ◦ h(x) is also a C1+ diffeomorphism with respect to the
atlases A in S and RA in RS.

13.2 Anosov diffeomorphisms

The (golden) Anosov automorphism GA : T → T is given by GA(x, y) = (x +
y, x), where T is equal to R

2/(vZ×wZ) with v = (γ, 1) and w = (−1, γ). Let π :
R

2 → T be the natural projection. Let A and B be the rectangles [0, 1]× [0, 1]
and [−γ, 0] × [0, γ] respectively (see Figure 13.6). A Markov partition MA

of GA is given by π(A) and π(B). The unstable manifolds of GA are the
projection by π of the vertical lines of the plane, and the stable manifolds of
GA are the projection by π of the horizontal lines of the plane.

A C1+ (golden) Anosov diffeomorphism G : T → T is a C1+α, with
α > 0, diffeomorphism such that (i) G is topologically conjugated to GA; (ii)
the tangent bundle has a C1+α hyperbolic splitting into a stable direction and
an unstable direction. We denote by CG the C1+ structure on T in which G
is a C1+ diffeomorphism. A Markov partition MG of G is given by h(π(A))
and h(π(A)), where h is the topological conjugacy between GA and G. Let
dρ be the distance on the torus T, determined by a Riemannian metric ρ.
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Fig. 13.6. The golden automorphism GA.

13.2.1 Golden diffeomorphisms

Let G be a C1+ Anosov diffeomorphism. For each Markov rectangle R, let
tsR be the set of all unstable spanning leaf segments of R. Thus, by the local
product structure, one can identify tsR with any stable spanning leaf segment
	s(x,R) of R. We form the space SG by taking the disjoint union

⊔
π(A),π(B) tsR

(where π(A) and π(B) are the Markov rectangles of the Markov partition
MG) and identifying two points I ∈ tsR and J ∈ tsR′ if (i) R �= Rι, (ii) the
unstable leaf segments I and J are unstable boundaries of Markov rectangles,
and (iii) int(I ∩ J) �= ∅. The space SG is topologically a clockwise oriented
circle. Let πSG

:
⊔

R∈MG
R → SG be the natural projection sending x ∈ R to

the point 	u(x,R) in SG.
Let IS be an arc of SG and I a leaf segment such that πSg (I) = IS. The

chart i : I → R in L = Ls(G, ρ) determines a circle chart iS : IS → R for
IS given by iS ◦ πSG

= i. We denote by A(G, ρ) the set of all circle charts iS
determined by charts i in L = Ls(G, ρ). Given any circle charts iS : IS → R

and jS : JS → R, the overlap map jS ◦ i−1
S

: iS(IS ∩ JS) → jS(IS ∩ JS) is equal
to jS ◦ i−1

S
= j ◦ θ ◦ i−1, where i = iS ◦ πSG

: I → R and j = jS ◦ πSG
: J → R

are charts in L, and

θ : i−1(iS(IS ∩ JS)) → j−1(jS(IS ∩ JS))

is a basic stable holonomy. By Lemma 4.1, there exists α > 0 such that, for
all circle charts iS and jS in A(G, ρ), the overlap maps jS ◦ i−1

S
= j ◦ θ ◦ i−1

are C1+α diffeomorphisms with a uniform bound in the C1+α norm, for some
α > 0. Hence, A(G, ρ) is a C1+ atlas.
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Suppose that I and J are stable leaf segments and θ : I → J a holonomy
such that, for every x ∈ I, the unstable leaf segments with endpoints x and
θ(x) cross once, and only once, an stable boundary of a Markov rectangle.
We define the arc rotation map θ̃G : πS(I) → πS(J), associated to θ, by
θ̃G(πS(x)) = πS(θ(x)). By Theorem 1.6 (see also Pinto and Rand [164]), there
exists α > 0 such that the holonomy θ : I → J is a C1+α diffeomorphism, with
respect to the C1+ lamination atlas L(G, ρ). Hence, the arc rotation maps θ̃G

are C1+ diffeomorphisms, with respect to the C1+ atlas A(G, ρ).

Lemma 13.6. There is a well-defined C1+ golden diffeomorphism gG, with
respect to the C1+ atlas A(G, ρ), such that g|πSG

= θ̃, for every arc rotation
map θ̃. In particular, if GA is the Anosov automorphism, then g is the golden
rigid rotation rγ , with respect to the isometric atlas Aiso = A(GA, E), where
E corresponds to the Euclidean metric in the plane.

Proof. Let us consider the Anosov automorphism GA and lamination atlas
Liso = Ls(GA, E). Let Aiso = A(GA, E) be the atlas in SA determined by
Liso. The overlap maps of the charts in Aiso are translations, and the arc
rotation maps θ̃A : πSA

(I) → πSA
(J), as defined above, are also translations,

with respect to the charts in Aiso. Furthermore, the rigid golden rotation rγ :
SA → SA, with respect to the atlas Aiso, has the property that rγ |πSA

(I) = θ̃A.
Hence, for every Anosov diffeomorphism G, let h : T → T be the topological
conjugacy between GA and G. Let g : SG → SG be the map determined by
g ◦ πG ◦ h(x) = rγ ◦ πGA

(x), with rotation number γ. Since the arc rotation
maps θ̃G = πSG

(I) → πSG
(J) are C1+, with respect to the atlas A(G, ρ) and

g|πSG
(I) = θ̃G, we obtain that g is a C1+ diffeomorphism.

13.2.2 Arc exchange system

Roughly speaking, train-tracks are the optimal leaf-quotient spaces on which
the unstable and stable Markov maps induced by the action of G on leaf
segments are local homeomorphisms.

Let G be a C1+ Anosov diffeomorphism. For each Markov rectangle R,
let tsR be the set of unstable spanning leaf segments of R. Thus, by the local
product structure one can identify tsR with any stable spanning leaf segment
	s(x,R) of R. We form the space TG by taking the disjoint union

⊔
π(A),π(B) tsR

(where π(A) and π(B) are the Markov rectangles of the Markov partition
MG) and identifying two points I ∈ tsR and J ∈ tsR′ if (i) the unstable leaf
segments I and J are unstable boundaries of Markov rectangles and (ii) int(I∩
J) = ∅. This space is called the stable train-track and it is denoted by TG.

Let πTG
:
⊔

R∈MG
R → TG be the natural projection sending x ∈ R to

the point 	u(x,R) in TG. A topologically regular point I in TG is a point with
a unique preimage under πTG

(that is the preimage of I is not a union of
distinct unstable boundaries of Markov rectangles). If a point has more than
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one preimage by πTG
, then we call it a junction. Hence, there is only one

junction.
By construction, the Anosov train-track TG is topologically equivalent

to the golden train-track TgG
determined by the C1+ golden diffeomorphism

gG ∈ F .
We say that IT is a stable train-track segment of TG, if there is an stable

leaf segment I, not intersecting stable boundaries of Markov rectangles, such
that πTG

|I is an injection and πTG
(I) = IT .

A chart i : I → R in Ls(G, ρ) determines a train-track chart iB : IT → R

for IT given by iT ◦πTG
= i. We denote by B = B(G, ρ) the set of all train-track

charts iT determined by charts i in L = L(G, ρ). Given any train-track charts
iT : IT → R and jT : JT → R in B, the overlap map jT ◦ i−1

T : iT (IT ∩ JT ) →
jT (IT ∩ JT ) is equal to jT ◦ i−1

T = j ◦ θ ◦ i−1, where i = iT ◦ πTG
: I → R and

j = jT ◦ πTG
: J → R are charts in L, and

θ : i−1(iT (IT ∩ JT )) → j−1(jT (IT ∩ JT ))

is a basic stable holonomy. By Lemma 4.1, there exists α > 0 such that, for all
train-track charts iT and jT in B(G, ρ), the overlap maps jT ◦ i−1

T = j ◦ θ ◦ i−1

have C1+α diffeomorphic extensions with a uniform bound in the C1+α norm.
Hence, B(G, ρ) is a C1+α atlas in TG.

Suppose that M and N are Markov rectangles, and x ∈ int(M) and y ∈
int(N). We say that x and y are stable holonomically related , if (i) there is an
stable leaf segment 	u(x, y) such that ∂	u(x, y) = {x, y}, and (ii) 	u(x, y) ⊂
	u(x,M) ∪ 	u(y,N). Let P = PM be the set of all pairs (M,N) such that
there are points x ∈ int(M) and y ∈ int(N) unstable holonomically related.

For every Markov rectangle M ∈ MG, choose a stable spanning leaf seg-
ment 	(x,M) in M for some x ∈ M . Let I = {	M : M ∈ M}. For every pair
(M,N) ∈ P , there are maximal leaf segments 	D

(M,N) ⊂ 	M , 	C
(M,N) ⊂ 	N such

that the stable holonomy h(M,N) : 	D
(M,N) → 	C

(M,N) is well-defined. We call
such holonomies h(M,N) : 	D

(M,N) → 	C
(M,N) the stable primitive holonomies as-

sociated to the Markov partition MG. The complete set of stable holonomies
HG consists of all stable primitive holonomies and their inverses.

Definition 13.7. A complete set of stable holonomies HG is C1+zygmund if,
and only if, all holonomies in HG are C1+zygmund, with respect to the atlas
Ls(G, ρ).

Let hG : T → T be the topological conjugacy between the Anosov au-
tomorphism GA and G. The rectangles hG ◦ π(A) and hG ◦ π(B) form a
Markov partition for G. In Figure 13.7, we exhibit the complete set of stable
holonomies

HG =
{

h(A,A), h
−1
(A,A), h(A,B), h

−1
(A,B), h(B,A), h

−1
(B,A)

}

associated to the Markov partition MG = {π(A), π(B)} of G.
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Fig. 13.7. A complete set of stable holonomies HG associated to the Markov par-
tition MG.

For every h(M,N) : 	D
(M,N) → 	C

(M,N) in HG, let ID
(M,N) = πTG

(	D
(M,N)) and

IC
(M,N) = πTG

(	C
(M,N)). Let e(M,N) : ID

(M,N) → IC
(M,N) be the arc exchange

map determined by πTG
◦ h(M,N) = e(M,N) ◦ πTG

. We denote by EG the set
of all arc exchange maps and their inverses,

EG =
{

e(A,A), e
−1
(A,A), e(A,B), e

−1
(A,B), e(B,A), e

−1
(B,A)

}
.

Lemma 13.8. For every G ∈ G, the arc exchange system E (gG), with respect
to the atlas B = (πgG

)∗ A(G, ρ), is C1+ conjugate to EG, with respect to the
atlas B(G, ρ).

Proof. The construction, in §13.1.2, of the extended pushforward atlas B =
(πgG

)∗ A of A(G, ρ) coincides, up to smooth equivalence of charts, with the
construction, in this section, of the atlas B(G, ρ).

13.2.3 Markov maps

The (stable) Markov map MG : TG → TG is the mapping induced by the
action of G on unstable spanning leaf segments, that it is defined as follows: if
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I ∈ TG, MG(I) = πTG
(G(I)) is the unstable spanning leaf segment containing

G(I). This map MG is a local homeomorphism because G sends short stable
leaf segments homeomorphically onto short stable leaf segments.

For n ≥ 1, an n-cylinder is the projection into TG of an stable leaf n-
cylinder segment. Thus, each Markov rectangle in T projects in a unique
primary stable leaf segment in TG.

Given a topological chart (e, U) on the train-track TG and a train-track
segment C ⊂ U , we denote by |C|e the length of e(C). We say that MG has
bounded geometry in a C1+ atlas B, if there is κ1 > 0 such that, for every
n-cylinder C1 and n-cylinder C2 with a common endpoint with C1, we have
κ−1

1 < |C1|e/|C2|e < κ1, where the lengths are measured in any chart (e, U)
of the atlas such that C1 ∪C2 ⊂ U . We note that MG has bounded geometry,
with respect to a C1+ atlas B, if, and only if, there are κ2 > 0 and 0 < ν < 1
such that |C|e ≤ κ2ν

n, for every n-cylinder and every e ∈ B.
By Lemma 4.2, we obtain that MG is a C1+ local diffeomorphism and has

bounded geometry in B(G, ρ).

Lemma 13.9. For every G ∈ G, the C1+ golden diffeomorphism gG is a C1+

fixed point of renormalization, with respect to the atlas B(G, ρ).

Proof. For every G ∈ G, let gG be the C1+ golden diffeomorphism, with
respect to the atlas B(G, ρ). Since MG is a C1+ Markov map with bounded
geometry, with respect to the atlas B(G, ρ), by Lemma 13.5, we obtain that
gG is a C1+ fixed point of renormalization.

13.2.4 Exchange pseudo-groups

The elements θ̃ of the stable exchange pseudo-group on TG are the mappings
defined as follows: suppose that I and J are stable leaf segments and θ :
I → J a holonomy. Then, it follows from the definition of the stable train-
track TG that the map θ̃ : πB(I) → πB(J) given by θ̃(πB(x)) = πB(θ(x)) is
well-defined. The collection of all such local mappings forms the basic stable
exchange pseudo-group in TG.

Lemma 13.10. The elements of the exchange pseudo-group in TG are C1+,
with respect to an atlas B, if, and only if, the arc exchange system is C1+,
with respect to the atlas B.

Proof. The elements of the exchange pseudo-group in TG can be written as
compositions of elements of the arc exchange system, using property (iii) in
Definition 13.1. Hence, if the exchange pseudo-group is C1+, then the elements
of the arc exchange system are C1+, with respect to an atlas B, and vice-versa.



174 13 Golden tilings (in collaboration with J.P. Almeida and A. Portela)

13.2.5 Self-renormalizable structures

The C1+ structure S on TG is an stable self-renormalizable structure, if there
is a C1+ atlas B in this structure, with the following properties:

(i) the Markov map MG is a C1+α local diffeomorphism, for some α > 0,
and has bounded geometry with respect to B.

(ii) The elements of the basic exchange pseudo-group are C1+α local dif-
feomorphisms, for some α > 0, with respect to B.

Lemma 13.11. There is a one-to-one correspondence between C1+ golden
diffeomorphisms, that are C1+ fixed points of renormalization, and C1+ self
renormalizable structures S.

Proof. Let S be a C1+ self-renormalizable structure and B a C1+ atlas of
S. By Lemma 13.10, the C1+ self-renormalizable structure S determines a
C1+ arc exchange system ES , with respect to B. By Lemma 13.2, g(ES) is a
C1+ golden diffeomorphism, with respect to the pullback atlas A = (πg)

∗ B
of the C1+ atlas B. The C1+ self-renormalizable structure S determines, also,
a C1+ Markov map MS with respect to B. Hence, by Lemma 13.5, g(ES) is
a C1+ fixed point of renormalization. Conversely, let us suppose that g is a
C1+ fixed point of renormalization, with respect to a C1+ atlas A of S. Since
g is a C1+ fixed point of renormalization, by Lemma 13.5, g determines a C1+

Markov map Mg, with respect to the extended pushforward atlas B = (πg)∗ A
of the C1+ atlas A. By Lemma 13.2, g determines a C1+ arc exchange system
E(g), with respect to the atlas B. By Lemma 13.10, the C1+ arc exchange
system E(g) determines a C1+ exchange pseudo-group, and so the C1+ atlas
B determines a C1+ self-renormalizable structure S that contains B.

Lemma 13.12. The map G → g(G) is a one-to-one correspondence between
C1+ conjugacy classes of C1+ Anosov diffeomorphisms G ∈ G and C1+ con-
jugacy classes of C1+ golden diffeomporphisms gG ∈ R that are C1+ fixed
points of renormalization.

Proof. By Theorem 10.19, the map G → S(G) determines a one-to-one cor-
respondence between C1+ Anosov diffeomorphisms, with an invariant mea-
sure absolutely continuous with respect to the Lebesgue measure, and C1+

self-renormalizable structures on TG. By Lemma 13.11, there is a one-to-one
correspondence between C1+ golden diffeomorphisms g(S(G)), that are C1+

fixed points of renormalization and C1+ self-renormalizable structures S(G).

13.3 HR structures

Pinto-Rand’s HR structure associates an affine structure to each stable and
unstable leaf segment in such a way that these vary Hölder continuously with
the leaf and are invariant under GA.
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Let G be a C1+ Anosov diffeomorphism, and let Lu(G, ρ) be an unstable
lamination atlas associated to a Riemannian metric ρ. If I is a stable leaf
segment, then by |I| = |I|ρ, we mean the length of the stable leaf containing
I, measured using the Riemannian metric ρ. Let h : T → T be the topological
conjugacy between the automorphism GA and the Anosov diffeomorphism G.
Using the mean value theorem and the fact that G is C1+α, for some α > 0,
for all short unstable leaf segments K of GA and all leaf segments I and J
contained in K, the unstable realized ratio function rG given by

rG(I : J) = lim
n→∞

|G−n(h(I))|
|G−n(h(J))|

is well-defined. By Theorem 10.16, we get the following equivalence:

Theorem 13.13. The map G → rG determines a one-to-one correspondence
between C1+ conjugacy classes of Anosov diffeomorphisms, with an invariant
measure that is absolutely continuous with respect to the Lebesgue measure,
and unstable ratio functions.

Let sol denote the set of all ordered pairs (I, J) of unstable spanning leaf
segments of Markov rectangles, such that the intersection of I and J consists
of a single endpoint.

By Lemma 3.3, the map r → r|sol gives a one-to-one correspondence
between unstable ratio functions and unstable solenoid functions.

Let SOL be the set consisting of all unstable solenoid functions. The set
SOL has a natural metric. Combining Theorem 13.13 with Lemma 3.3, we
obtain the following corollary.

Corollary 13.14. The map G → rG|sol determines a one-to-one correspon-
dence between C1+ conjugacy classes of Anosov diffeomorphisms, with an in-
variant measure that is absolutely continuous with respect to the Lebesgue
measure, and unstable solenoid functions in SOL.

13.4 Fibonacci decomposition

The Fibonacci numbers F1, F2, F3, . . ., are inductively given by the well-
known relation Fn+2 = Fn+1 + Fn, n ≥ 1, where F1 and F2 are both equal to
1. We say that a finite sequence Fn0 , . . . , Fnp is a Fibonacci decomposition of
a natural number i ∈ N, if the following properties are satisfied:

(i) i = Fnp + · · · + Fn0 ;
(ii) Fnk

is the biggest Fibonacci number smaller than i−
(
Fnp + · · · + Fnk+1

)

for every 0 ≤ k ≤ p;
(iii) If Fn0 = F1 then n1 is even, and if Fn0 = F2 then n1 is odd.
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Like this, every natural number i ∈ N has a unique Fibonacci decomposi-
tion.

We define the Fibonacci shift σF : N → N as follows: For every i ∈ N

let Fn0 , Fn1 , . . . , Fnp be the Fibonacci decomposition associated to i, i.e.
i = Fnp + . . . + Fn0 . We define σF (i) = Fnp+1 + · · · + Fn0+1. Hence, let-
ting Fn0 , Fn1 , . . . , Fnp be the Fibonacci decomposition associated to i ∈ N, if
Fn0 �= F1 then σ−1

F (i) = Fnp−1+ · · ·+Fn0−1, and if Fn0 = F1 then σ−1
F (i) = ∅.

For simplicity of notation, we will denote σF (i) by σ(i).

13.4.1 Matching condition

The matching condition is linked to the invariance under the Anosov dy-
namics of the affine structures along the unstable leaves, as we will make it
clear in §13.3 (see the geometric interpretation of the matching condition in
Figure 13.10). Let L = {i ∈ N : i ≥ 2}. We say that a sequence (ai)i∈L

satisfies the matching condition, if, for every i = Fnp + · · ·+Fn0 , the following
conditions hold:

(i) If Fn0 = F1 or, Fn0 = F3 and n1 odd, then

aσ(i) = ai

(
aσ(i)+1 + 1

)−1
.

(ii) If Fn0 = F2 or, n0 > 3 and even, then

aσ(i) = ai

(
a−1

σ(i)−1 + 1
)

.

(iii) If Fn0 = F3 and n1 even or n0 > 3 and odd, then

aσ(i) =
ai

(
1 + aσ(i)−1

)

aσ(i)−1

(
1 + aσ(i)+1

) .

Therefore, every sequence (bi)i∈L\σ(L) determines, uniquely, a sequence (ai)i∈L

as follows: for every i ∈ L\σ(L), we define ai = bi and, for every i ∈ σ(L), we
define aσ(i) using the matching condition and the elements aj of the sequence
with j ∈ {j : 2 ≤ j < σ(i) ∨ j ∈ L} already determined.

13.4.2 Boundary condition

Similarly to the matching condition, the boundary condition is linked to the
affine structures along the boundaries of a Markov partition for the Anosov
dynamics, as we will make it clear in §13.3 (see the geometric interpretation
of the boundary condition in Figure 13.9). A sequence (ai)i∈L

satisfies the
boundary condition, if the following limits are well-defined and satisfy the
inequalities:

(i) limi→+∞ a−1
Fi+2

(
1 + a−1

Fi+1

)
�= 0;

(ii) limi→+∞ aFi (1 + aFi+1) �= 0.
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Fig. 13.8. The exponentially fast Fibonacci repetitive condition.

13.4.3 The exponentially fast Fibonacci repetitive property

The exponentially fast Fibonacci repetitive property is linked to the Hölder
continuity along transversals of the affine structures of the unstable leaves of
the Anosov diffeomorphism (see the geometric interpretation of the exponen-
tially fast Fibonacci repetitive property in Figure 13.8).

A sequence (ai)i∈L
is said to be exponentially fast Fibonacci repetitive, if

there exist constants C ≥ 0 and 0 < μ < 1 such that

|ai+Fn − ai| ≤ Cμn,

for every n ≥ 3 and 2 ≤ i < Fn+1.

13.4.4 Golden tilings

A tiling T = {Ii ⊂ R : i ∈ L} of the positive real line is a collection of tiling
intervals Ii, with the following properties:

(i) the tiling intervals are closed intervals;
(ii) the union ∪i∈L Ii is equal to the positive real line;
(iii) any two distinct intervals have disjoint interiors;
(iv) for every i ∈ L the intersection of the tiling intervals Ii and Ii+1 is

only a point, which is an endpoint, simultaneously, of both intervals.

The tilings T1 = {Ii ⊂ R : i ∈ L} and T2 = {Ji ⊂ R : i ∈ L} of the positive
real line are in the same affine class, if there exists an affine map h : R → R

such that h (Ii) = Ji, for every i ∈ L. Thus, every positive sequence (ai)i∈L
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determines a unique affine class of tilings T = {Ii ⊂ R : i ∈ L} such that
ai = |Ii+1| / |Ii|, and vice-versa.

Definition 13.15. A golden sequence (ai)i∈L
is an exponentially fast Fi-

bonacci repetitive sequence that satisfies the matching and the boundary con-
ditions. A tiling T = {Ii ⊂ R : i ∈ L} of the positive real line is golden, if the
corresponding sequence (ai = |Ii+1|/|Ii|)i∈L

is a golden sequence.

13.4.5 Golden tilings versus solenoid functions

Let W0 be the positive vertical axis. Hence, W = π(W0) is the unstable leaf
with only one endpoint z = π(0, 0) that is the fixed point of GA, and W passes
through all the unstable boundaries of the Markov rectangles A and B.

Recall that L = {i ∈ N : i ≥ 2}. Let K1 ∈ W be the union of all the
unstable boundaries of the Markov rectangles. Let K2, K3, . . . ∈ W be the
unstable leaves with the following properties: (i) Ki is an unstable spanning
leaf of a Markov rectangle, for every i ≥ 1; (ii) Ki ∩Ki+1 = {yi} is a common
boundary point of both Ki and Ki+1, for every i ≥ 1. By construction, the
set

L = {(Ki, Ki+1) , i ≥ 2}

is contained in sol and it is dense in sol.
For every golden tiling T = {Ii ⊂ R : i ∈ L} with associated golden se-

quence (ai)i∈L
, let σT : L → R

+ be defined by σT ((Ii, Ii+1)) = ai.

Theorem 13.16. The map T → σT gives a one-to-one correspondence be-
tween golden tilings and solenoid functions. In particular, if TR is the rigid
golden tiling, then σTR

is the solenoid function corresponding to the C1+ con-
jugacy class of the Anosov automorphism GA, i.e. σGA

= σTR
.

Proof. Let m : N0 → T be the marking defined by m(0) = G−1(y1) and
m(i) = yi, for every i ≥ 1. Let JA and JB be the boundaries of the rectangles
A and B in R

2, contained in the horizontal axis. There is a natural inclusion
inc : π (JA ∪ JB) → SA that associates to each point x ∈ π(JA) the point
	s(x,A) ∈ SA, and to each point x ∈ π(JB) the point 	s(x,B) ∈ SA. we
observe that (i) m(N0) ⊂ π(JA ∪ JB), (ii) inc ◦ m(0) = inc ◦ m(1), and (iii)
inc◦m(i) = gi

A(0), where 0 = πA(	(z,A)) = πA(	(z,B)) and gA is the golden
rigid rotation determined by the Anosov automorphism GA, with respect to
the atlas A(GA, E). The closest returns of gA to 0 are given by the sequence
gF2

A (0), gF3
A (0), . . ., where F2, F3, F4, ... is the Fibonacci sequence. Hence, if

Ki, Ki+1 ∈ πA(A), then i satisfies the condition (i) of the rigid golden tiling;
if Ki ∈ πA(A) and Ki+1 ∈ πA(B), then i satisfies the condition (ii) of the rigid
golden tiling; if Ki ∈ πA(B) and Ki+1 ∈ πA(A) then i satisfies the condition
(iii) of the rigid golden tiling. Hence, the golden sequence (ai)i∈N associated to
the rigid golden tiling TR has the property ri = Ki+1/Ki. Hence, σGA

= σTR
.
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Fig. 13.9. The boundary condition for the sequence A.

Now, let T = {Ii ⊂ R : i ∈ L} be a golden tiling with associated golden
sequence A = (ai)i∈L

. Since the tiling T satisfies the exponentially fast Fib-
bonaci repetitive property, we get that σT has a Hölder continuous extension
σ̂T to sol. Since the golden sequence A satisfies the matching condition (see
Figure 13.10), we get that σT satisfies the matching condition and, by conti-
nuity, its extension σ̂T also satisfies the matching condition. Let I l

M and Ir
M

be the left and right boundaries of the Markov rectangle M ∈ {A,B} (see
Figure 13.9). The leaf I1 is equal to I l

A ∪ I l
B and to Ir

A ∪ Ir
B . Let I0 be the

primary leaf segment with a single common endpoint with the primary leaf
segment I1. By the above construction, we have

|Ir
A| + |Ir

B |
|I0|

= σ (I0 : Ir
A) (1 + σ (Ir

A : Ir
B))

= lim
i→∞

aF2i (1 + aF2i+1)

and
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Fig. 13.10. The matching condition for the sequence A for the three possible cases:
condition (i) corresponds to Ii−1 ∈ B and Ii ∈ A; condition (ii) corresponds to
Ii−1 ∈ A and Ii ∈ B; condition (iii) corresponds to Ii−1 ∈ A and Ii ∈ A;

∣
∣I l

B

∣
∣ +

∣
∣I l

A

∣
∣

|I0|
= σ

(
I0 : I l

B

) (
1 + σ

(
I l
B : I l

A

))

= lim
i→∞

aF2i+1

(
1 + aF2i+1+1

)
,
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where (|Ir
A| + |Ir

B |) / |I0| and
(∣∣I l

B

∣
∣ +

∣
∣I l

A

∣
∣) / |I0| mean the ratios of these leaf

segments given by the solenoid function. Since the tiling T satisfies the bound-
ary condition (see Figure 13.9), we get that

|Ir
A| + |Ir

B |
|I0|

=

∣
∣I l

B

∣
∣ +

∣
∣I l

A

∣
∣

|I0|
. (13.2)

By the above construction, we have

|Ir
B | + |Ir

A|
|I2|

= σ (I2 : Ir
B) (1 + σ (Ir

B : Ir
A))

= lim
i→∞

a−1
F2i +2

(
1 + a−1

F2i +1

)

and
∣
∣I l

A

∣
∣ +

∣
∣I l

B

∣
∣

|I2|
= σ

(
I2 : I l

A

) (
1 + σ

(
I l
A : I l

B

))

= lim
i→∞

a−1
F(2i+1) +2

(
1 + a−1

F(2i+1) +1

)
.

Since the tiling T satisfies the boundary condition (see Figure 13.9) we get
that

|Ir
B | + |Ir

A|
|I2|

=

∣
∣I l

A

∣
∣ +

∣
∣I l

B

∣
∣

|I0|
. (13.3)

By the equalities (13.2) and (13.3), we obtain that sol is well-defined in
the unstable spanning leaf segments of the unstable boundaries of the Markov
rectangle and satisfy the boundary condition. Hence, a golden tiling T deter-
mines a Hölder solenoid function σ̂T : sol → R

+, and vice-versa.

13.4.6 Golden tilings versus Anosov diffeomorphisms

Let G be the set of all smooth Anosov difeomorphisms, with an invariant
measure absolutely continuous with respect to the Lebesgue measure, that are
topologically conjugated to the Anosov automorphism G(x, y) = (x + y, x).
Pinto et al. [154] proved that there is a one-to-one correspondence between

(i) golden tilings;
(ii) smooth conjugacy classes of golden diffeomorphism of the circle that

are fixed point of renormalization;
(iii) smooth conjugacy classes of Anosov difeomorphisms in G;
(iv) Pinto-Rand’s solenoid functions.

Pinto et al. [154] proved the existence of an infinite dimensional space of
golden tilings. However, we are only able to construct explicitly the following
golden tiling TR = {Im ⊂ R : m ∈ L}: for every i = Fnp + . . . + Fn0 ,
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(i) if Fn0 = F1 or, Fn0 = F3 and n1 odd, then ai = γ−1;
(ii) if Fn0 = F2 or, n0 > 3 and even, then ai = γ;
(iii) if Fn0 = F3 and n1 even or n0 > 3 and odd, then ai = 1.

We call TR the golden rigid tiling. Pinto et al. [154] proved that an
Anosov diffeomorphism G ∈ G with a C1+zygmund complete system of un-
stable holonomies corresponds to the rigid golden tiling.

13.5 Further literature

A. Pinto and D. Sullivan [175] proved a related result for C1+ conjugacy classes
of expanding circle maps (see also Apendix C). Pinto et al. [153] extend the
results of this chapter to Anosov diffeomorphisms. This chapter is based on
Pinto and Rand [161] and Pinto, Almeida and Portela [154].



14

Pseudo-Anosov diffeomorphisms in
pseudo-surfaces

There are diffeomorphisms on a compact surface S with uniformly hyper-
bolic 1 dimensional stable and unstable foliations if and only if S is a torus:
the Anosov diffeomorphisms. What is happening on the other surfaces? This
question leads to the study of pseudo-Anosov maps. Both Anosov and pseudo-
Anosov maps appear as periodic points of the geodesic Teichmüller flow Tt on
the unitary tangent bundle of the moduli space over S. We observe that the
points of pseudo-Anosov maps are regular (the foliations are like the ones for
the Anosov automorphisms) except for a finite set of points, called singulari-
ties, which are characterized by their number of prongs k. The stable and un-
stable foliations near the singularities are determined by the real and the imag-
inary parts of the quadratic differential

√
zk−2(dz)2. By a coordinate change

u(z) = zk/2 the quadratic differential zk−2(dz)2 gives rise to the quadratic
differential (du)2 and, in this new coordinates, the pseudo-Anosov maps are
uniform contractions and expansions of the stable and unstable foliations.
This fact inspired the construction of Pinto-Rand’s pseudo-smooth structures,
near the singularities, such that the pseudo-Anosov maps are smooth for this
pseudo-smooth structures, and have the property that the stable and unsta-
ble foliations are uniformly contracted and expanded by the pseudo-Anosov
dynamics. We define a pseudo-linear algebra, the first step in constructing
the notion of the derivative of a map at a singularity. In this way, we ob-
tain a pseudo-smooth structure at the singularity, leading to Pinto-Rand’s
pseudo-smooth manifolds, pseudo-smooth submanifolds, pseudo-smooth split-
tings and pseudo-smooth diffeomorphisms. The Stable Manifold Theorem, for
pseudo-smooth manifolds, is presented giving the associated pseudo-Anosov
diffeomorphisms.

14.1 Affine pseudo-Anosov maps

Let Ac be a conformal structure on a compact surface S. Two conformal
structures Ac and Bc are equivalent if, and only if, there is a conformal map
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h such that Ac = h∗(Bc). The moduli space MS = {[Ac]} has a natural
metric given by the minimal quasi-conformal distortion of the maps from the
elements of a class [Ac] to the elements of the other class [Bc].

The geodesic (Teichmüller) flow Tt on the unitary tangent bundle of the
moduli space has a dense set of periodic orbits. If the surface S is a torus,
then the periodic points correspond to Anosov automorphisms. If the surface
S is not a torus, then the periodic points correspond to pseudo-Anosov maps.

All the points of an Anosov automorphism are regular. The points of a
pseudo-Anosov maps are regular, except for a finite set of points called sin-
gularities. A regular point is locally characterized by a quadratic differential
(dz)2. The stable and unstable foliations are determined by the real and the
imaginary parts of

√
(dz)2 = ±dz.

The singularities of pseudo-Anosov maps are characterized by their num-
ber of prongs k. A k-prong singularity is locally characterized by a quadratic
differential zk−2(dz)2. The stable and unstable foliations are determined by
the real and the imaginary parts of

√
zk−2(dz)2. If the pseudo-Anosov map

has a singularity with an odd number of prongs, then the stable and unstable
foliations are non-orientable.

By a coordinate change u(z) = zk/2, the quadratic differential zk−2(dz)2

gives rise to the quadratic differential (du)2. In this new coordinates, the
pseudo-Anosov maps are locally affine contractions and expansions of the
stable and unstable foliations by λ−1 and λ, respectively.

How can we regard the image of u(z) = zk/2? The answer to this question
leads us to the construction of Pinto-Rand’s paper models, where the pseudo-
Anosov maps constructed above are affine.

14.2 Paper models Σk

Let H = {(x, y) ∈ R
2 : y ≥ 0} denote the upper half plane with the Euclidean

metric dE . Consider the space �j∈Zk
Hjπ which is the disjoint union of k copies

of H, with Zk = Z/kZ. Let the paper models Σk be the space obtained from
�j∈Zk

Hjπ by identifying (x, 0) ∈ H(j+1)π with (−x, 0) ∈ Hjπ, for all x ≥ 0.
Let s ∈ Σk be the point determined by (0, 0) ∈ Hjπ for every j ∈ Zk. The
Euclidean metric dE on the upper half planes Hjπ naturally define a flat metric
on Σk \ {s} which extends to a continuous metric dk on Σk (see Figure 14.1).

The map i : R → Σk is an isometry if, and only if, there is an isometry
iH : H → Σk such that iH(x, 0) = i(x), for all x ∈ R (see Figure 14.2).

We say that:

• l ⊂ Σk is a straight line in Σk if, and only if, there is an isometry i : R → Σk

such that l = i(R);
• la→b ⊂ Σk is a semi-straight line in Σk, with origin at a and passing

through b, if, and only if, there is an isometry i : R → Σk such that
la→b = i([a′, +∞)) with i(a′) = a and i(b′) = b, for some points a′ < b′;
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Fig. 14.2. There is a straight line passing through a and b. There is no straight line
passing through a and c.

• la,b ⊂ Σk is a segment straight line in Σk, with endpoints a and b, if, and
only if, there is an isometry i : R → Σk such that la,b = i([a′, b′]) with
i(a′) = a and i(b′) = b, for some points a′ < b′. The interior intla,b of la,b

is equal to la,b \ {a, b}.

Let ls→a and ls→b be two semi-straight lines in Σk. To fix ideas, let us
suppose that ls→a ⊂ Hjπ and ls→b ⊂ H(j+n)π, with j, j + n ∈ Zk. Let
ls→c be the semi-straight line formed by the points of Hjπ and H(j+1)π that
were identified at the construction of Σk. Analogously, let ls→d be the semi-
straight line formed by the points of H(j+n−1)π and H(j+n)π that were iden-
tified at the construction of Σk. Let α ∈ [0, π] be the angle �(ls→a, ls→c)
between the semi-straight lines ls→a and ls→c, and let β ∈ [0, π] be the angle
�(ls→d, ls→b) between the semi-straight lines ls→d and ls→b. We say that the
angle �(ls→a, ls→b) between the semi-straight lines ls→a and ls→b is given by

�(ls→a, ls→b) = α + (n − 1)π + β.

Given α ∈ R/kπR and two points x, y ∈ Σk, we say that they are in an
α-angular region, if �(ls→x, ls→y) ≤ α (see Figure 14.3).
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Fig. 14.3. The angle �(ls→a, ls→b) = α + π + β.

14.3 Pseudo-linear algebra

Given two points x, y ∈ Σk, we say that y = y − x is a vector if, and only if,
there is a segment straight line lx,y ⊂ Σk with endpoints x and y; we call x
the origin and y the endpoint of the vector y − x. The norm ‖y − x‖ of the
vector y − x is given by dk(x, y).

Given a vector y = y−x and a constant λ ∈ R, the vector w−x = λ(y−x)
is well-defined if, and only if, there is an isometry iH : H → Σk with the
following property: there are points xH, yH, wH ∈ H such that

(i) x = iH(xH), y = iH(yH) and w = iH(wH);
(ii) wH − xH = λ(yH − xH);
(iii) if s ∈ intlx,w, then s ∈ intlx,y;
(iv) if s = x, then λ ≥ 0.

We note that the vector λ(y − x) is well-defined, for all 0 ≤ λ ≤ 1. The
above conditions (iii) and (iv) imply that the vector w − x does not depend
upon the isometry considered, and so w − x is uniquely determined.

Given two vectors y = y−x and z = z−x with the same origin, the vector
w = w−x, with w = y+z, is equal to the sum of the vectors y−x with z−x
if, and only if, there is an isometry iH : H → Σk with the following property:
there exists a constant λ > 0 and there are points xH, yH, zH, wH ∈ H such
that (see Figure 14.4)

(i) the vectors y′−x = λ(y−x), z′−x = λ(z−x) and w′−x = λ(w−x)
are well-defined;

(ii) x = iH(xH), y′ = iH(yH), z′ = iH(zH) and w′ = iH(wH);
(iii) wH = yH + zH − xH;
(iv) if s ∈ intlx,w, then s ∈ intlx,y ∪ intlx,z.

The above condition (iv) implies that the vector w = w − x does not depend
upon the isometry considered. If s is a singularity, with order k, then there
are k distinct vectors x1 − s, . . . , xk − s, all with norm equal to one, such that
xi − s + xi+1 − s = s − s, for all i ∈ Zk (see Figure 14.5).
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Fig. 14.4. u1 + u2 = a and 〈(u1, u3), (u2, u4)〉 is a basis of Vx.

Fig. 14.5. + is not associative: (w1+w2)+w3 = w3; w1+(w2+w3) = w1. There
is not a unique ”inverse”: w1 + w2 = 0; w1 + w4 = 0, where 0 = s− s. w2 + w4 is
not well-defined.

The pseudo-linear space Vx at x is the set of all vectors with origin at x,
together with the operations of addition of vectors and of multiplication of a
vector by a constant, as constructed above. Let lx be either (i) the empty set
or (ii) a semi-straight line contained in a semi-straight line with origin at x.
The branched linear space Vlx is given by Vx \ intlx (see Figure 14.6).

A pseudo-linear subspace Sx of a pseudo-linear space Vx (see Figure 14.7)
is a subset of Vx with the following properties:

(i) For all u,v ∈ Sx such that u+v is well-defined, we have that u+v ∈
Sx;

(ii) For all λ ∈ R and u ∈ Sx such that λu is well-defined, we have that
λu ∈ Sx.

A full pseudo-linear space Sx is a pseudo-linear subspace Sx with the following
property: If u ∈ Sx and v ∈ Vx are such that u + v = 0, then v ∈ Sx. Hence,
a full pseudo-linear subspace Ss, Ss �= Vs, at the singularity s, with order k,
is the image of an isometry i : Σ1

k → Vs.
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Fig. 14.6. The branched linear space Vlx .

Fig. 14.7. Pseudo-linear subspaces S
A
x and S

B
x at x.

A pseudo-affine subspace S at a point x ∈ Σk \ {s}, with Sx �= Vx, is the
image of an isometry i : A → Vx with A equal either R or Σ1

k.
A map L : Vlx → Vy is linear (see Figures 14.8 and 14.9), if the set Vlx

is a branched linear space in Σk, Vy is a pseudo-linear space in Σk′ and L
satisfies the following properties:

(i) For every v,w ∈ Vx,l such that the vectors v + w and L(v) + L(w)
are well-defined, we have L(v + w) = L(v) + L(w);

(ii) For every λ ∈ R and v ∈ Vx,l such that the vectors λv and L(λv) are
well-defined, we have L(λv) = λL(v);

(iii) L(a− x) = s− y, where a is the origin of lx, a− x ∈ Vx is the vector
with origin at x and s − y ∈ Vy is the vector with origin at y.

Given two linear maps L1 : Vlx → Vy and L2 : Vly → Vz, there is a unique
linear map L3 : Vl′x → Vz such that L3|Vlx ∩Vl′x = L2 ◦L1, where l′x might be
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Fig. 14.8. Linear map at the singularity s.

Fig. 14.9. Linear map at the point x.

distinct of lx (see Figure 14.10). Hence, the composition L2 ◦L1 of two linear
maps is well-defined by L3 = L2 ◦ L1, and so it is a linear map.

Fig. 14.10. The composition L3 = L2 ◦ L1 is well-defined.

A map L1 : Vlx → Vy is an isomorphism if, and only if, there is a linear
map L2 : Vly → Vx such that L2◦L1|Vlx∩L−1

1 (Vly ) and L1◦L2|Vly∩L−1
2 (Vlx)

are the identity maps. We note that if the linear map L2 exists, then it is
unique. Hence, the inverse map L−1

1 of L1 is well-defined by L−1
1 = L2. The

kernel of a linear map L : Vlx → Vy is equal to the intersection Vlx ∩ Sx of a
pseudo-linear subspace Sx with Vlx .

We say that a vector y−x has a parallel transport from x to z (see Figure
14.11), if there are a vector w−z, a constant λ, with |λ| ≤ 1, and an isometry
iH : H → Σk with the following property: there are points xH, yH, zH, wH ∈ H

such that

(i) w′ − z = λ(w − z) and y′ − x = λ(y − x) are well-defined;
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(ii) x = iH(xH), z = iH(zH), y′ = iH(yH) and w′ = iH(wH);
(iii) wH − zH = yH − xH;
(iv) if s ∈ lz,w \ {w}, then s ∈ intlx,y.

The parallel transport is uniquely determined, if s /∈ lz,w \ {w} or if s ∈
lz,w \ {w} ∩ intlx,y. Let Vx→z be the set of all vectors that have a parallel
transport from x to z. The parallel transport map Px→z : Vx→z → Vz is well-
defined by Px→z(u) = v, where the vector v is the parallel transport of the
vector u from x to z, when Vx→z is non-empty.

Fig. 14.11. Parallel transport from x to s.

We note that the parallel transport map Px→z is a linear map, except in
the case where x = s and z �= s, because Ps→z is just defined in an open 2π-
angular region. However, Pz→s : Vlz → Vs is a linear map and Ps→z◦Pz→z|Vlz

is the identity.
We say that a map G : V

m
x1

→ Vy is an m-multilinear map, if, for
every (a1, . . . ,ai−1,0,ai+1, . . . ,am), there is Vli , where li depends upon
(a1, . . . ,ai−1,0,ai+1, . . . ,am), such that the map g : Vli → Vy defined by
g(ai) = G(a1, . . . ,ai, . . . ,am) is a linear map.

Lemma 14.1. Let L : V
m
x1

→ Vy1 be an m-multilinear map. Let x2 and y2

be such that the parallel transport maps Px1→x2 and Py1→y2 are well-defined.
Suppose that if x1 is a singularity with order k, then x2 is a singularity with
order 2nk, for some n ≥ 1. Then, there is an m-multilinear map LP : V

m
x2

→
Vy2 such that

LP (Px1→x2(v1), . . . , Px1→x2(vm)) = Py1→y2 (L(v1, . . . ,vm)) ,

whenever both sides are well-defined.

We call the above linear map LP the parallel transport of L from (x1, y1) to
(x2, y2). We note that the parallel transport LP of L is an isomorphism.

Proof. The map Py1→y2 ◦L1 ◦P−1
x1→x2

has a unique extension to a linear map.
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Let L1 : V
m
x1

→ Vy1 and L2 : V
m
x1

→ Vy2 be two m-multilinear maps. Let
0 ≤ h ≤ 1 be such that L1(v) and L2(v) are well-defined, for all v with ‖v‖ =
h, and such that there is w(v) with the property that w(v)+L1(v) = L2(v).
We define the distance d(L1, L2) between the m-multilinear maps L1 and L2

as follows:

d(L1, L2) =
{

+∞, if h = 0
maxv

‖w(v)‖
h , otherwise

Let L1 : V
m
x1

→ Vy1 and L2 : V
m
x2

→ Vy2 be two m-multilinear maps. Let
L be the set of all parallel transport LP of L2 from (x2, y2) to (x1, y1). We
define the distance d(L1, L2) between the m-multilinear maps L1 and L2 as
follows:

d(L1, L2) =
{

+∞, if L = ∅
minLP ∈L d(L1, LP ), otherwise

We note that d(L1, L2) = d(L2, L1).

14.4 Pseudo-differentiable maps

Let f : A ⊂ Σk → Σk′ be a map defined on an open neighbourhood A of x
in Σk. We say that the map f is pseudo-differentiable at x, if there is a linear
map Dxf : Vlx → Vf(x) with the following property: For all v ∈ Vlx , there
exists a constant h0 > 0 such that there is a unique vector w(h,v) satisfying

w(h,v) + f(x) = f(x + hv),

for all 0 < h < h0, and

Dxf(v) = lim
h→0

w(h,v)
h

.

By induction, let us suppose that the (m−1)th-derivative Dm−1
x f : V

m
x →

Vf(x) of f is well-defined in an open set A containing x. We say that f is m
pseudo-differentiable at x, if there is an m-multilinear map

Dm
x f : V

m
x → Vf(x)

with the following property: For all v ∈ V
m
x , there exists a constant h0(v) > 0

such that there is a unique vector w(h,v) satisfying

w(h,v1, . . . ,vm) + Dm−1
x f(v1, . . . ,vm) = Dm−1

x+hv1
f(v2, . . . ,vm),

for all 0 < h < h0(v), and

Dm
x f(v1, . . . ,vm) = lim

h→0

1
h
w(h,v1, . . . ,vm).

A map f : A → Σk′ is Cm, with m ∈ N, in the open set A ⊂ Σk, if f is
m-differentiable for all x ∈ A, and the m-derivative Dxf varies continuously
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with x. We say that f is a Cm+α, with m ∈ N and 0 < α ≤ 1, if f is Cm and
there exists c > 0 such that

‖Dxf − Dyf‖ ≤ c‖x − y‖α,

for all x, y ∈ A with the property that there is a parallel transport Lp from x
to y.

We say that Bε = Bε(x, s) ⊂ A is an avoid singularity cone, if d(x, y) =
εd(x, s) and α = d(x, s)/ε (see Figure 14.12).

Fig. 14.12. Avoid singularity cone.

Theorem 14.2. (Taylor’s Theorem) Let f : A ⊂ Σk → Σk be a Cm pseudo-
map defined on an open set A. Let Bε ⊂ A be an avoid singularity cone and
0 < ε < 1 small. Then, for all x, y ∈ Bε with ‖y−x‖ ≤ ε, the vectors zm(x, y)
and wm(x, y) are well-defined by

zm(x, y) =
(
. . .

(
Dxf(y − x) + D2

xf(y − x, y − x)
)

+ . . .
)

+

+
1
m!

Dm
x f(y − x, . . . , y − x)

f(y) − f(x) = zm(x, y) + wm(x, y).

Furthermore,
‖wm(x, y)‖ ≤ χ(‖y − x‖)‖y − x‖m,

where χ : R
+
0 → R

+
0 is a continuous map with χ(0) = 0.

Let l1, . . . , l2k be semi-straight lines with origin at s such that 0 <
�(li, li+1) < π and �(li, li+2) = π for every i ∈ Z2k. Then, S1

s = ∪i∈Z2k
l2i and

S2
s = ∪i∈Z2k

l2i+1 are pseudo-linear subspaces at the singularity s. We call the
direct sum S1

s

⊕
S2

s of S1
s and S2

s to the set of all pairs (u,v) of vectors with
the property that if ui ∈ li, then ui+1 ∈ li+1, for all i ∈ Z2k. By construction,
there are one-to-one maps

Θ1 : Vs → S1
s ⊕ S2

s

Θ2 : Σk → S1
s ⊕ S2

s
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given by Θ−1
1 (u,v) = u + v and Θ−1

2 (u,v) = (u + v) + s. We say that
〈(u1, . . . ,u2k−1), (u2, . . . ,u2k)〉 is a basis of Vs, if ui ∈ li and ui + ui+2 = 0,
for every i ∈ Z2k (see Figures 14.13 and 14.14).

Fig. 14.13. u1 + u2 = w and 〈(u1,u3,u5), (u2,u4,u6)〉 is a basis of Vs.

Fig. 14.14. u1 + u2 = a and 〈(u1,u3), (u2,u4)〉 is a basis of Vx.

For every i ∈ Z2k, let ui ∈ li be such that ‖ui‖ = 1. Let DKi = R
2 \

((−∞, 0) × {0}). We define the map Ki : DKi → Vs at the singularity by

Ki(a, b) =

⎧
⎪⎪⎨

⎪⎪⎩

aui + bui+1, if a, b ≥ 0
aui + bui−1, if a ≥ 0, b ≤ 0
aui+2 + bui+1, if a ≤ 0, b > 0
aui−2 + bui−1, if a ≤ 0, b < 0

The set of maps K1, . . . ,K2k is called a coordinate system for Vs (∼= Σk) given
by S1

⊕
S2.

Lemma 14.3. Let K1, . . . , K2k be a coordinate system for Σk.
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(i) Let L : Vls → Vl′s be a linear map at the singularity. Then, there is
a unique linear map L′ : R

2 → R
2 such that L′(a, b) = K−1

j ◦L◦Ki =
(a, b), where j = j(i, a, b) has the property that L ◦ Ki(a, b) ∈ DKj .
(ii) A map f : A → Σk′ is Cr on A ⊂ Σk if, and only if, K−1

j ◦ f ◦Ki

is Cr, where j = j(i, a, b) has the property that f ◦ Ki(a, b) ∈ DKj .

14.4.1 Cr pseudo-manifolds

Let M be a topological space. A chart c : U → Σk is a homeomorphism onto
its image defined on an open set U of M (recall that Σ2 = R

2). If k �= 2, then
we call c : U → Σk a singular chart . A topological atlas A of M is a collection
of charts

cx : Ux → Σkx

such that the union ∪x∈MUx of the open sets cover M . A Cr pseudo-atlas A
of M is a topological atlas A of M with the following properties: (i) A has
just a finite set of singular charts; (ii) the overlap maps

cx ◦ c−1
y : cy(Ux ∩ Uy) → cx(Ux ∩ Uy)

are Cr diffeomorphisms. A topological space M with a Cr pseudo-atlas A is
called a Cr pseudo-manifold, that we will denote by the pair (M,A). A topo-
logical space N contained in a Cr manifold (M,A) is a pseudo-submanifold
of M , if there is a collection B of charts

ex : Vx → Σkx

with the following properties (see Figure 14.15):

(i) The set N is contained in the union ∪x∈NVx;
(ii) For all x ∈ N , ex(N ∩ Vx) is the intersection of a pseudo-linear sub-

space Sex(x) at ex(x) with an open set of M ;
(iii) The dimension of Sex(x) is 1;
(iv) The overlap maps

ex ◦ c−1
x : cx(Ux ∩ Vx) → ex(Ux ∩ Vx)

between the charts cx ∈ A and ex ∈ B are Cr diffeomorphisms.

Hence, the first derivative at every point is locally a bijection over a corre-
sponding pseudo-linear subspace with dimension 1. We call the above charts
ex the submanifold charts of N .

Definition 14.4. Let (M,A) and (M ′,A′) be Cr manifolds. The map f :
M → M ′ is pseudo Cr if, and only if, the maps cx ◦ f ◦ e−1

y are Cr with
respect to charts cx ∈ A and ey ∈ A′. The map f : M → M ′ is Cr pseudo-
diffeomorphism if, and only if, f : M → M ′ is a homeomomorphism and the
maps cx ◦ f ◦ c−1

y are Cr with respect to charts cx ∈ A and cy ∈ A′.
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Fig. 14.15. The full subspace Ss = ∪3
i=1li at the singularity, and the pseudo-

submanifold N = ∪3
i=1Ni.

14.4.2 Pseudo-tangent spaces

The pseudo-tangent fiber bundle TΣk of Σk is the set ∪x∈Σk
Vx, with the

natural induced topology by Σk. We also call the pseudo-linear space Vx at
x the pseudo-tangent space TxΣk at x (TxΣk

∼= Vx).
The pseudo-tangent space TxM at x ∈ M of a Cr pseudo-manifold (M,A)

is a pseudo-linear space isomorphic to Tcx(x)Σkx , where cx : Ux → Σkx is
a chart in A with x ∈ Ux. The tangent fiber bundle TM of a Cr manifold
(M,A) is the topological set ∪x∈MTxM , with the induced topology by the
topological sets

∪x∈UxTcx(x)Σkx .

The tangent space TxN at x ∈ N of a Cr submanifold N of M is a pseudo-
linear subspace TxN ⊂ TxM isomorphic to the pseudo-linear subspace Sex(x)

at ex(x). The tangent fiber subbundle TN ⊂ TM of a Cr submanifold N of
M is the topological set ∪x∈NTxN .

14.4.3 Pseudo-inner product on Σk

Let Ix ⊂ Vx × Vx be the set of all pairs (u,v) ∈ Ix such that |�(u,v)| ≤ π.
A pseudo-inner product

i : Ix → R

at a point x ∈ Σk is a bi-linear map with the following properties:

• i(u,v) = i(v,u), for all (u,v) ∈ Ix;
• i(u,u) ≥ 0, for all (u,u) ∈ Ix;
• i(u,u) = 0 if, and only if, u = 0 (= x − x).

A Cr pseudo-Riemannian metric in an open set U ⊂ Σk is a map

<, >: ∪x∈UIx → R

with the following properties:
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• <, >x=<, > |Ix is an inner product;
• For every isometry iH : H → Σk, the pullback by iH

< y − x, z − x >x,H=< iH(y) − iH(x), iH(z) − iH(x) >iH(x)

of the inner products <, >iH(x) in U induces a Cr Riemannian metric in
i−1
H

(U).

Let (M,A) be a Cr manifold. Let Jx ⊂ TxM×TxM be the pull-back by the
derivative of the chart ci : Ui → Σki in A of Ici(x). A Cr pseudo-Riemannian
metric in a Cr manifold (M,A) is a map

<, >: ∪x∈MJx → R

such that, for every chart ci : Ui → Σkx in A, the push-forward of <, > is a
Cr Riemannian metric <, >ci(Ui) in ci(Ui).

We say that (x,ux) and (x,vx) are direction equivalent (x,ux) ∼ (x,vx)
if, and only if, ux and vx belong to a same dimension 1 full subspace Sx.
TΣk/ ∼ is the [ direction set. A Cr direction field is a continuous map

φ : Σk → TΣk/ ∼

such that for every isometry iH : H → Σk, the map φ̂ : H → TH/ ∼ given by
φ̂ = di−1

H
◦ φ ◦ iH is Cr.

A Cr splitting is a pair (φs, φu) of Cr direction fields such that, for every
x ∈ Σk, we have

Vx = Sφs(x) ⊕ Sφu(x),

where Sφι(x) is a dimension 1 full subspace containing φι(x).

Definition 14.5. Let (M,A) be a Cr pseudo-manifold with a pseudo-Rie-
mannian metric. A Cr pseudo-diffeomorphism f : M → M is a Cr pseudo-
Anosov diffeomorphism, if M has a 1 dimensional smooth splitting Es⊕Eu of
the tangent bundle, with the following properties: (i) the splitting is invariant
under Tf , and (ii) Tf expands uniformly Eu and contracts uniformly Es.

The set of all Cr pseudo-Anosov diffeomorphisms on M is an open set.

Theorem 14.6. (Stable Manifold Theorem) If f : M → M is a Cr pseudo-
Anosov diffeomorphism, then the stable and unstable sets at the points of Λ
are Cr pseudo-submanifolds with dimension 1.

Proof. First, we prove that the stable and unstable sets through the sin-
gularities are Cr pseudo-submanifolds. Then, we prove that the stable and
unstable sets through the other points are also Cr pseudo-submanifolds. The
singularities are periodic points, because f is a pseudo-diffeomorphism and so
the image of a singularity is a singularity with the same order. Let us con-
struct the unstable manifold at the singularity s (for simplicity f(s) = s). Let
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E1,cut, . . . , Ek,cut at a singularity s be the cut sets represented in Figure 14.16.
By the Whitney’s extension theorem, there is a Cr diffeomorphism F1 on the
plane such that F1|E1,cut = f . By the Hirsch and Pugh [48] Stable Manifold
Theorem, the unstable set passing through (0, 0) of F1 is a Cr submanifold
Wu = Wu

1 ∪ Wu
2 . Doing the same with respect to Ei,cut, we get that the

unstable set

Wu(s) =
k⋃

i=1

Wu
i

at the singularity is a Cr submanifold tangent to the unstable subspace (see
Figure 14.17).

Fig. 14.16. A E1,cut cut set at a singularity.

Fig. 14.17. The unstable set at a singularity s ∈ Σ3.

Away from the singularities, let (xn)n∈Z be an orbit of f . If xn ∈ Ein,cut,
then we take the Cr diffeomorphism Fin such that Fin |Ein,cut = f in a neigh-
bourhood of xn. Applying the Hirsch and Pugh [48] Stable Manifold Theorem
to this orbit, we get that the unstable set at every point of the orbit is a Cr

submanifold tangent to the unstable subspace.
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14.5 Cr foliations

A C1+ pseudo-foliation satisfies the properties of a Cr foliation with the extra
turntable condition that we now describe. If s is a singularity, with order
k = k(s), then a singular leaf W ι on M , containing s, is such that W ι \ {s}
is the union of k disjoint leaves �ι

j , j ∈ Zk, whose closures intersect in s. The
components �ι

1, . . . , �
ι
k of W ι(s, ε) \ s are called separatrices of s. We call W ι

a singular spinal set and call the sets �ι
j emph the separatrices of s.

A C1+ foliation satisfies the turntable condition: if for all singular spinal
sets W ι with separatrices �ι

j , j ∈ Zk, there are leaf charts (ij , �ι
j), such that

the maps defined by ij,l|�ι
j = −ij and ij,l|�ι

l = il are smooth. A C1+ folia-
tion induced by a C1+ pseudo-Anosov diffeomorphism satisfies the turntable
condition (see Pinto and Rand [160]).

The HR structures and the solenoid functions also apply to Cr pseudo-
Anosov diffeomorphisms with the extra turntable condition that we now de-
scribe.

For any triple (v1, v2, v3) of points v1, v2 and v3 contained in same ι-leaf,
we define the solenoid limit sz

ι (v1, v2, v3) as follows. For all i ≥ 0, let

(zi
1, z

i
2, z

i
3), (z

i
2, z

i
3, z

i
4), . . . , (z

i
ni−2, z

i
ni−1, z

i
ni

) ∈ solι

be a sequence of triples such that for some 1 < ji < ni

v1 = lim
i→∞

f i
ι (z

i
1) , v2 = lim

i→∞
f i

ι (z
i
ji

) and v3 = lim
i→∞

f i
ι (z

i
ni

).

The solenoid limit sz
ι (v1, v2, v3) is equal to

sz
ι (v1, v2, v3) =

∑ni−2
j=ji−1(sι(z1, z2, z3) . . . sι(zj , zj+1, zj+2))

∑ji−2
j=1 (sι(z1, z2, z3) . . . sι(zj , zj+1, zj+2))

.

For all singularities s, with order k = k(s), and for all i ∈ Zk, let ai =
(vi, s, vi+1) be a triple contained in a leaf �ι

i which intersects an ι′ boundary
of a Markov rectangle just in the points vi and vi+1 or in the points vi, s and
vi+1. The limit solenoids szi

ι (ai) satisfy the following turntable condition:

k∏

i=1

szi
ι (ai) = 1.

If k(s) = 1 and v1 = v2, then sz
ι (v1, s, v2) = 1.

The solenoid functions determined by Cr pseudo-Anosov diffeomorphisms
satisfy the turntable condition (see Pinto and Rand [160]).

The train-tracks and the self-renormalizable structures also apply to Cr

pseudo-Anosov diffeomorphisms with the extra turntable condition that we
now describe.
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A C1+ atlas B satisfies the turntable condition at a singularity s, with order
k = k(s): if for all singular spinal sets on the train-track with separatrices �ι

j ,
j ∈ Zk, there are leaf charts (ij , �ι

j), such that the maps defined by ij,l|�ι
j = −ij

and ij,l|�ι
l = il are smooth.

A C1+ foliation induced by a C1+ pseudo-Anosov determines a C1+ train-
track atlas satisfying the turntable condition that comes from the turntable
condition of a C1+ foliation. For example, let s be a singularity with order
3, as in Figure 14.1. The Markov partition determines a singular spinal set
Sι with separatrices lιj , j ∈ Zk, such that there are train-track charts (ij , �ι

j),
whose maps defined by ij,l|�ι

j = −ij and ij,l|�ι
l = il are smooth.

14.6 Further literature

The theory developed in this book has a natural extension to Cr pseudo-
Anosov diffeomorphisms using the turntable conditions (see Pinto and Rand
[160]). Pinto and Pujals [155] relate the pseudo-Anosov diffeomorphisms with
the Pujals and Sambarino [181, 184] non-uniformly hyperbolic diffeomor-
phisms. The sympletic forms are defined similarly to the Riemannian metric.
Let (M,A) be a Cr pseudo-manifold with a pseudo-volume form ω. Pinto and
Viana [176] proved that there is a residual set R contained in the set of all
C1 pseudo-diffeomorphisms, preserving the volume form, such that if f ∈ R,
then either f is a C1 pseudo-diffeomorphism or has almost everywhere both
Lyapunov exponents zero. In that way we recover the duality given by Mañé-
Bochi Theorem in the torus to the other surfaces. This chapter is based on
Pinto [152] and Pinto and Rand [160].
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Appendix A: Classifying C1+ structures on the
real line

We demonstrate the relations proposed by Sullivan between distinct degrees
of smoothness of a homeomorphism of a real line and distinct bounds of the
ratio and cross-ratio distortions of intervals of a fixed grid. We emphasize
that to prove these relations, we do not have to check the distinct bounds of
the ratio and cross-ratio distortions for all intervals, but just for the intervals
belonging to a fixed grid.

A.1 The grid

Given B ≥ 1, M > 1 and Ω : N → N, a (B, M) grid

GΩ = {In
β ⊂ I : n ≥ 1 and β = 1, . . . , Ω(n)}

of a closed interval I is a collection of grid intervals In
β at level n with the

following properties: (i) The grid intervals are closed intervals; (ii) For every
n ≥ 1, the union ∪Ω(n)

β=1 In
β of all grid intervals In

β , at level n, is equal to the
interval I; (iii) For every n ≥ 1, any two distinct grid intervals at level n have
disjoint interiors; (iv) For every 1 ≤ β < Ω(n), the intersection of the grid
intervals In

β and In
β+1 is only an endpoint common to both intervals; (v) For

every n ≥ 1, the set of all endpoints of the intervals In
β at level n is contained

in the set of all end points of the intervals In+1
β at level n + 1; (vi) For every

n ≥ 1 and for every 1 ≤ β < Ω(n), we have B−1 ≤ |In
β+1|/|In

β | ≤ B; (vii) For
every n ≥ 1 and for every 1 ≤ α ≤ Ω(n), the grid interval In

α contains at least
two grid intervals at level n + 1, and contains at most M grid intervals also
at level n + 1.

Let h : I → J be a homeomorphism between two compact intervals I and
J on the real line, and let GΩ be a grid of I. We say that two closed intervals Iβ

and Iβ′ are adjacent if their intersection Iβ ∩ Iβ′ is only an endpoint common
to both intervals. The logarithmic ratio distortion lrd(Iβ , Iβ′) between two
adjacent intervals Iβ and Iβ′ is given by
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lrd(Iβ , Iβ′) = log
(
|Iβ |
|Iβ′ |

|h(Iβ′)|
|h(Iβ)|

)
.

Let Iβ , Iβ′ and Iβ′′ be contained in the real line, such that Iβ is adjacent to
Iβ′ , and Iβ′ is adjacent to Iβ′′ . The cross-ratio cr(Iβ , Iβ′ , Iβ′′) is determined
by

cr(Iβ , Iβ′ , Iβ′′) = log
(

1 +
|Iβ′ |
|Iβ |

|Iβ | + |Iβ′ | + |Iβ′′ |
|Iβ′′ |

)
.

The cross-ratio distortion crd(Iβ , Iβ′ , Iβ′′) is given by

crd(Iβ , Iβ′ , Iβ′′) = cr(h(Iβ), h(Iβ′), h(Iβ′′)) − cr(Iβ , Iβ′ , Iβ′′) .

A.2 Cross-ratio distortion of grids

Let Iβ and Iβ′ be two intervals contained in the real line. We define the ratio
r(Iβ , Iβ′) between the intervals Iβ and Iβ′ by

r(Iβ , Iβ′) =
|Iβ′ |
|Iβ |

.

Let Iβ , Iβ′ and Iβ′′ be contained in the real line, such that Iβ is adjacent to
Iβ′ , and Iβ′ is adjacent to Iβ′′ . Recall that the cross-ratio cr(Iβ , Iβ′ , Iβ′′) is
given by

cr(Iβ , Iβ′ , Iβ′′) = log
(

1 +
|Iβ′ |
|Iβ |

|Iβ | + |Iβ′ | + |Iβ′′ |
|Iβ′′ |

)
.

We note that

cr(Iβ , Iβ′ , Iβ′′) = log ((1 + r(Iβ , Iβ′))(1 + r(Iβ′′ , Iβ′))) .

Let h : I ⊂ R → J ⊂ R be a homeomorphism, and let GΩ be a grid of
the compact interval I. We will use the following definitions and notations
throughout this section:

(i) We will denote by Jn
β the interval h(In

β ) where In
β is a grid interval. We

will denote by r(n, β) the ratio r(In
β , In

β+1) between the grid intervals
In
β and In

β+1, and we will denote by rh(n, β) the ratio r(Jn
β , Jn

β+1).
(ii) Let Iβ be an interval contained in I (not necessarily a grid interval).

The average derivative dh(Iβ) is given by

dh(Iβ) =
|h(Iβ)|
|Iβ |

.

We will denote by dh(n, β) the average derivative dh(In
β ) of the grid

interval In
β .
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(iii) The logarithmic average derivative ldh(Iβ) is given by

ldh(Iβ) = log(dh(Iβ)) .

We will denote by ldh(n, β) the logarithmic average derivative ldh(In
β )

of the grid interval In
β .

(iv) Let Iβ and Iβ′ be intervals contained in I (not necessarily grid in-
tervals). We recall that the logarithmic ratio distortion lrd(Iβ , Iβ′) is
given by

lrd(Iβ , Iβ′) = log
(
|Iβ |
|Iβ′ |

|h(Iβ′)|
|h(Iβ)|

)
.

Hence, we have

lrd(Iβ , Iβ′) = log
r(Jβ , Jβ′)
r(Iβ , Iβ′)

= log
dh(Iβ′)
dh(Iβ)

.

We will denote by lrd(n, β) the logarithmic ratio distortion lrd(In
β , In

β+1)
of the grid intervals In

β and In
β+1.

(v) Let the intervals Iβ , Iβ′ and Iβ′′ in I (not necessarily grid intervals)
be such that Iβ is adjacent to Iβ′ and Iβ′ is adjacent to Iβ′′ . We recall
that the cross-ratio distortion crd(Iβ , Iβ′ , Iβ′′) is given by

crd(Iβ , Iβ′ , Iβ′′) = cr(h(Iβ), h(Iβ′), h(Iβ′′)) − cr(Iβ , Iβ′ , Iβ′′) .

We note that

crd(Iβ , Iβ′ , Iβ′′) = log
(

1 + r(h(Iβ), h(Iβ′))
1 + r(Iβ , Iβ′)

1 + r(h(Iβ′′), h(Iβ′))
1 + r(Iβ′′ , Iβ′)

)
.

(A.1)
For all grid intervals In

β , In
β+1 and In

β+2, we will denote by cr(n, β) and
crh(n, β) the cross-ratios cr(In

β , In
β+1, I

n
β+2) and cr(Jn

β , Jn
β+1, J

n
β+2) re-

spectively. We will denote by crd(n, β) the cross-ratio distortion given
by crh(n, β) − cr(n, β).

Remark A.1. (a) We will call properties (vi) and (vii) of a (B,M) grid
GΩ of an interval I, the bounded geometry property of the grid.
(b) By the bounded geometry property of a (B,M) grid GΩ, there are
constants 0 < B1 < B2 < 1, just depending upon B and M , such that

B1 <
|In+1

β |
|In

α |
< B2 ,

for all n ≥ 1 and for all grid intervals In
α and In+1

β such that In+1
β ⊂ In

α .
(c) We call a (1, 2) grid GΩ of I a symmetric grid of I, i.e. (i) all the
intervals at the same level n have the same length, and (ii) each grid
interval at level n is equal to the union of two grid intervals at level
n + 1.
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A.3 Quasisymmetric homeomorphisms

The definition of a quasisymmetric homeomorphism that we present in this
appendix is more adapted to our problem and, apparently, is stronger than the
usual one, where the constant d of the quasisymmetric condition in Definition
33, below, is taken to be equal to 1. However, in Lemma A.3, we will prove
that they are equivalent.

Definition 33 Let d ≥ 1 and k ≥ 1. The homeomorphism h : I → J satisfies
the (d, k) quasisymmetric condition, if

|lrd(Iβ , Iβ′)| ≤ log(k) , (A.2)

for all intervals Iβ , Iβ′ ⊂ I with d−1 ≤ |Iβ′ |/|Iβ | ≤ d. The homeomorphism h
is quasisymmetric, if for every d ≥ 1 there exists kd ≥ 1 such that h satisfies
the (d, kd) quasisymmetric condition.

Lemma A.2. Let h : I → J be a homeomorphism and let GΩ be a grid of a
compact interval I. The following statements are equivalent:

(i) The homeomorphism h : I → J is quasisymmetric.
(ii) There is k(GΩ) > 1 such that

|rh(n, β)| ≤ k(GΩ) , (A.3)

for every n ≥ 1 and every 1 ≤ β ≤ Ω(n).

Let GΩ be a grid of I. From Lemma A.2, we obtain that a homeomorphism
h : I → J is quasisymmetric if, and only if, the set of all intervals Jn

β form a
(B, M) grid for some B ≥ 1 and M > 1.
Proof of Lemma A.2. Let us prove that statement (i) implies statement (ii).
For every level n ≥ 1 and every 1 ≤ β < Ω(n), let x− δ1, x, x+ δ2 ∈ I be such
that In

β = [x − δ1, x] and In
β+1 = [x, x + δ2]. Hence,

rh(n, β)
r(n, β)

=
h(x + δ2) − h(x)
h(x) − h(x − δ1)

.

Since h : I → J is (k,B) quasisymmetric, for some k = k(B), we have

k−1 <
h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2
< k ,

and so, we get
k−1 < rh(n, β)/r(n, β) < k . (A.4)

Since, by the bounded geometry property of a grid GΩ , there is B ≥ 1 such
that B−1 ≤ r(n, β) ≤ B, we get k−1B−1 ≤ rh(n, β) ≤ kB.

Let us prove that statement (ii) implies statement (i). Let B ≥ 1 and M > 1 be
as in the bounded geometry property of a grid. Let d ≥ 1. Let x−δ1, x, x+δ2 ∈
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I, be such that δ1 > 0, δ2 > 0 and d−1 ≤ δ2/δ1 ≤ d. Let L1, L2, R1 and R2 be
the intervals as constructed in Lemma A.7 with the constant α = 2 in Lemma
A.7. Hence, we have that

|L1| = |In0+n1
l |

⎛

⎝1 +
m−2∑

i=l+1

i∏

j=l

r(n0 + n1, j)

⎞

⎠ ,

|L2| = |In0+n1
l |

⎛

⎝1 +
m−1∑

i=l

i∏

j=l

r(n0 + n1, j)

⎞

⎠ ,

|R1| = |In0+n1
l |

⎛

⎝
r−2∑

i=m

i∏

j=l

r(n0 + n1, j)

⎞

⎠ ,

|R2| = |In0+n1
l |

⎛

⎝
r−1∑

i=m−1

i∏

j=l

r(n0 + n1, j)

⎞

⎠ .

Hence, by monotonicity of the homeomorphism h, we obtain that

|h(R1)|
|h(L2)|

|L1|
|R2|

≤ h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2
≤ |h(R2)|

|h(L1)|
|L2|
|R1|

. (A.5)

Since, by the bounded geometry property of a grid, B−1 < r(n0 + n1, j) < B
and, by Lemma A.7, l < m < r and r − l ≤ n2(B, M, d), we get that there is
C1 = C1(B, n2) > 1 such that

C−1
1 ≤ |L1|

|R2|
=

1 +
∑m−2

i=l+1

∏i
j=l+1 r(n0 + n1, j)

∑r−1
i=m−1

∏i
j=l+1 r(n0 + n1, j)

≤ C1 ,

C−1
1 ≤ |L2|

|R1|
=

1 +
∑m−1

i=l

∏i
j=l r(n0 + n1, j)

∑r−2
i=m

∏i
j=l r(n0 + n1, j)

≤ C1 . (A.6)

By inequality (A.3) of statement (ii), there is k = k(GΩ) > 1 such that
k−1 < rh(n0 + n1, j) < k for every 1 ≤ j < Ω(n0 + n1). Hence, there is
C2 = C2(k, n2) > 1 such that

C−1
2 ≤ |h(R1)|

|h(L2)|
=

∑r−2
i=m

∏i
j=l rh(n0 + n1, j)

1 +
∑m−1

i=l

∏i
j=l rh(n0 + n1, j)

≤ C2 ,

C−1
2 ≤ |h(R2)|

|h(L1)|
=

∑r−2
i=m

∏i
j=l rh(n0 + n1, j)

1 +
∑m−1

i=l

∏i
j=l rh(n0 + n1, j)

≤ C2 . (A.7)

Putting together equalities (A.5), (A.6) and (A.7), we obtain that

C−1
1 C−1

2 ≤ |h(R1)|
|h(L2)|

|L1|
|R2|

≤ h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2
≤ |h(R2)|

|h(L1)|
|L2|
|R1|

≤ C1C2 .
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Lemma A.3. If, for some d0 ≥ 1 and k0 ≥ 1, a homeomorphism h : I → J
satisfies the (d0, k0) quasisymmetric condition, then h is quasisymmetric.

Proof. If a homeomorphism h : I → J satisfies the (d0, k0) quasisymmetric
condition for some d0 ≥ 1 and k0 ≥ 1, then h satisfies statement (ii) of Lemma
A.2 with respect to a symmetric grid (see definition of a symmetric grid in
Remark A.1). Hence, by statement (i) of Lemma A.2, the homeomorphism h
is quasisymmetric.

Lemma A.4. Let h : I → J be a homeomorphism and GΩ a grid of the
compact interval I.

(i) If h : I → J is quasisymmetric, then there is C0 ≥ 0 such that

crh(n, β) ≤ C0 ,

for every n ≥ 1 and every 1 ≤ β < Ω(n) − 1.
(ii) If there is C0 > 1 such that, for every n ≥ 1 and every 1 ≤ β <
Ω(n) − 1,

crh(n, β) ≤ C0 ,

then, for every closed interval K contained in the interior of I, the
homeomorphism h restricted to K is quasisymmetric.

Proof. Let us prove statement (i). By Lemma A.2, there is C1 ≥ 1 such that
C−1

1 ≤ rh(n, β) ≤ C1 for every level n and every 1 ≤ β < Ω(n). Therefore,
there is C2 > 0 such that, for every level n and every 1 ≤ β < Ω(n) − 1,

|crh(n, β)| =
∣
∣log

(
(1 + rh(n, β))(1 + rh(n, β + 1))−1

)∣∣ ≤ C2 . (A.8)

Let us prove statement (ii). By the bounded geometry property of a grid,
there is n0 ≥ 1 large enough such that the grid intervals In0

1 and In0
Ω(n)−1 do

not intersect the interval L. The grid GΩ of I induces, by restriction, a grid
of the interval L′ = ∪Ω(n)−2

β=2 In0
β which contains L. Hence, by Lemma A.2, it

is enough to prove that there is C1 ≥ 1 such that C−1
1 ≤ rh(n, β) ≤ C1 for

every grid interval In
β ⊂ L′. Now, we will consider separately the following

two possible cases: either (i) rh(n, β) ≤ 1 or (ii) rh(n, β) > 1.
Case (i). Let rh(n, β) = |Jn

β+1|/|Jn
β | ≤ 1. By hypotheses of statement (ii),

there is C2 > 1 such that

crh(n, β − 1) = log

(

1 +
|Jn

β |
|Jn

β−1|
|Jn

β−1| + |Jn
β | + |Jn

β+1|
|Jn

β+1|

)

≤ C2 .

Hence, there is C3 > 1 such that

1 ≤
|Jn

β |
|Jn

β+1|
≤

|Jn
β |

|Jn
β+1|

|Jn
β−1| + |Jn

β | + |Jn
β+1|

|Jn
β−1|

≤ C3 ,
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and so C−1
3 ≤ rh(n, β) ≤ 1.

Case (ii). Let rh(n, β) = |Jn
β+1|/|Jn

β | > 1. By hypotheses, there is C2 > 1 such
that

crh(n, β) = log

(

1 +
|Jn

β+1|
|Jn

β |
|Jn

β | + |Jn
β+1| + |Jn

β+2|
|Jn

β+2|

)

≤ C2 .

Hence, there is C3 > 1 such that

1 ≤
|Jn

β+1|
|Jn

β |
≤

|Jn
β+1|
|Jn

β |
|Jn

β | + |In
β+1| + |In

β+2|
|Jn

β+2|
≤ C3 ,

and so 1 < rh(n, β) ≤ C3.

A.4 Horizontal and vertical translations of ratio
distortions

Lemmas A.5 and A.6 are the key to understand the relations between ratio
and cross-ratio distortions. We will use them in the following subsections. In
what follows, we will use the following notations:

L1(n, β, p) = max
0≤i≤p

{lrd(n, β + i)2}

L2(n, β, p) = max
0≤i1≤i2<p

{|lrd(n, β + i1)lrd(n, β + i2)|}

C(n, β, p) = max
0≤i<p

{|crd(n, β + i)|}

M1(n, β, p) = max{L1(n, β, p), C(n, β, p)}
M2(n, β, p) = max{L2(n, β, p), C(n, β, p)} .

Lemma A.5. Let h : I ⊂ R → J ⊂ R be a quasisymmetric homeomorphism
and let GΩ be a grid of the closed interval I. Then, the logarithmic ratio
distortion and the cross-ratio distortion satisfy the following estimates:

(i) (cross-ratios distortion versus ratio distortion)

crd(n, β) =
lrd(n, β)

1 + r(n, β)−1
− lrd(n, β + 1)

1 + r(n, β + 1)
±O(L1(n, β, 1))

=
|In

β+1|lrd(n, β)
|In

β | + |In
β+1|

−
|In

β+1|lrd(n, β + 1)
|In

β+1| + |In
β+2|

± O(L1(n, β, 1)). (A.9)

(ii) (lrd-horizontal translations) There is a constant C(i) > 0, not de-
pending upon the level n and not depending upon 1 ≤ β ≤ Ω(n), such
that
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lrd(n, β + i) =

(
i−1∏

k=0

r(n, β + k)

)
1 + r(n, β + i)

1 + r(n, β)
lrd(n, β) ± C(i)M1(n, β, i)

=
|In

β+i| + |In
β+i+1|

|In
β | + |In

β+1|
lrd(n, β) ± C(i)M1(n, β, i) . (A.10)

(iii) (lrd-vertical translations) Let In−1
α and In−1

α+1 be two adjacent grid
intervals. Take β = β(n, α) and p = p(n, α) such that In

β , . . . , In
β+p are

all the grid intervals contained in the union In−1
α ∪ In−1

α+1 . Then, for
every 0 ≤ i < p, we have

lrd(n−1, α) =
|In−1

α | + |In−1
α+1 |

|In
β+i| + |In

β+i+1|
lrd(n, β+i)±O(M2(n, β, p)) . (A.11)

Proof. By Taylor series expansion, we get

rh(n, β)
r(n, β)

= 1 + lrd(n, β) ±O(lrd(n, β)2) (A.12)

r(n, β)
rh(n, β)

= 1 − lrd(n, β) ±O(lrd(n, β)2) . (A.13)

Let us prove equality (A.9). By definition of cross-ratio distortion, we have

crd(n, β) = log
1 + rh(n, β)
1 + r(n, β)

+ log
1 + rh(n, β + 1)−1

1 + r(n, β + 1)−1
.

Using equality (A.12), we get

log
1 + rh(n, β)
1 + r(n, β)

= log
(

1 +
rh(n, β)r(n, β)−1 − 1

1 + r(n, β)−1

)

=
lrd(n, β))

1 + r(n, β)−1
±O(lrd(n, β)2) . (A.14)

Similarly, using equality (A.13), we obtain

log
1 + rh(n, β + 1)−1

1 + r(n, β + 1)−1
= log

(
1 +

r(n, β + 1)rh(n, β + 1)−1 − 1
1 + r(n, β + 1)

)

=
−lrd(n, β + 1)
1 + r(n, β + 1)

±O(lrd(n, β + 1)2) . (A.15)

Putting together equations (A.14) and (A.15), we get

crd(n, β) = log
1 + rh(n, β)
1 + r(n, β)

+ log
1 + rh(n, β + 1)−1

1 + r(n, β + 1)−1

=
lrd(n, β))

1 + r(n, β)−1
− lrd(n, β + 1)

1 + r(n, β + 1)
±O(lrd(n, β)2, lrd(n, β + 1)2) .
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Let us prove equality (A.10). Using equality (A.9), we get

lrd(n, β + i + 1) = lrd(n, β + i)
1 + r(n, β + i + 1)
1 + r(n, β + i)−1

±O(M1(n, β + i, 1))

= lrd(n, β + i)r(n, β + i)
1 + r(n, β + i + 1)

1 + r(n, β + i)
±O(M1(n, β + i, 1)) .

Hence, we obtain

lrd(n, β + i) = lrd(n, β)
i−1∏

k=0

(
r(n, β + k)

1 + r(n, β + k + 1)
1 + r(n, β + k)

)

± C(i)M1(n, β, i)

= lrd(n, β)
1 + r(n, β + i)

1 + r(n, β)

i−1∏

k=0

r(n, β + k) ± C(i)M1(n, β, i) ,

where the constant C(i) > 0 does not depend upon n and upon 1 ≤ β ≤ Ω(n).
Since

1 + r(n, β + i)
1 + r(n, β)

i−1∏

k=0

r(n, β + k) =
|In

β+i| + |In
β+i+1|

|In
β | + |In

β+1|
,

we get

lrd(n, β + i) = lrd(n, β)
1 + r(n, β + i)

1 + r(n, β)

i−1∏

k=0

r(n, β + k) ± C(i)M1(n, β, i)

= lrd(n, β)
|In

β+i| + |In
β+i+1|

|In
β | + |In

β+1|
± C(i)M1(n, β, i) .

Let us prove equality (A.11). Let 0 < m = m(n, α) < p be such that
In
β , . . . , In

β+m are all the grid intervals contained in In−1
α and In

β+m+1, . . . , I
n
β+p

are all the grid intervals contained in In−1
α . For simplicity of exposition, we

introduce the following definitions:

(i) We define a0 = 0, ah,0 = 0 and, for every 0 < j < p, we define

aj =
|In

β+j |
|In

β |
=

j−1∏

i=0

r(n, β + i) and ah,j =
|Jn

β+j |
|Jn

β |
=

j−1∏

i=0

rh(n, β + i) .

(ii) We define

R =
|In−1

α |
|In

β |
, R′ =

|In−1
α+1 |
|In

β |
, Rh =

|Jn−1
α |
|Jn

β |
, R′

h =
|Jn−1

α+1 |
|Jn

β |
.

Thus,
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R =
m−1∑

j=0

aj , R′ =
p−1∑

j=m

aj , Rh =
m−1∑

j=0

ah,j , R′
h =

p−1∑

j=m

ah,j .

(iii) We define

E =
m−1∑

j=1

aj

(
j−1∑

i=0

lrd(n, β + i)

)

and E′ =
p−1∑

j=m

aj

(
j−1∑

i=0

lrd(n, β + i)

)

.

We will separate the proof of equality (A.11) in three parts. In the first part,
we will prove that

lrd(n − 1, α) =
E′

R′ −
E

R
±O(L2(n, β, p)) . (A.16)

In the second part, we will prove that

E′

R′ −
E

R
= lrd(n, β)

|In
α | + |In

α+1|
|In

β | + |In
β+1|

± O(M1(n, β, p)) . (A.17)

In the third part, we will use the previous parts to prove equality (A.11) in
the case where i = 0. Then, we will use equality (A.10) to extend, for every
0 ≤ i < p, the proof of equality (A.11).
First part. By equality (A.12), we have that

rh(n, β + i) = r(n, β + i)(1 + lrd(n, β + i)) ±O(lrd((n, β + i)2) .

Hence, for every 1 ≤ j < p, we get

ah,j =
j−1∏

i=0

rh(n, β + i)

=
j−1∏

i=0

(
r(n, β + i)(1 + lrd(n, β + i)) ±O(lrd((n, β + i)2))

)

=
j−1∏

i=0

r(n, β + i)

(

1 +
j−1∑

i=0

lrd(n, β + i) ±O(L2(n, β + 1, j))

)

= aj + aj

j−1∑

i=0

lrd(n, β + i) ±O (ajL2(n, β + 1, j)) .

Thus,

Rh =
m−1∑

j=0

ah,j

=
m−1∑

j=0

aj +
m−1∑

j=1

aj

j−1∑

i=0

lrd(n, β + i) ±O

⎛

⎝
m−1∑

j=0

ajL2(n, β, j)

⎞

⎠

= R + E ±O(RL2(n, β, m))) . (A.18)
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Similarly, we have

R′
h =

p−1∑

j=m

ah,j

=
p−1∑

j=m

aj +
p−1∑

j=m

aj

j−1∑

i=0

lrd(n, β + i) ±O

⎛

⎝
n−1∑

j=m

ajL2(n, β, j)

⎞

⎠

= R′ + E′ ±O(R′L2(n, β, p)) . (A.19)

By equalities (A.18) and (A.19), we obtain that

lrd(n− 1, α) = log
R′

h

R′
R

Rh

= log
R′ + E′ ±O(R′L2(n, β, p))

R′ − log
R + E ±O(RL2(n, β, m))

R

=
E′

R′ −
E

R
±O(L2(n, β, p)) .

Second part. By equality (A.10), for every 1 ≤ j < p, we obtain

j−1∑

i=0

lrd(n, β + i) =
j−1∑

i=0

(
ai(1 + r(n, β + i))

1 + r(n, β)
lrd(n, β) ±O(M1(n, β, i))

)

=
lrd(n, β)

1 + r(n, β)

j−1∑

i=0

(ai + ai+1) ±O(M1(n, β, j)) .

Hence, we obtain that

E =
m−1∑

j=1

aj

j−1∑

i=0

lrd(n, β + i)

=
m−1∑

j=1

aj

(
lrd(n, β)

1 + r(n, β)

j−1∑

i=0

(ai + ai+1) ±O(M1(n, β, j))

)

=
lrd(n, β)

1 + r(n, β)

m−1∑

j=1

aj

j−1∑

i=0

(ai + ai+1) ±O

⎛

⎝
m−1∑

j=1

ajM1(n, β, j)

⎞

⎠

=
lrd(n, β)

1 + r(n, β)
R(a1 + . . . + am−1) ±O(RM1(n, β, m)) . (A.20)

Similarly, we have

E′ =
p−1∑

j=m

aj

j−1∑

i=0

lrd(n, βi)
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=
lrd(n, β)

1 + r(n, β)

p−1∑

j=m

aj

j−1∑

i=0

(ai + ai+1) ±O

⎛

⎝
p−1∑

j=m

ajM1(n, β, j)

⎞

⎠

=
lrd(n, β)

1 + r(n, β)
R′(1 + 2a1 + . . . + 2am−1 + am + . . . + ap−1)

±O(R′M1(n, β, p)) . (A.21)

Putting together equalities (A.20) and (A.21), we obtain that

E′

R′ −
E

R
=

lrd(n, β)
1 + r(n, β)

(1 + a1 + . . . + ap−1) ±O(M1(n, β, p))

= lrd(n, β)
|In

α | + |In
α+1|

|In
β | + |In

β+1|
± O(M1(n, β, p)) .

Third part. In the case where i = 0, equality (A.11) follows, from putting
together equalities (A.16) and (A.17), since

lrd(n − 1, α) =
E′

R′ −
E

R
±O(L2(n, β, p))

= lrd(n, β)
|In

α | + |In
α+1|

|In
β | + |In

β+1|
± O(M2(n, β, p)) .

By equality (A.10), for every 0 < i < p, we have

|In−1
α | + |In−1

α+1 |
|In

β | + |In
β+1|

lrd(n, β) =
|In−1

α | + |In−1
α+1 |

|In
β+i| + |In

β+i+1|
lrd(n, β + i) ±O(M1(n, β, p)) .

Thus,

lrd(n − 1, α) = lrd(n, β)
|In

α | + |In
α+1|

|In
β | + |In

β+1|
± O(M2(n, β, p))

= lrd(n, β + i)
|In

α | + |In
α+1|

|In
β+i| + |In

β+i+1|
± O(M2(n, β, p)) .

Lemma A.6. Let h : I ⊂ R → J ⊂ R be a homeomorphism and GΩ a grid of
the closed interval I. For every level n and every 0 ≤ i < Ω(n)− 1, let a(n, i)
and b(n, i) be given by

a(n, i) =
1 + rh(n, i)
1 + r(n, i)

and b(n, i) = exp(−crd(n, i)) .

(i) Then, for every 1 ≤ i < Ω(n) − 1, we have

a(n, i)a(n, i − 1)b(n, i − 1) =
rh(n, i)
r(n, i)

. (A.22)
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(ii) Let n ≥ 1 and β, p ∈ {2, . . . , Ω(n) − 1} have the following proper-
ties:
(a) There is ε > 1 such that a(n, β) ≥ ε.
(b) There is γ < 1 such that γ ≤ b(n, β + i) ≤ γ−1, for every

0 ≤ i < p.
Then, for every 1 ≤ i ≤ p, we have

a(n, β + i) ≥ 1 +
(ε − 1)γi

2

i∏

k=1

r(n, β + k)

+
(ε − 1)γiB−i

2
+ B(γ − 1)

1 − (Bγ−1)i

1 − (Bγ−1)
, (A.23)

where B ≥ 1 is given by the bounded geometry property of the grid.

Proof. Let us prove equality (A.22). By hypotheses, we have

b(n, i − 1) = exp(−crd(n, i − 1))

=
1 + r(n, i − 1)
1 + rh(n, i − 1)

1 + r(n, i)−1

1 + rh(n, i)−1

= a(n, i − 1)−1 1 + r(n, i)
1 + rh(n, i)

rh(n, i)
r(n, i)

= a(n, i − 1)−1a(n, i)−1 rh(n, i)
r(n, i)

.

Thus,

b(n, i − 1)a(n, i − 1)a(n, i) =
rh(n, i)
r(n, i)

.

Let us prove inequality (A.23). By definition of a(n, i) and by equality (A.22),
we have

a(n, i) =
1 + rh(n, i)
1 + r(n, i)

b(n, i − 1)a(n, i − 1)a(n, i) =
rh(n, i)
r(n, i)

Hence, we get

a(n, i)(1 + r(n, i)) = 1 + rh(n, i)
rh(n, i) = b(n, i − 1)a(n, i − 1)a(n, i)r(n, i) .

Thus,

a(n, i)(1 + r(n, i)) = 1 + b(n, i − 1)a(n, i − 1)a(n, i)r(n, i) ,

and so
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a(n, i) = (1 − r(n, i)(b(n, i − 1)(a(n, i − 1) − 1) + b(n, i − 1) − 1)−1 .

Therefore, for every n ≥ 1, β, p ∈ {2, . . . , Ω(n) − 1} and 1 ≤ i ≤ p, we get

a(n, β+i)−1 ≥ r(n, β+i)(b(n, β+i−1)(a(n, β+i−1)−1)+b(n, β+i−1)−1) .

Hence, by induction in 1 ≤ i ≤ p, we get

a(n, β + i) − 1 ≥ (a(n, β) − 1)
i∏

k=1

r(n, β + k)b(n, β + k − 1) +

+ r(n, β + i)
i∑

k=1

(b(n, β + k − 1) − 1)
i−1∏

l=k

r(n, β + l)b(n, β + l).

(A.24)

Using that B−1 < r(n, β + k) < B by the bounded geometry property of the
grid, we get

(a(n, β) − 1)
i∏

k=1

r(n, β + k)b(n, β + k − 1) ≥ (ε − 1)γi
i∏

k=1

r(n, β + k)

≥ (ε − 1)γi

2

i∏

k=1

r(n, β + k) +
(ε − 1)γiB−i

2
. (A.25)

Furthermore, noting that γ − 1 < 0, we have

r(n, β + i)
i∑

k=1

(b(n, β + k − 1) − 1)
i−1∏

l=k

r(n, β + l)b(n, β + l)

≥ B(γ − 1)
i∑

k=1

(Bγ−1)i−k

≥ B(γ − 1)
1 − (Bγ−1)i

1 − (Bγ−1)
. (A.26)

Putting inequalities (A.24), (A.25) and (A.26) together, we obtain that

a(n, β+i)−1 ≥ (ε − 1)γi

2

i∏

k=1

r(n, β+k)+
(ε − 1)γiB−i

2
+B(γ−1)

1 − (Bγ−1)i

1 − (Bγ−1)
.

A.5 Uniformly asymptotically affine (uaa)
homeomorphisms

The definition of uniformly asymptotically affine homeomorphism that we
introduce in this chapter is more adapted to our problem and, apparently, is
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stronger than the usual one for symmetric maps, where the constant d of the
(uua) condition in Definition 34, below, is taken to be equal to 1. However, in
Lemma A.9, we will prove that they are equivalent.

Definition 34 Let d ≥ 1 and ε : R
+
0 → R

+
0 be a continuous function with

ε(0) = 0. The homeomorphism h : I → J satisfies the (d, ε) uniformly asymp-
totically affine condition, if

|lrd(Iβ , Iβ′)| ≤ ε(|Iβ | + |Iβ′ |) , (A.27)

for all intervals Iβ , Iβ′ ⊂ I with d−1 ≤ |Iβ′ |/|Iβ | ≤ d. The map h is uniformly
asymptotically affine (uaa), if for every d ≥ 1 there exists εd such that h
satisfies the (d, εd) uniformly asymptotically affine condition.

We will use the following lemma in the proof of Lemma A.8, below.

Lemma A.7. Let α > 1 and d ≥ 1. Let GΩ be a (B, M) grid of a compact
interval I. Let x − δ1, x, x + δ2 contained in I be such that δ1 > 0, δ2 > 0
and d−1 ≤ δ2/δ1 ≤ d. Then, there are intervals L1, L2, R1 and R2 with the
following properties:

(i)

L1 ⊂ [x − δ1, x] ⊂ L2 and R1 ⊂ [x, x + δ2] ⊂ R2 . (A.28)

(ii)

α−1 <
|L1|
δ1

<
|L2|
δ1

< α and α−1 <
|R1|
δ2

<
|R2|
δ2

< α . (A.29)

(iii) Let n0 = n0(x − δ1, x, x + δ2,GΩ) ≥ 1 be the biggest integer such
that

[x − δ1, x + δ2] ⊂ In0
β ∪ In0

β+1,

for some 1 ≤ β < Ω(n0). Then, there are integers n1 = n1(α,B,M, d)
and n2 = n2(α,B,M, d) such that

L1 = ∪m−1
i=l+1I

n0+n1
i , L2 = ∪m

i=lI
n0+n1
i ,

R1 = ∪r−1
i=m+1I

n0+n1
i , R2 = ∪r

i=mIn0+n1
i ,

for some l, m, r with the property that l < m < r and r − l ≤ n2.

Proof. Let 0 < B1 = B1(B, M) < B2 = B2(B, M) < 1 be as in Remark A.1.
By construction of n0, there is In0+1

ε with the property that In0+1
ε ⊂ [x −

δ1, x, x + δ2]. In particular, we have that either In0+1
ε ⊂ In0

β or In0+1
ε ⊂ In0

β+1.
Thus, using the bounded geometry property of a grid and Remark A.1, we
obtain that

B−1B1|In0
β | ≤ |In0+1

ε | ≤ δ2 + δ1 . (A.30)
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Since d−1 ≤ δ2/δ1 ≤ d, by inequality (A.30), we get

δ1 ≥ (1 + D)−1(δ2 + δ1)
≥ (1 + D)−1B−1B1|In0

β | . (A.31)

Since [x − δ1, x + δ2] ⊂ In0
β ∪ In0

β+1, by the bounded geometry property of a
grid, we obtain that

δ1 ≤ |In0
β | + |In0

β+1|
≤ (1 + B)|In0

β | . (A.32)

By inequalities (A.31) and (A.32), there is A = A(B0, B1, d) > 1 such that

A−1|In0
β | ≤ δ1 ≤ A|In0

β | . (A.33)

Similarly, we have
A−1|In0

β | ≤ δ2 ≤ A|In0
β | . (A.34)

Take 0 < θ(α) < 1 such that α−1 ≤ 1−θ < 1+θ ≤ α. Let n1 = n1(B, B2, A, θ)
be the smallest integer such that

Bn1
2 ≤ B−1θA−1/2 . (A.35)

Let l < m < r be such that x− δ1 ∈ In0+n1
l , x ∈ In0+n1

m and x + δ2 ∈ In0+n1
r .

Then, by the bounded geometry property of a grid, there is n2 = 2Mn1 ≥ 1
such that r − l ≤ n2. Hence, the intervals

L1 = ∪m−1
i=l+1I

n0+n1
i , L2 = ∪m

i=lI
n0+n1
i ,

R1 = ∪r−1
i=m+1I

n0+n1
i , R2 = ∪r

i=mIn0+n1
i

satisfy property (i) and property (iii) of Lemma A.7. Let us prove that the in-
tervals L1, L2, R1 and R2 satisfy property (ii) of Lemma A.7. By the bounded
geometry property of a grid and inequality (A.35), we get

|In0+n1
i | ≤ BBn1

2 |In0
β | ≤ θA−1|In0

β |/2 , (A.36)

for all l ≤ i ≤ r. Thus, by inequalities (A.33) and (A.36), we get

|L1|/δ1 ≥ (δ1 − |In0+n1
l | − |In0+n1

m |)/δ1

≥ (δ1 − θA−1|In0
β |)/δ1

≥ 1 − θ . (A.37)

Again, by inequalities (A.33) and (A.36), we get

|L2|/δ1 ≤ (δ1 + |In0+n1
l | + |In0+n1

m |)/δ1

≤ (δ1 + θA−1|In0
β |)/δ1

≤ 1 + θ . (A.38)
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Similarly, using inequalities (A.34) and (A.36), we obtain that

|R1|/δ2 ≥ 1 − θ and |R2|/δ2 ≤ 1 + θ . (A.39)

Noting that α−1 ≤ 1−θ < 1+θ ≤ α and putting together inequalities (A.37),
(A.38) and (A.39), we obtain that the intervals L1, L2, R1 and R2 satisfy
property (ii) of Lemma A.7.

Lemma A.8. Let h : I → J be a homeomorphism and I a compact interval.
The following statements are equivalent:

(i) The homeomorphism h : I → J is (uaa).
(ii) There is a sequence γn converging to zero, when n tends to infinity,
such that

|lrd(n, β)| ≤ γn , (A.40)

for every n ≥ 1 and every 1 ≤ β < Ω(n).

Proof. Let us prove that statement (i) implies statement (ii). Let GΩ be a
(B, M) grid of I. We have that

B−1 ≤ r(n, β) ≤ B , (A.41)

for every level n ≥ 1 and every 1 ≤ β < Ω(n). For every level n ≥ 1 and
every 1 ≤ β < Ω(n), let x− δ1, x, x + δ2 ∈ I be such that In

β = [x− δ1, x] and
In
β+1 = [x, x + δ2]. Hence,

rh(n, β)
r(n, β)

=
h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2
.

Since h : I → J is (B, εB) uniformly asymptotically affine, we get

lrd(n, β) < εB(|In
β | + |In

β+1|) . (A.42)

By Remark A.1, there is B2 = B2(B, M) < 1 such that |In
β | ≤ Bn

2 |I| and
|In

β+1| ≤ Bn
2 |I|. Let αn = εB(2Bn

2 |I|). Hence, by inequality (A.42), we have

lrd(n, β) < εB(|In
β | + |In

β+1|)
< εB(2Bn

2 |I|)
< αn ,

for every n and every 1 ≤ β < Ω(n). Since εB(0) = 0 and εB is continuous at
0, we get that αn = εB(2Bn

2 |I|) converges to zero, when n tends to infinity.

Let us prove that statement (ii) implies statement (i). Let GΩ be a (B, M)
grid of I. Let d ≥ 1. Let x− δ1, x, x + δ2 ∈ I, be such that δ1 > 0, δ2 > 0 and
d−1 ≤ δ2/δ1 ≤ d. For every α > 1, let L1, L2, R1 and R2 be the intervals as



218 A Appendix A: Classifying C1+ structures on the real line

constructed in Lemma A.7. By inequality (A.28) and by monotonicity of the
homeomorphism h, we obtain that

|h(R1)|
|h(L2)|

|L1|
|R2|

≤ h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2
≤ |h(R2)|

|h(L1)|
|L2|
|R1|

. (A.43)

By inequality (A.29),

1 ≤ |L2|
|L1|

|R2|
|R1|

≤ α4. (A.44)

By inequalities (A.43) and (A.44), we get

α−4 |h(R1)|
|h(L2)|

|L2|
|R1|

≤ h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2
≤ α4 |h(R2)|

|h(L1)|
|L1|
|R2|

. (A.45)

By Lemma A.7, we obtain that

|h(R2)|
|h(L1)|

|L1|
|R2|

=

∑r−1
i=m−1

∏i
j=l rh(n0 + n1, j)

∑r−1
i=m−1

∏i
j=l r(n0 + n1, j)

1 +
∑m−2

i=l+1

∏i
j=l r(n0 + n1, j)

1 +
∑m−2

i=l+1

∏i
j=l rh(n0 + n1, j)

,

(A.46)

|h(R1)|
|h(L2)|

|L2|
|R1|

=

∑r−2
i=m

∏i
j=l rh(n0 + n1, j)

∑r−2
i=m

∏i
j=l r(n0 + n1, j)

1 +
∑m−1

i=l

∏i
j=l r(n0 + n1, j)

1 +
∑m−1

i=l

∏i
j=l rh(n0 + n1, j)

.

By inequality (A.40), there is C0 ≥ 1 and there is a sequence γn converging
to zero, when n tends to infinity, such that

rh(n0 + n1, j)
r(n0 + n1, j)

= 1 ± C0γn0+n1 , (A.47)

for every n0 +n1 and for every 1 ≤ j < Ω(n0 +n1). Without loss of generality,
we will consider that γn is a decreasing sequence. Hence, by inequalities (A.46)
and (A.47), there is C1 = C1(C0, n2) > 1 such that

∣
∣
∣
∣log

|h(R1)|
|h(L2)|

|L2|
|R1|

∣
∣
∣
∣ ≤ C1γn0+n1 and

∣
∣
∣
∣log

|h(R2)|
|h(L1)|

|L1|
|R2|

∣
∣
∣
∣ ≤ C1γn0+n1 .

Therefore, by inequality (A.45), we obtain that
∣
∣
∣
∣log

h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2

∣
∣
∣
∣ ≤ C1γn0+n1 + 4 log(α) .

For every m = 1, 2, . . ., let αm = exp(1/8m). Hence, we get
∣
∣
∣
∣log

h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2

∣
∣
∣
∣ ≤ C1γn0+n1 + 1/(2m) . (A.48)

By Lemma A.7, n0 = n0(x− δ1, x, x + δ2) ≥ 1 is the biggest integer such that
[x − δ1, x + δ2] ⊂ In0

β ∪ In0
β+1. Hence, there is In0+1

α ⊂ [x − δ1, x + δ2], Thus,
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|In0+1
α | ≤ δ, where δ = δ1 + δ2. By Remark A.1, there is 0 < B1(B, M) < 1

such that |In0+1
α | ≥ Bn0+1

1 |I|. Hence, we get that Bn0+1
1 |I| ≤ |In0+1

α | ≤ δ, and
so

n0 ≥
log

(
δB−1

1 |I|−1
)

log(B1)
.

Therefore, there is a monotone sequence δm > 0 converging to zero, when
m tends to infinity, with the following property: if δ1 + δ2 ≤ δm, then n0 =
n0(x− δ1, x, x+ δ2) is sufficiently large such that C1γn0+n1 ≤ 1/(2m). Hence,
by inequality (A.48), for every m ≥ 1 and every δ0 + δ1 ≤ δm, we have

∣
∣
∣
∣log

h(x + δ2) − h(x)
h(x) − h(x − δ1)

δ1

δ2

∣
∣
∣
∣ ≤ C1γn0+n1 + 1/(2m) ≤ 1/m . (A.49)

Therefore, we define the continuous function εD : R
+ → R

+ as follows:

(i) εd(δm) = 1/(m − 1) for every m = 2, 3, . . .;
(ii) εd is affine in every interval [δm, δm − 1];
(iii) Since I is a compact interval and h is a homeomorphism, there is
an extension of εd to [δ2,∞) such that inequality (A.27) is satisfied.

By inequality (A.49), we get that εd satisfies inequality (A.27).

Lemma A.9. If h : I → J satisfies the (d0, εd0) uniformly asymptotically
affine condition, then the homeomorphism h is (uaa).

Proof. Similarly to the proof that statement (i) implies statement (ii) of
Lemma A.8, we obtain that if h : I → J satisfies the (d0, εd0) uniformly
asymptotically affine condition, then satisfies statement (ii) of Lemma A.8
with respect to a symmetric grid (see definition of a symmetric grid in Re-
mark A.1). Since statement (ii) implies statement (i) of Lemma A.2, we get
that the homeomorphism h is (uaa).

Lemma A.10. Let h : I → J be a homeomorphism and GΩ a grid of the
compact interval I.

(i) If h : I → J is (uaa), then there is a sequence αn converging to
zero, when n tends to infinity, such that

|crd(n, β)| ≤ αn ,

for every n ≥ 1 and every 1 ≤ β < Ω(n) − 1.
(ii) If there is a sequence αn converging to zero, when n tends to in-
finity, such that for every n ≥ 1 and every 1 ≤ β < Ω(n) − 1

|crd(n, β)| ≤ αn ,

then, for every closed interval K contained in the interior of I, the
homeomorphism h is (uaa) in K.
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Proof. Let us prove statement (i). By Lemma A.8, there is a sequence αn

converging to zero, when n tends to infinity, such that

|lrd(n, β)| ≤ γn , (A.50)

for every n ≥ 1 and every 1 ≤ β < Ω(n). By inequality (A.9), we have that

crd(n, β) ∈ lrd(n, β)
1 + r(n, β)−1

− lrd(n, β + 1)
1 + r(n, β + 1)

±O(lrd(n, β)2, lrd(n, β + 1)2) .

(A.51)
By the bounded geometry property of a grid, there is B ≥ 1 such that B−1 ≤
r(n, β) ≤ B. Thus, there is C0 > 1 such that

C−1
0 ≤ 1

1 + r(n, β)−1
≤ C0 and C−1

0 ≤ 1
1 + r(n, β + 1)

≤ C0 . (A.52)

Therefore, putting together inequalities (A.50), (A.51) and (A.52), we obtain
that there is C1 > 1 such that |crd(n, β)| ≤ C1γn, for every level n and every
1 ≤ β < Ω(n) − 1.

Let us prove statement (ii). Let us suppose, by contradiction, that there is
ε0 > 0 such that |lrd(n(j), β(j))| > ε0, where I

n(j)
β(j) ⊂ K and n(j) tends to

infinity, when j tends to infinity. Hence, there is a subsequence mj such that
either lrd(n(mj), β(mj)) < −ε0 for every j ≥ 1, or lrd(n(mj), β(mj)) > ε0 for
every j ≥ 1. For simplicity of notation, we will denote n(mj) by nj , and β(mj)
by βj . It is enough to consider the case where lrd(nj , βj) > ε0 (if necessary,
after re-ordering all the indices). Thus, there is ε = ε(ε0) > 1 such that, for
every j ≥ 1,

1 + rh(nj , βj)
1 + r(nj , βj)

> ε . (A.53)

Let a(n, i) and b(n, i) be defined as in Lemma A.6:

a(n, i) =
1 + rh(n, i)
1 + r(n, i)

(A.54)

b(n, i) = exp(−crd(n, β)) =
1 + r(n, i)
1 + rh(n, i)

1 + r(n, i + 1)−1

1 + rh(n, i + 1)−1
.

Hence, we have that a(nj , βj) ≥ ε for every j ≥ 1. By hypothesis, the cross-
ratio distortion crd(n, β) converges uniformly to zero when n tends to infinity.
Thus, there is an increasing sequence γn converging to one, when n tends to
infinity, such that

γn ≤ b(n, i) ≤ γ−1
n , (A.55)

for every 1 ≤ i < Ω(n) − 1. Let η = min{(ε − 1)/4, 1/2}. For every j large
enough, let pj be the maximal integer with the following properties: (i) γ

pj
nj ≥

η ; (ii) γ
pj
nj (ε− 1)/2 ≥ η ; and (iii), letting B ≥ 1 be as given by the bounded

geometry property of the grid,
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(ε − 1)γiB−pj

2
≥ B(1 − γ)

1 − (Bγ−1)pj

1 − (Bγ−1)
.

Since γnj converges to one, when j tends to infinity, we obtain that pj also
tends to infinity, when j tends to infinity. By properties (ii) and (iii) of η and
by inequality (A.23), for every j large enough, and for every 1 ≤ i ≤ pj , we
have

a(nj , βj + i) ≥ 1 + η

i∏

k=1

r(nj , βj + k) > 1 . (A.56)

For every j ≥ 1, let Nj be the smallest integer such that there are four grid
intervals I

Nj

αj−1, I
Nj
αj , I

Nj

αj+1 and I
Nj

αj+2 such that

I
nj

βj
⊂ I

Nj

αj−1 and INj
αj

∪ I
Nj

αj+1 ∪ I
Nj

αj+2 ⊂ ∪pj−1
i=1 I

nj

βj+i .

Since the grid intervals I
nj

βj
, . . . , I

nj

βj+p(j)−1 are contained in at most four grid
intervals at level Nj − 1, we obtain that

4Mnj−(Nj−1) ≥ pj ,

where M > 1 is given by the bounded geometry property of the grid. Thus,
nj − Nj tends to infinity, when j tends to infinity. Let us denote by RD(j)
the following ratio:

RD(j) =
|INj

αj |
|JNj

αj |
|JNj

αj+1| + |JNj

αj+2|
|INj

αj+1| + |INj

αj+2|

=
rh(Nj , αj)(1 + rh(Nj , αj + 1))
r(Nj , αj)(1 + r(Nj , αj + 1))

.

By the bounded geometry property of a grid, we have B−1 < r(Nj , αj+i) < B
for every −1 ≤ i ≤ 3 and j ≥ 0. By Lemma A.2 and statement (ii) of Lemma
A.4, there is k0 > 1 such that k−1

0 < rh(Nj , αj + i) < k0 for every −1 ≤ i ≤ 3
and j ≥ 0. Hence, there is k = k(B, k0) > 1 such that for every j ≥ 0, we
have

k−1 ≤ RD(j) ≤ k . (A.57)

Now, we are going to prove that RD(j) tends to infinity, when j tends to
infinity, and so we will get a contradiction. Let e1 < e2 < e3 < e4 be such
that

INj
αj

= ∪e2
i=e1

I
nj

βj+i , I
Nj

αj+1 = ∪e3
i=e2+1I

nj

βj+i , I
Nj

αj+2 = ∪e4
i=e3+1I

nj

βj+i .

Hence, we get

RD(j) =
|INj

αj |
|JNj

αj |
|JNj

αj+1| + |JNj

αj+2|
|INj

αj+1| + |INj

αj+2|
=

R1(j)
Rh,1(j)

Rh,2(j) + Rh,3(j)
R2(j) + R3(j)

, (A.58)
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where

R1(j) =
|INj

αj |
|Inj

βj+e2
|

= 1 +
e2−2∑

q=e1

e2−1∏

i=q+1

r(nj , βj + i)−1

Rh,1(j) =
|JNj

αj |
|Jnj

βj+e2
|

= 1 +
e2−2∑

q=e1

e2−1∏

i=q+1

rh(nj , βj + i)−1

R2(j) =
|INj

αj+1|
|Inj

βj+e2
|

=
e3−1∑

q=e2

q∏

i=e2

r(nj , βj + i)

Rh,2(j) =
|JNj

αj+1|
|Jnj

βj+e2
|

=
e3−1∑

q=e2

q∏

i=e2

rh(nj , βj + i)

R3(j) =
|INj

αj+2|
|Inj

βj+e2
|

=
e4−1∑

q=e3

q∏

i=e2

r(nj , βj + i)

Rh,3(j) =
|JNj

αj+2|
|Jnj

βj+e2
|

=
e4−1∑

q=e3

q∏

i=e2

rh(nj , βj + i) .

Hence, by inequalities (A.54) and (A.56), for every 1 ≤ i ≤ pj , we get

rh(nj , βj + i)
r(nj , βj + i)

> 1 . (A.59)

Thus, we deduce that

Rh,1(j) = 1 +
e2−2∑

q=e1

e2−1∏

i=q+1

r(nj , βj + i)−1 r(nj , βj + i)
rh(nj , βj + i)

≤ 1 +
e2−2∑

q=e1

e2−1∏

i=q+1

r(nj , βj + i)−1

= R1(j) . (A.60)

By inequality (A.59), we obtain

Rh,2(j) =
e3−1∑

q=e2

q∏

i=e2

r(nj , βj + i)
rh(nj , βj + i)
r(nj , βj + i)

≥ R2(j). (A.61)

Now, let us bound Rh,3(j) in terms of R3(j). Putting together inequalities
(A.22) and (A.56), we obtain

rh(n, i)
r(n, i)

= b(n, i − 1)a(n, i)a(n, i − 1)

≥ b(n, i − 1)a(n, i) . (A.62)
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Noting that e3 − e2 < pj , and by inequality (A.55) and property (i) of η, we
get

e3−1∏

i=e2

b(nj , βj + i − 1) ≥ γpj ≥ η .

Hence, by inequalities (A.56) and (A.62), we get

e3−1∏

i=e2

rh(nj , βj + i)
r(nj , βj + i)

≥
e3−1∏

i=e2

b(nj , βj + i − 1)a(nj , βj + i)

≥ η

e3−1∏

i=e2

(

1 + η

i∏

k=1

r(nmi , βj + k)

)

≥ η

(

1 + η

e3−1∑

i=e2

i∏

k=1

r(nmi , βj + k)

)

≥ η2
|INj

αj+1|
|Inj

βj+1|
. (A.63)

Noting that I
nj

βj+1 ⊂ I
Nj

αj−1 ∪ I
Nj
αj and by the bounded geometry property of

the grid, we get
|INj

αj+1|
|Inj

βj+1|
≥ B−2B

Nj−nj

2 , (A.64)

where B2 < 1 is given in Remark A.1. Putting together inequalities (A.63)
and (A.64), we obtain that

e3−1∏

i=e2

rh(nj , βj + i)
r(nj , βj + i)

≥ η2B−2B
Nj−nj

2 .

Hence,

Rh,3(j) =
e3−1∏

i=e2

rh(nj , βj + i)
r(nj , βj + i)

r(nj , βj + i)
e4−1∑

q=e3

q∏

i=e3

rh(nj , βj + i)
r(nj , βj + i)

r(nj , βj + i)

≥ η2B−2B
Nj−nj

2

e3−1∏

i=e2

r(nj , βj + i)
e4−1∑

q=e3

q∏

i=e3

r(nj , βj + i)

= η2B−2B
Nj−nj

2 R3(j) . (A.65)

Noting that R2(j)R3(j)−1 = |INj

αj+1||I
Nj

αj+2|−1 and by the bounded geometry
property of the grid, we obtain

B−1 ≤ R2(j)R3(j)−1 ≤ B .
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Therefore, putting together inequalities (A.60), (A.61) and (A.65), we obtain
that

RD(j) =
R1(j)

Rh,1(j)
Rh,2(j) + Rh,3(j)

R2(j) + R3(j)

≥ R2(j) + η2B−2B
Nj−nj

2 R3(j)
R2(j) + R3(j)

≥ 1 + η2B−3B
Nj−nj

2

1 + B
.

Since B
Nj−nj

2 tends to infinity, when j tends to infinity, we get that RD(j)
also tends to infinity, when j tends to infinity. However, by inequality (A.57),
this is absurd.

A.6 C1+r diffeomorphisms

Let 0 < r ≤ 1. We say that a homeomorphism h : I → J is C1+r if its
differentiable and its first derivative dh : I → R is r-Hölder continuous, i.e.
there is C ≥ 0 such that, for every x, y ∈ I,

|dh(y) − dh(x)| ≤ C|y − x|r .

In particular, if r = 1, then dh is Lipschitz.

Lemma A.11. Let h : I → J be a homeomorphism, and let I be a compact
interval with a grid GΩ.

(i) For 0 < r ≤ 1, the map h is a C1+r diffeomorphism if, and only if,
for every n ≥ 1 and for every 1 ≤ β < Ω(n), we have that

|lrd(n, β)| ≤ O(|In
β |r) . (A.66)

(ii) The map h is affine if, and only if, for every n ≥ 1 and every
1 ≤ β < Ω(n), we have that

|lrd(n, β)| ≤ o(|In
β |) . (A.67)

Proof. By the Mean Value Theorem, if h is a C1+r diffeomorphism, then, for
every n ≥ 1 and for every grid interval In

β , we get that lrd(n, β) ∈ ±O(|In
β |r),

and so inequality (A.66) is satisfied. If h is affine, then, for every n ≥ 1 and
for every grid interval In

β , we get that lrd(n, β) = 0, and so inequality (A.67)
is satisfied.

Let us prove that inequality (A.66) implies that h is C1+r. For every point
P ∈ I, let I1

α1
, I2

α2
, . . . be a sequence of grid intervals In

αn
such that P ∈ In

αn

and In
αn

⊂ In−1
αn−1

for every n > 1. Let us suppose that In−1
αn−1

= ∪i=0jI
n
αn+i for
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some j = j(αn) ≥ 1. By inequality (A.66) and using the bounded geometry
of the grid, we obtain that

dh(n − 1, αn−1)
dh(n, αn)

=
1 +

∑j
i=1

∏i
k=1 rh(n, αn + k)

1 +
∑j

i=1

∏i
k=1 r(n, αn + k)

=
1 +

∑j
i=1

∏i
k=1 r(n, αn + k)(1 ±O(|In

αn+k|)
1 +

∑j
i=1

∏i
k=1 r(nαn + k)

= O(|In
αn

|r) .

A similar argument to the one above implies that for all In
αn

⊂ In−1
αn−1

, we have

dh(n, αn) = dh(n − 1, αn−1) ±O(|In−1
αn−1

|r) .

Hence, using the bounded geometry property of a grid, for every m ≥ 1 and
for every n ≥ m, we get

dh(n, αn) = dh(m, αm) ±O(|Im
αm

|r) . (A.68)

Thus, the average derivative dh(n, αn) converges to a value dP , when n tends
to infinity. Let us prove that h is differentiable at P and that dh(P ) = dP .
Let L be any interval such that the point P ∈ L. Take the largest m ≥ 1 such
that there is a grid interval Im

γ with the property that L ⊂ ∪j=−1,0,1I
m
γ+j . By

the bounded geometry property of a grid, there is C ≥ 1, not depending upon
P , L and Im

γ , such that

C−1 ≤
|Im

γ |
|L| ≤ C . (A.69)

Then, using inequality (A.66) and the bounded geometry of the grid, for every
j = {−1, 0, 1}, we obtain that

|ldh(m, γ + j) − ldh(m, γ)| ≤ O(|L|r) ,

and so
dh(m, γ + j) = dh(m, γ) ±O(|L|r) . (A.70)

For every n ≥ m, take the smallest sequence of adjacent grid intervals
In
βn

, . . . , In
βn+in

, at level n, such that L ⊂ ∪in
i=0I

n
βn+i ⊂ ∪j=−1,0,1I

m
γ+j . By

inequalities (A.68) and (A.70), for every In
βn+i ⊂ Im

γ+j(i) we get that

dh(m, βn + i) = dh(m, γ + j(i)) ±O(|Im
γ+j(i)|r)

= dP ±O(|L|r) .

Hence,

h(L)
L

= lim
n→∞

in∑

i=0

|In
βn+i|
|L| dh(n, βn + i)

= lim
n→∞

in∑

i=0

|In
βn+i|
|L| (dP ±O(|L|r))

= dP ±O(|L|r) . (A.71)
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Therefore, for every P ∈ I, the homeomorphism h is differentiable at P and
dh(P ) = dP . Let us check that dh is r-Hölder continuous. For every P, P ′ ∈ I,
let L be the closed interval [P, P ′]. Using inequality (A.71), we obtain that

dh(P ′) − dh(P ) =
h(L)

L
− h(L)

L
±O(|L|r)

= ±O(|L|r) ,

and so dh is r-Hölder continuous.
Let us prove that inequality (A.67) implies that h is affine. A similar argument
to the one above gives us that h is differentiable and that

|dh(P ′) − dh(P )| ≤ o(|P ′ − P |) , (A.72)

for every P, P ′ ∈ I. Hence, we get that

|dh(P ′) − dh(P )| ≤ lim
n→∞

n−1∑

i=0

∣
∣
∣
∣dh

(
P +

(i + 1)(P ′ − P )
n

)

− dh

(
P +

i(P ′ − P )
n

)∣
∣
∣
∣

≤ lim
n→∞

n o

(
P ′ − P

n

)
= 0 ,

and so h is an affine map.

Lemma A.12. Let 0 < r ≤ 1. Let h : I → J be a homeomorphism and GΩ a
grid of the compact interval I.

(i) If h : I → J is a C1+r diffeomorphism, then, for every n ≥ 1 and
every 1 ≤ β < Ω(n) − 1, we have that

|crd(n, β)| ≤ O(|In
β |r) . (A.73)

(ii) If, for every n ≥ 1 and every 1 ≤ β < Ω(n) − 1, we have that

|crd(n, β)| ≤ O(|In
β |r) , (A.74)

then, for every closed interval K contained in the interior of I, the
homeomorphism h|K restricted to K is a C1+r diffeomorphism.

Proof. Proof of statement (i). By Lemma A.11, for every n ≥ 1 and for every
1 ≤ β < Ω(n), we have that |lrd(n, β)| ≤ O(|In

β |r). Hence, by the bounded
geometry property of a grid and by inequality (A.9), we get |crd(n, β)| ≤
O(|In

β |r).
Proof of statement (ii). Let K be a closed interval contained in the interior of
I. By Lemmas A.8 and A.10, there is a decreasing sequence of positive reals
εn which converges to 0, when n tends to ∞, such that

|lrd(n, β)| < |εn| , (A.75)
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for all n ≥ 1 and for all grid interval In
β intersecting K. For every grid in-

terval In−1
α intersecting K, let k1 = k1(n, α) and k2 = k2(n, α) be such that

∪k2
β=k1

In
β = In−1

α ∪ In−1
α+1 . Let the integers β and i be such that k1 ≤ β ≤ k2

and k1 ≤ β + i ≤ k2. By the bounded geometry property of a grid, and by
inequalities (A.10) and (A.73), we get

lrd(n, β + i) = ±O
(
|lrd(n, β)| + (|In

β | + |In
β+1|)r

)
.

Therefore,

L2(n, β, p) = ±O
(
lrd(n, β)2 + (|In

β | + |In
β+1|)2r

)
. (A.76)

By inequalities (A.11) and (A.76), we get

lrd(n−1, α) =
|In−1

α | + |In−1
α+1 |

|In
β+i| + |In

β+i+1|
lrd(n, β+i)±O

(
lrd(n, β)2 + (|In

β | + |In
β+1|)r

)
.

(A.77)

Let us suppose, by contradiction, that there is a sequence of grid intervals I
nj

βj

and a sequence of positive reals |ej | which tends to infinity, when j tends to
infinity, such that

lrd(nj , βj) = ej(|Inj

βj
| + |Inj

βj+1|)
r . (A.78)

Using that the number of grid intervals at every level n is finite, we obtain that
there exists a subsequence mj of j such that I

nmj+1
βmj+1

⊂ I
nmj

βmj
. Therefore, there

exists a sequence of grid intervals I1
α1

, I2
α2

, . . . with the following properties:

(i) for every i ≥ 1, Ii+1
αi+1

⊂ Ii
αi

;
(ii) for every i ≥ 1, let ai be determined such that

lrd(i, αi) = ai(|Ii
αi
| + |Ii

αi+1|)r . (A.79)

Then, there is a subsequence mj of j such that |ai| ≤ |amj | for every
1 ≤ i ≤ mj , and |amj | tends to infinity, when j tends to infinity.

Let us denote |Ii
αi
| + |Ii

αi+1| by Bi. Using inequality (A.77) inductively, we
get

lrd(mj , βmj ) =
Bmj

B1
lrd(1, α1) ±O

(
mj∑

i=2

Bmj

Bi
(lrd(i, αi)2 + Br

i )

)

.(A.80)

By the bounded geometry property of a grid, there is 0 < θ < 1 such that

Bk

Bi
≤ θk−i , (A.81)

for every 1 ≤ i ≤ mj and for every 1 ≤ k ≤ mj . Noting that |a1| ≤ |amj |, by
inequalities (A.79) and (A.81), we get
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Bmj

B1
lrd(1, α1) =

a1B
r
1Bmj

B1

= ±O
(
|amj |Br

mj
θ(1−r)mj

)
. (A.82)

By inequality (A.75), aiBi ≤ εi, and |ai| ≤ |amj | for i ≤ mj . Hence, by
inequalities (A.79) and (A.81), we obtain that

Bmj

Bi
(lrd(i, αi)2 + Br

i ) =
ai(aiB

r
i )(Br

i Bmj ) + Br
i Bmj

Bi

= ±O
(
(|amj |εi + 1)Br

mj
θ(1−r)(mj−i)

)
. (A.83)

Using inequalities (A.82) and (A.83) in inequality (A.80), we get

|lrd(mj , βmj )|
|amj |Br

mj

≤ O
(

θ(1−r)mj +
mj∑

i=2

(
(εi + |amj |−1)θ(1−r)(mj−i)

)
)

≤ O
(

θ(1−r)mj +
|amj |−1

1 − θ1−r
+

mj∑

i=2

(
εiθ

(1−r)(mj−i)
)
)

. (A.84)

Since εi converges to zero, when i tends to infinity, inequality (A.84) implies
that there is j0 ≥ 0 such that, for every j ≥ j0, we get

|lrd(mj , βmj )| < |amj |Br
mj

,

which contradicts (A.79).

A.7 C2+r diffeomorphisms

Let 0 < r ≤ 1. We say that a homeomorphism h : I → J is C2+r if its twice
differentiable and its second derivative d2h : I → R is r-Hölder continuous.
We will state and prove Lemma A.13 which we will use later in the proof of
Lemma A.14, below.

Lemma A.13. Let GΩ be a grid of the closed interval I. Let h : I ⊂ R → J ⊂
R be a homeomorphism such that for every n ≥ 1 and every 1 ≤ β < Ω(n)−1,

|crd(n, β)| ≤ O(|In
β |1+r) , (A.85)

where 0 ≤ r < 1. Then, for every closed interval K contained in the interior
of I, the logarithmic ratio distortion and the cross-ratio distortion satisfy the
following estimates:

(i) There is a constant C(i) > 0, not depending upon the level n and
not depending upon 1 ≤ β ≤ Ω(n), such that

lrd(n, β + i) =
|In

β+i| + |In
β+i+1|

|In
β | + |In

β+1|
lrd(n, β) ± C(i)|In

β |1+r. (A.86)
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(ii) Let In−1
α and In−1

α+1 be two adjacent grid intervals. Let In
β and In

β+1

be grid intervals contained in the union In−1
α ∪ In−1

α+1 . Then,

lrd(n − 1, α) =
|In−1

α | + |In−1
α+1 |

|In
β | + |In

β+1|
lrd(n, β) ±O(|In

β |1+r) . (A.87)

Proof. By Lemma A.12, for every 0 < s < 1, the homeomorphism h|K is C1+s,
and so the map ψ : I → R is well-defined by ψ(x) = log dh(x). By bounded
geometry property of a grid and by inequality (A.85), for every integer i, there
is a positive constant E1(i) such that

|crd(n, β + j1)| ≤ E1(i)(|In
β |1+r) , (A.88)

for every grid interval In
β and 0 ≤ j1 ≤ i. Take s < 1 such that 2s = 1 + r

and 0 ≤ j2 ≤ i. By inequality (A.85) and statement (ii) of Lemma A.12, h is
C1+s. Hence, using the bounded geometry property of a grid and statement
(i) of Lemma A.11, we obtain that

|lrd(n, β + j1)lrd(n, β + j2)| ≤ O(|In
β+j1 |

s|In
β+j2 |

s)

≤ E2(i)(|In
β |1+r), (A.89)

where E2(i) is a positive constant depending upon i. Using inequalities (A.88)
and (A.89) in (A.10), we get inequality (A.86). Furthermore, using inequalities
(A.88) and (A.89) in (A.11), we get inequality (A.87).

Lemma A.14. Let 0 < r ≤ 1. Let h : I → J be a homeomorphism and GΩ a
grid of the compact interval I.

(i) If h : I → J is C2+r, then

|crd(n, β)| ≤ O(|In
β |1+r) ,

for every n ≥ 1 and every 1 ≤ β < Ω(n) − 1.
(ii) If, for every n ≥ 1 and every 1 ≤ β < Ω(n) − 1, we have that

|crd(n, β)| ≤ O(|In
β |1+r) , (A.90)

then, for every closed interval K contained in the interior of I, the
homeomorphism h|K restricted to K is C2+r.

Proof. Proof of statement (i): Let h be C2+r and let ψ : I → R be given
by ψ(x) = log dh(x). For every n ≥ 1, let In

γ = [x, y], In
γ+1 = [y, z] and

In
γ+1 = [z, w] be adjacent grid intervals, at level n. By Taylor series, we get

|h(In
γ )| ∈ |In

γ |dh(y) + |In
γ |2d2h(y) ±O(|In

γ |2+r)

|h(In
γ+1)| ∈ |In

γ+1|dh(y) − |In
γ+1|2d2h(y) ±O(|In

γ+1|2+r)

|h(In
γ+1)| ∈ |In

γ+1|dh(z) + |In
γ+1|2d2h(z) ±O(|In

γ+1|2+r)

|h(In
γ+2)| ∈ |In

γ+2|dh(z) − |In
γ+2|2d2h(z) ±O(|In

γ+2|2+r) .
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Therefore,

|h(In
γ+1)|

|In
γ+1|

|In
γ |

|h(In
γ )| ∈

dh(y) − |In
γ+1|d2h(y) ±O(|In

γ+1|1+r)
dh(y) + |In

γ |d2h(y) ±O(|In
γ |1+r)

∈ 1 − (|In
γ | + |In

γ+1|)
dψ(y)

2
±O((|In

γ | + |In
γ+1|)r) ,

and so

lrd(n, γ) ∈ −(|In
γ | + |In

γ+1|)
dψ(y)

2
±O((|In

γ | + |In
γ+1|)r) .

Similarly, we get

lrd(n, γ + 1) ∈ −(|In
γ+1| + |In

γ+2|)
dψ(z)

2
±O((|In

γ+1| + |In
γ+2|)r).

Therefore, by inequality (A.9), the cross-ratio distortion c(n, γ) ∈ ±O(|In
γ |r).

Proof of statement (ii). We prove statement (ii), first in the case where 0 <
r < 1 and secondly in the case where r = 1.
Case 0 < r < 1. By Lemma A.12, for every 0 < s < 1, the homeomorphism
h|K is C1+s, and so the map ψ : I → R is well-defined by ψ(x) = log dh(x).
For every point P ∈ I, let I1

α1
, I2

α2
, . . . be a sequence of grid intervals In

αn
such

that P ∈ In
αn

and In
αn

⊂ In−1
αn−1

for every n > 1. By the bounded geometry
property of a grid and by inequality (A.90), for every grid interval In

β ⊂
∪i=−1,0,1I

n−1
αn−1+i, we have that

|crd(n, β)| ≤ O(|In
αn

|1+r) . (A.91)

By inequality (A.87), we have

lrd(n − 1, αn−1)
|In−1

αn−1 | + |In−1
αn−1+1|

=
lrd(n, αn)

|In
αn

| + |In
αn+1|

± O(|In
αn

|r) .

Hence, by the bounded geometry property of a grid, for every m ≥ 1 and for
every n ≥ m, we get that

lrd(n, αn)
|In

αn
| + |In

αn+1|
=

lrd(m, αm)
|Im

αm
| + |Im

αm+1|
± O(|Im

αm
|r) . (A.92)

Thus, lrd(n, αn)/|In
αn

| + |In
αn+1| converges to a value dP , when n tends to

infinity. Let us prove that ψ is differentiable at P and that dψ(P ) = 2dP . Let
L = [x, y] be any interval such that the point P ∈ L. Take the largest m ≥ 1
such that there is a grid interval Im

γ with the property that L ⊂ ∪j=−1,0,1I
m
γ+j .

By the bounded geometry property of a grid, there is C ≥ 1, not depending
upon P , L and Im

γ , such that
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C−1 ≤
|Im

γ |
|L| ≤ C . (A.93)

For every n ≥ m, take the smallest sequence of adjacent grid intervals
In
βn

, . . . , In
βn+in

, at level n, such that L ⊂ ∪in
i=0I

n
βn+i ⊂ ∪j=−1,0,1I

m
γ+j . Hence,

by definition of the logarithmic ratio distortion, we get

ψ(x) = lim
n→∞

ldh(In
βn

)

and
ψ(y) = lim

n→∞
ldh(In

βn+in
) .

Therefore,

ψ(y) − ψ(x)
y − x

= lim
n→∞

ldh(In
βn+in

) − ldh(In
βn

)
y − x

= lim
n→∞

∑in−1
i=0 lrd(In

βn+i)
y − x

. (A.94)

By inequalities (A.92) and (A.93), for every In
βn+i ⊂ Im

γ+j(i) ,we get

lrd(n, βn + i) =
(
|In

βn+i| + |In
βn+i+1|

)
(

lrd(m, γ + j(i))
|Im

γ+j(i)| + |Im
γ+j(i)+1|

± O(|Im
γ+j(i)|r)

)

=
(
|In

βn+i| + |In
βn+i+1|

)
(dP ±O(|L|r)) . (A.95)

Putting together (A.94) and (A.95), we obtain that

ψ(y) − ψ(x)
y − x

= lim
n→∞

(dP ±O(|L|r)
∑in−1

i=0 |In
βn+i| + |In

βn+i+1|
y − x

= lim
n→∞

(dP ±O(|L|r)
|In

βn
| + |In

βn+in
| + 2

∑in−1
i=1 |In

βn+i|
y − x

= 2dP ±O(|L|r) . (A.96)

Therefore, for every P ∈ I, the homeomorphism ψ is differentiable at P
and dψ(P ) = 2dP . Let us check that dψ is r-Hölder continuous. For every
P, P ′ ∈ I, let L be the closed interval [P, P ′]. Using (A.96), we obtain that

dψ(P ′) − dψ(P ) =
ψ(P ′) − ψ(P )

P ′ − P
− ψ(P ′) − ψ(P )

P ′ − P
±O(|L|r)

= ±O(|L|r) ,

and so dψ is r-Hölder continuous.
Case r = 1. By the above argument, h is C2+s for every 0 < s < 1 and so,
in particular, h is C1+Lipschitz. Thus, by Lemma A.11, for every n ≥ 1 and
every 1 ≤ β ≤ Ω(n) − 1 we get that
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|lrd(n, β)| ≤ O(|In
β |) ,

which implies that inequality (A.87) is also satisfied for r = 1. Now, a similar
argument to the one above gives that dψ is Lipschitz.

A.8 Cross-ratio distortion and smoothness

In this section, we prove the following result.

Theorem A.15. Let h : I → J be a homeomorphism between two compact
intervals I and J on the real line, and let GΩ be a grid of I.

(i) If h has the degree of smoothness presented in a line of Table 2,
and dh(x) 
= 0 for all x ∈ I (not applicable for quasisymmetric and
(uaa) homeomorphisms), then the logarithmic ratio distortion satisfies
the bounds presented in the same line with respect to all grid inter-
vals. Conversely, if the logarithmic ratio distortion satisfies the bounds
presented in a line of Table 2 with respect to all grid intervals, then
h : I → J has the degree of smoothness presented in the same line,
and dh(x) 
= 0 for all x ∈ I (not applicable for quasisymmetric and
(uaa) homeomorphisms).

The smoothness of h The order of lrd
(
In
β , In

β+1

)

Quasisymmetric O (1)

(uaa) o
(∣
∣
∣In

β

∣
∣
∣
) ∣

∣
∣In

β

∣
∣
∣
−1

C1+α O
(∣
∣
∣In

β

∣
∣
∣
α)

C1+Lipschitz O
(∣
∣
∣In

β

∣
∣
∣
)

Affine o
(∣
∣
∣In

β

∣
∣
∣
)

Table 2.

(ii) If h has the degree of smoothness presented in a line of Table 3,
and dh(x) 
= 0 for all x ∈ I (not applicable for quasisymmetric and
(uaa) homeomorphisms), then the cross-ratio distortion satisfies the
bounds presented in the same line with respect to all grid intervals.
Conversely, if the cross-ratio distortion satisfies the bounds presented
in a line of Table 3 with respect to all grid intervals, then, for every
closed interval K contained in the interior of I, the homeomorphism
h|K restricted to K has the degree of smoothness presented in the same
line, and dh(x) 
= 0 for all x ∈ I (not applicable for quasisymmetric
and (uaa) homeomorphisms).
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The smoothness of h The order of crd
(
In
β , In

β+1, I
n
β+2

)

Quasisymmetric O (1)

(uaa) o
(∣
∣
∣In

β

∣
∣
∣
) ∣

∣
∣In

β

∣
∣
∣
−1

C1+α O
(∣
∣
∣In

β

∣
∣
∣
α)

C2+α O
(∣

∣
∣In

β

∣
∣
∣
1+α

)

C2+Lipschitz O
(∣

∣
∣In

β

∣
∣
∣
2
)

Table 3.

We point out that some of the difficulties and usefulness of these results
come from the fact that (i) we just compute the bounds of the ratio and
cross- ratio distortions with respect to a countable set of intervals fixed by a
grid, and (ii) we do not restrict the grid intervals, at the same level, to have
necessarily the same lengths. In hyperbolic dynamics, these grids are naturally
determined by Markov partitions.

Proof of Theorem A.15. The equivalences presented for quasisymmetric home-
omorphisms follow from Lemma A.2 with respect to ratio distortion and from
Lemma A.4 with respect to cross-ratio distortion, noting that the ratios r(n, β)
and the cross-ratios cr(n, β) are uniformly bounded by the bounded geometry
property of the grid. The equivalences presented for uniformly asymptotically
affine (uaa) homeomorphisms follow from Lemma A.8 with respect to ratio
distortion and from Lemma A.10 with respect to cross- ratio distortion. The
equivalences presented for C1+α, C1+Lipschitz and affine diffeomorphisms fol-
low from Lemma A.11 with respect to ratio distortion and from Lemma A.12
with respect to cross-ratio distortion. The equivalences presented for C2+α

and C2+Lipschitz diffeomorphisms follow from Lemma A.14.

A.9 Further literature

The quasisymmetric homeomorphisms of the real line extend to quasiconfor-
mal homeomorphisms of the upper half-plane, by the Beurling-Ahlfors exten-
sion theorem (see Ahlfors and Beurling [3]). The uniformly asymptotically
affine (uaa) (or, equivalently, symmetric) homeomorphisms are the boundary
values of quasiconformal homeomorphisms of the upper half-plane whose con-
formal distortion tends to zero at the boundary (see Gardiner and Sullivan
[42]). (Uaa) homeomorphisms turn out to be precisely those homeomorphisms
which have boundary dilatation equal to one, in the sense of Strebel [216]. The
(uaa) homeomorphisms of a circle comprise the closure, in the quasisymmet-
ric topology, of the real-analytic homeomorphisms and this closure contains
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the set of C1 diffeomorphisms (see Gardiner and Sullivan [42]). Furthermore,
any two Cr expanding circle maps conjugated by a (uaa) homeomorphism are
Cr conjugated (see Ferreira and Pinto [38]). In Gardiner and Sullivan [42],
Jacobson and Swiatek [51], de Melo and van Strien [99], Pinto and Rand [158]
and Pinto and Sullivan [175] other relations are also presented between dis-
tinct degrees of smoothness of a homeomorphism of the real line with distinct
bounds of ratio and cross-ratio distortions of intervals. This chapter is based
on Pinto and Sullivan [175].



B

Appendix B: Classifying C1+ structures on
Cantor sets

We present a classification of C1+α structures on trees embedded in the real
line. This is an extension of the results of Sullivan on embeddings of the binary
tree to trees with arbitrary topology and to embeddings without bounded
geometry and with contact points.

B.1 Smooth structures on trees

A tree consists of a set of vertices of the form VT = ∪n≥0Tn, where each Tn

is a finite set, together with a directed graph on these vertices such that each
t ∈ Tn, n ≥ 1, has a unique edge leaving it. This edge joins t (the daughter)
to m(t) ∈ Tn−1 (its mother). We inductively define mp(t) ∈ Tn−p. We call
mp(t) the p-ancestor of t.

Given a tree T , we define the limit set or set of ends LT as the set of all
sequences t = t0t1 . . . such that m(ti+1) = ti, for all i ≥ 0. We endow LT with
the metric d where

d(s0s1 . . . , t0t1 . . .) = 2−n,

if si = ti, for all 0 ≤ i ≤ n − 1 and sn �= tn.
If t = t0t1 . . . ∈ LT , then by t|n we denote the finite words t0 . . . tn−1. Let

Lt|n denote the set of s ∈ LT such that s|n = t|n. This is called an n-cylinder
of the tree. If L is an open subset of LT containing Lt|n and i : L → R a
continuous mapping, then we denote by Ct|n,i the smallest closed interval in
R that contains i(Lt|n). This is also called an n-cylinder. Note that both Lt|n
and Ct|n,i are determined by tn−1. Therefore, we shall often write these as
Ltn−1 and Ctn−1,i. Say that s ∼ t, if i(s) = i(t).

We shall only be interested in mappings i that respect the cylinder struc-
ture of LT in the following way. We demand that if s|n �= t|n, then

intCs|n,i ∩ intCt|n,i = ∅.

The mapping i : L → R induces a mapping L/ ∼→ R that we also denote
by i.
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Definition B.1. Such a pair (i, L) is a chart of LT , if L is an open set of
LT with respect to the metric d and the induced map i : L/ ∼→ R is an
embedding.

Two charts (i, L) and (j, K) are compatible, if the equivalence relation ∼
corresponding to i agrees with that of j on L∩K. They are C1+α compatible,
if they are compatible and the mapping j ◦ i−1 from i(L∩K) to j(L∩K) has
a C1+α extension to a neighbourhood of i(L ∩ K) in R.

Definition B.2. A structure on LT is a set of compatible charts that cover
LT . A C1+α structure on LT is a structure such that the charts are C1+α

compatible charts that cover LT . A C1+α−
structure is a structure such that

the charts C1+β compatible, for all 0 < β < α.

A finite set of C1+α compatible charts that cover LT defines a C1+α struc-
ture on LT . Suppose LT has a smooth structure. We say that h : LT → LT is
it structure preserving, if for all charts (i, L) and (i′, L′) of the structure when-
ever t ∈ L and h(t) ∈ L′, then the chart (i′ ◦ h,L) is compatible with (i, L).
Then, we say that a structure-preserving map h : LT → LT is smooth if its
representatives in local charts are smooth in the following sense: if t ∈ L and
h(t) ∈ L′, where (i, L) and (i′, L′) are charts in the structure, then i′ ◦ h ◦ i−1

has a smooth extension to a neighbourhood of i(t) in R. Similarly, we define
smooth maps between different spaces.

Remark B.3. We shall mostly be concerned with situations where either (i) the
smooth structure is defined by a single chart or (ii) the structure is defined
by a single embedding of LT / ∼ into the circle or into a train-track.

If S is a C1+α structure on LT and i is a chart of S, then we say that s|n
and t|n are adjacent, if there is no u ∈ LT such that Cu,i lies between Cs|n,i

and Ct|n,i and that they are in contact, if Cs|n,i ∩ Ct|n,i �= ∅. Note that this
conditions are independent of the choice of the chart i of S that contains Ls|n
and Lt|n in its domain. It does however depend upon S, so we only use this
terminology when we have a specific structure in mind. If s|n = s0 . . . sn−1

and t|n = t0 . . . tn−1, then we say that sn−1 and tn−1 are adjacent (resp. in
contact), if s|n and t|n are.

Definition B.4. Two C1+α structures S and T on LT are C1+α-equivalent,
if the identity is a C1+α diffeomorphism when it is considered as a map from
LT with one structure to LT with the other. They are C1+α−

-equivalent, if
the identity is a C1+β diffeomorphism, for all 0 < β < α.

B.1.1 Examples

Standard binary Cantor set

Consider the binary tree T shown in Figure B.1. We can index the vertices
of the tree by the finite words ε0 . . . εn−1 of 0s and 1s in such way that the
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Fig. B.1. A binary tree.

mother of the vertex t = ε0 . . . εn is m(t) = ε0 . . . εn−1 and so that ε0 . . . εn−10
lies to the left of ε0 . . . εn−11. Now, to each vertex t = ε0 . . . εn−1 associate a
closed interval It so that It ⊂ Im(t), Iε0...εn−10 is to the left of Iε0...εn−11 and

Iε0...εn−1 = Iε0...εn−10 ∪ Gε0...εn−1 ∪ Iε0...εn−11,

where Gε0...εn−1 is an open interval between Iε0...εn−10 and Iε0...εn−11. We
assume that the ratios |Gt|/|It| are bounded away from 0. Then, the lengths
of the intervals Iε0...εn−1 go to 0 exponentially fast as n → ∞, and therefore

C = ∩n≥0 ∪ε0...εn−1 Iε0...εn−1

is a Cantor set.
Let Σ = {0, 1}Z≥0 denote the set of infinite right-handed words ε0ε1 . . . of

0s and 1s. Clearly, LT can be identified with Σ, since each t = t0t1 . . . ∈ LT

can be identified with a word ε0ε1 . . . in Σ. The mapping i : Σ → R defined
by

i(ε0ε1 . . .) = ∩n≥0Iε0...εn−1

gives an embedding of LT into R. This is the simplest non-trivial example
of an embedded tree. We shall be interested in embedded trees such as this
where the analogue of the Cantor set C is generated in one way or another
by a dynamical system.

Very often, the set C = i(LT ) will be an invariant set of a hyperbolic
dynamical system. For example, there is a map σ defined on LT above by

σ(ε0ε1 . . .) = ε1ε2 . . . .

This induces a map σ′ on C = i(LT ) that is candidate for a hyperbolic system.
Using our results, we give necessary and sufficient for this map to be smooth
in the sense that it has a C1+α extension to R as a Markov map such as that
shown in Figure B.2.

In the above case, the equivalence relation ∼ is trivial and there are no
contact points. But now consider the case where the tree is embedded in
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Fig. B.2. A cookie-cutter.

this way but where the gaps Gt are empty. In this case, i maps LT onto an
interval but is not an embedding, because it is not injective. The equivalence
relation ∼ on LT is non-trivial: it identifies the points ε0 . . . εn1000 . . . and
ε0 . . . εn0111 . . .. Thus, h is injective on all but a countable set. The space
LT / ∼ is homeomorphic to an interval. However, note that LT has much
more structure than an interval, because of the points marked by the cylinder
structure. In particular, there are uncountable many smooth structures on
LT , but only one on the interval.

We could regard the vertex set of T as ∪n≥0Tn, where Tn is the set of
intervals Iε0...εn−1 and the edge relation of T is inclusion. In such a case, we
say that T is defined by the cylinder structure.

Rotations of the circle

This is another example with contact points. Consider the rotation Rα(x) =
x + α, where α is an irrational number such that 0 < α < 1, represented as
the discontinuous mapping

Rα =
{

x + α, x ∈ [α − 1, 0]
x + α − 1, x ∈ [0, α]

Let pn/qn be the nth rational approximant of α. Consider the orbit Rα(0), . . .,
R(qn−1)α(0). This partitions the interval [α−1, α] into qn +1 closed intervals.
Let Tn denote the set of such intervals and let T be the tree whose vertex
set is ∪n≥0Tn and such that the mother of v ∈ Tn is the interval Tn−1 that
contains v. Thus, T is again defined by the cylinder structure. If tot1 . . . ∈ LT ,
then i(tot1 . . .) = ∩n≥0tn defines an embedding of T with contact points.

Of course, any map that is topologically conjugate to Rα would generate
the tree T , but a different embedding. The question of determining whether
two such mappings are smoothly conjugate boils down to showing that these
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embeddings determine the same smooth structure on LT . The approach used
in the theory of renormalization is to show that this tree T can be generated by
a Markov family (Fn)n∈Z≥0 as defined in Rand [189]. This Markov family and
its convergence properties determine the Ck+α structure on LT as is proved
in Pinto and Rand [157].

B.2 Basic definitions

We start by introducing some basic definitions.

Gaps

Fix a C1+α−
structure S on LT . If s and t are adjacent but not in contact, then

there is a gap between i(Ls) and i(Lt). We will add a symbol gs,t = gt,s to Tn

to stand for this gap, if m(s) = m(t). For the chart (i, L), we let Gs,t,i denote
the smallest closed interval containing the gap. Let T̃n denote the set Tn with
all the gap symbols gs,t adjoined. Let ṼT = ∪n≥1T̃n. If mp(s) = mp(t), then
Gs,t,i = Gmp−1(s),mp−1(t),i.

Primary atlas

Suppose that S is a C1+α−
structure on LT . Then, clearly there exists N ≥ 0

such that if TN = {t1, . . . , tq}, then there are charts (ij , Uj) of S, 1 ≤ j ≤ q,
such that the open subset Uj contains the N -cylinder Ltj . We call such a
system of charts a primary NI atlas I with NI = N .

Fix such a primary NI atlas I = {(ij , Uj)}j=1,...,q. Define Ct,I as the
interval Ct,ij , where j is such that mr(t) = tj , for some r ≥ 1. Similarly,
define Gs,t,I as the gap Gs,t,ij , if s and t are non-contact adjacent points with
m(s) = m(t).

If t, s ∈ Tn are adjacent and in contact, define the scalar

ds,t,I =
1
2
(|Ct,I | + |Cs,I |).

If t, s ∈ Tn are adjacent but not in contact, let t2 be the vertex such that
Gt,s,I ⊂ Cm(t2),I but Gt,s,I is not contained in Ct2,I . If Ct �= Cm(t), then
define t1 = t. Otherwise, let t1 be a descendent of t such that Ct1,I is adjacent
to Gt,s,I , Ct1,I �= Ct,I but Cm(t1),I = Ct,I . Define the scalar

δt,s,I =
1
2
|Ct1,I |

|Gt,s,I |
|Ct1,I |

.

Let t′, s′ be the vertices such that m(t′) = t and m(s′) = s. Define the scalar
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et,s,I = δt,s,I − δt′,s′,I .

If t ∈ Tn is in contact, let the connected set Ct,I be the union of n cylinders
and gaps containing Ct,I . The number of n-cylinders and gaps contained in
Ct,I is bounded independently of t and n.

Scaling tree

(i) The scaling tree σI(t):

σI(t) =
|Ct,I |

|Cm(t),I |
and σI(gt,s) =

|Gt,s,I |
|Cm(t),I |

.

This defines a function

σI :
⋃

n≥NI,J

T̃n → [0, 1].

The fact that it is not necessarily defined for small n is not important.

Ratios distortions

Now, suppose that in addition to the structure S and its primary NI-
atlas I, we have another structure T and a primary NJ -atlas J for
it. Redefine NI,J = max(NI , NJ ) + 1. To each t ∈ T̃n, n ≥ NJ ,J , we
associate the following ratios:

(ii) νt:

νt =
∣
∣
∣
∣1 − σJ (t)

σI(t)

∣
∣
∣
∣ .

(iii) νt,s: If t, s ∈ Tn are in contact,

νt =
∣
∣
∣
∣1 − |Ct,I |

|Cs,I |
|Cs,J |
|Ct,J |

∣
∣
∣
∣ .

B.3 (1 + α)-contact equivalence

Let S and T be C1+α−
structures on LT and let I (resp. J ) be a primary

atlas for S (resp. T ). We are going to prove that a sufficient condition for S
and T to be C1+α−

-equivalent is that I α∼ J . It is sufficient to prove it locally
at each point t ∈ LT . Let i : U0 → R be a chart in I and j : V0 → R be a
chart in J with t ∈ U0 ∩ V0. Then, it suffices to show that, for some open
subsets U and V of U0 ∩ V0 containing t, the mapping j ◦ i−1 : i(U) → j(V )
has a C1+α−

extension to R. If this is the case, for all such t, then the result
holds globally. We can restrict our analysis to the case where
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(i) the smallest closed interval I containing i(U) is a cylinder Ct,i, for
some t ∈ TN0 , where N0 > NI,J or else is the union of two adjacent
cylinders of this form that are in contact; and

(ii) where the smallest closed interval J containing j(V ) consists of the
corresponding cylinders for j.

Now, let In (resp. Jn) be the set of endpoints of the cylinders Ct,i (resp. Ct,j),
where t ∈ Tn, n ≥ N0 and Ct,i ⊂ I (resp. Ct,j ⊂ J). Then, j◦i−1 maps In onto
Jn and is a homeomorphism of the closure I∞ of ∪n≥N0I

n onto the closure
J∞ of ∪n≥N0J

n. We will construct a sequence of C∞ mappings Ln such that

(i) Ln agrees with j ◦ i−1 on ∪N0≤j≤nIj ;
(ii) Ln is a Cauchy sequence in the space of C1+ε functions on I, for all

ε < α, and, therefore, converges to a C1+α−
function L∞ on I.

(iii) the mapping L∞ gives the required smooth extension of j ◦ i−1 and
proves the theorem.

B.3.1 (1 + α) scale and contact equivalence

Define the scalar At,s,I as follows. Let t, s ∈ Tn be adjacent vertices, not in
contact, such that m(t) = m(s). Define

Δt = {z ∈ T̃n : z < t and m(z) = m(t)}

and
Δt = {z ∈ T̃n : z > t and m(z) = m(t)}.

We now define the scalars Ft,s,Δ,I and Ft,s,Δ,I . If s ∈ Δt, define the scalar
Ft,s,Δ,I = δt,s,I , otherwise define Ft,s,Δ,I = δt,s,I + |Ct,I |. Similarly, define
Ft,s,Δ,I . Let

At,s,I = min
Δ∈{Δt,Δt}

{
∑

z∈Δ

νz|Cz,I | + νtFt,s,Δ,I

}

.

Roughly, At,s,I − νtFt,s,Δ,I is given by the weighted average of the cylinder
lengths |Cz,I | using weights νz.

Definition B.5. We say that two such primary atlases I and J are (1 + α)-
scale equivalent, if, for all 0 ≤ ε < α < 1, there exists a decreasing function
f = fε : Z≥0 → R with the following properties:

(i)
∑∞

n=0 f(n) < ∞;
(ii) for all t ∈ T̃n, νt < f(n);
(iii) for all s ∈ Tn, adjacent to t but not in contact with it, and all
n > NI,J , if m(s) = m(t),

At,s,Ie
−(1+ε)
t,s,I + νte

−ε
t,s,I < f(n),
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while if m(s) �= m(t) and et,s,I > 0, then

δt,s,Iνte
−(1+ε)
t,s,I < f(n).

Definition B.6. We say that two such primary atlases I and J are (1 + α)-
contact equivalent, if, for all ε such that 0 ≤ ε < α < 1, there exists a
decreasing function f = fε : Z≥0 → R with the following properties:

(i)
∑∞

n=0 f(n) < ∞;
(ii) for all t, s ∈ Tn, n > NI,J such that t and s are in contact,

νt,sd
−ε
t,s,I < f(n) and νt|C

−ε

t,I < f(n).

By condition (ii) of the Definition B.5, for all t ∈ T̃n, O(|Ct,I |) = O(|Ct,J |),
as easily proven in Lemma B.8. Therefore, Definitions B.5 and B.6 are sym-
metric in I and J .

Definition B.7. We say that two such primary atlases I and J are (1 + α)-
equivalent (I α∼ J ), if they are (1 + α)-scale equivalent and (1 + α)-contact
equivalent.

B.3.2 A refinement of the equivalence property

Lemma B.8. |Ct,I |/|Ct,J | is bounded away from 0 and ∞, i.e. |Ct,I |/|Ct,J | =
Ot(1).

Proof. For all t = t0t1 . . . ∈ LT , define Q(tj) = ln(|Ctj ,I |/|Ctj ,J |), for all
j ≥ 0. By definition of νt, |Q(tj−1) − Q(tj)| ≤ O(νtj ). By the (1 + α)-scale
equivalence,

|Q(tNI,J ) − Q(tn)| ≤ O

⎛

⎝
n∑

j=N+1

νtj

⎞

⎠ < c1,

for some constant c1. As the set TNI,J is finite, |Q(tn)| is bounded above,
independently of n and tn.

Corollary B.9. If t ∈ Tn, n ≥ NI,J ,
∣
∣
∣
∣
|Ct,J |
|Ct,I |

−
|Cm(t),J |
|Cm(t),I |

∣
∣
∣
∣ ≤ O(νt). (B.1)

If s, t ∈ Tn are adjacent but not in contact and m(s) = m(t), then
∣
∣
∣
∣
|Gt,s,J |
|Gt,s,I |

−
|Cm(t),J |
|Cm(t),I |

∣
∣
∣
∣ ≤ O(νgt,s). (B.2)

If they are in contact, then
∣
∣
∣
∣
|Ct,J |
|Ct,I |

− |Cs,J |
|Cs,I |

∣
∣
∣
∣ ≤ O(νt,s). (B.3)
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Proof. This follows directly from the definition of νt, νgt,s and νt,s and the
boundedness of |Ct,I |/|Ct,J |.

B.3.3 The map Lt

For all n ≥ NI,J , and all t ∈ Tn with adjacent vertices s and r, define the
map Lt as the affine map such that Lt(Pt,s,I) = Pt,s,J and Lt(Pt,r,I) = Pt,r,J .
Therefore, for z ∈ {s, r},

Lt(x) =
|Ct,J |
|Ct,I |

(x − Pt,z,I) + Pt,z,J .

To each s, t ∈ T̃n, n ≥ NI,J , we associate the intervals Ct,s,I , Dt,s,I and
Et,s,I that we will use in the construction of the sequence of C∞ mappings
Ln (see Figure B.3).

• Cs,t,I , Ct,s,I and Dt,s,I : If t, s ∈ Tn are adjacent and in contact, define
Pt,s,I = Ps,t,I as the common point between the closed sets Ct,I and Cs,I .
Define the closed sets Ct,s,I and Cs,t,I , respectively, as the sets obtained
from Ct,I and from Cs,I , by rescaling them by the factor 1/2, keeping the
point Pt,s,I fixed. Define Dt,s,I = Ct,s,I∪Cs,t,I . Note that |Dt,s,I | = dt,s,I .
If t, s ∈ Tn are adjacent but not in contact, define Pt,s,I and Ps,t,I , respec-
tively, as the common points of the closed sets Ct,I and Cs,I with the gap
Gt,s,I . Define the closed sets Ct,s,I and Cs,t,I , respectively, as the intervals
contained into the gap Gt,s,I , with endpoints Pt,s,I and Ps,t,I and length
δt,s,I and δs,t,I .

• Et,s,I : Let t1, s1 ∈ Tn+1 be the adjacent vertices such that Gt1,s1,I =
Gt,s,I . Define Et,s,I = Ct,s,I \ Ct1,s1,I . Note that Ct,I = Cm(t),I if, and
only if, Et,s,I = ∅. Moreover, |Et,s,I | = et,s,I . Let tl, sl ∈ Tl and tj , sj ∈ Tj

be adjacent vertices such that Gtl,sl,I = Gtj ,sj ,I . Then, Etl,sl,I and Etj ,sj ,I
have the important property that intEtl,sl,I∩intEtj ,sj ,I = ∅. This property
is used later on in the construction of the map Ln.

Lemma B.10. (i) For k equal to 0 and 1 and for all n ≥ NI,J and
all pairs of adjacent vertices t, s ∈ Tn that are in contact,

‖Lt − Ls‖Ck ≤ O(νt,s|Dt,s,I |1−k) (B.4)

in the domain Dt,s,I .
(ii) For all vertices t ∈ Tn and all n ≥ NI,J ,

‖Lt − Lm(t)‖C0 ≤ O(fε(n)) (B.5)

in the domain Ct,I . For all adjacent vertices s and t not in contact,
if m(s) = m(t), one has

‖Lt − Lm(t)‖C0 ≤ O(At,s,I) (B.6)
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(a)

(b)

(c)

Fig. B.3. The intervals Ct,s, Cs,t, Ds,t and Et,s.

in the domain Ct,s,I . If m(s) �= m(t) and Et,s,I = ∅, then Lt = Lm(t)

in Ct,s,I . If m(s) �= m(t) and Et,s,I �= ∅, one has

‖Lt − Lm(t)‖C0 ≤ O(νt|Ct,s,I |) (B.7)

in the domain Ct,s,I . Moreover,

‖dLt − dLm(t)‖C0 ≤ O(νt) (B.8)

in the domains Ct,I and Et,s,I .

Proof. Firstly, we prove inequality (B.4). By Corollary B.9 and since
Lt(Pt,s,I) = Ls(Pt,s,I) = Pt,s,J = Ps,t,J and |x − Pt,s,I | ≤ O(|Dt,s,I |),
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|Lt(x) − Ls(x)| =
∣
∣
∣
∣
|Ct,J |
|Ct,I |

− |Cs,J |
|Cs,I |

∣
∣
∣
∣ |x − Pt,s,I | ≤ O(νt,s|Dt,s,I |) (B.9)

and

|dLt − dLs| =
∣
∣
∣
∣
|Ct,J |
|Ct,I |

− |Cs,J |
|Cs,I |

∣
∣
∣
∣ ≤ O(νt,s).

Let us prove inequality (B.5). Let v, z, r ∈ T̃n be such that m(v) = m(z) =
m(r) = m(t) and z is the only vertex between v and r. By definition of Lm(t),
and as Lz(Pz,r,I) = Lr(Pz,r,I), we obtain by Corollary B.9

|Lm(t)(Pv,z,I) − Lz(Pv,z,I)| ≤
∣
∣
∣
∣
|Cm(t),J |
|Cm(t),I |

− |Cz,J |
|Cz,I |

∣
∣
∣
∣ |Pv,z,I − Pz,r,I | +

+|Lm(t)(Pz,r,I) − Lr(Pz,r,I)|
≤ O

(
νz|Cz,I | + |Lm(t)(Pz,r,I) − Lr(Pz,r,I)|

)
.

Let r1, v1 ∈ Λ1 = Λt and r2, v2 ∈ Λ2 = Λt be such that r1 and r2 are
adjacent to t and v1 and v2 have adjacent vertices z1 and z2, respectively,
such that m(z1) �= m(t) �= m(z2). Let i be equal to 1 or 2. By definition of
Lm(t) and Lvi ,

Lm(t)(Pvi,zi,I) = Lvi(Pvi,zi,I). (B.10)

By inequalities (B.9) and (B.10),

|Lm(t)(Pt,ri,I) − Lri(Pt,ri,I) ≤ O
(

∑

v∈Λi

νv|Cv,I |
)

. (B.11)

For all x ∈ Ct,I , by Corollary B.9 and inequality (B.11),

|Lm(t)(x) − Lt(x)| ≤
∣
∣
∣
∣
|Cm(t),J |
|Cm(t),I |

− |Cz,J |
|Cz,I |

∣
∣
∣
∣ |x − Pt,ri,I | +

+|Lm(t)(Pt,ri,I) − Lri(Pt,ri,I)|

≤ O
(

νt|Ct,I | +
∑

v∈Λi

νv|Cv,I |
)

≤ O
(
fε(n)|Cm(t),I |

)
≤ O(fε(n)).

Let us prove inequality (B.6). For all x ∈ Ct,s,I , by definition of At,s,I , by
Corollary B.9 and inequality (B.11),

|Lm(t)(x) − Lt(x)| ≤
∣
∣
∣
∣
|Cm(t),J |
|Cm(t),I |

− |Cz,J |
|Cz,I |

∣
∣
∣
∣ |x − Pt,s,I | +

+|Lm(t)(Pt,s,I) − Lt(Pt,s,I)| ≤ O(At,s,I).

Let us prove inequality (B.7). By definition, Lt(Pt,s,I) = Lm(t)(Pt,s,I). For
all x ∈ Ct,s,I , by Corollary B.9,



246 B Appendix B: Classifying C1+ structures on Cantor sets

|Lt(x) − Lm(t)(x)| =
∣
∣
∣
∣
|Ct,J |
|Ct,I |

−
|Cm(t),J |
|Cm(t),I |

∣
∣
∣
∣ |x − Pt,s,I |

≤ O (νt|Ct,s,I |) .

Moreover, inequality (B.8) follows by Corollary B.9, because

|dLt − dLm(t)| =
∣
∣
∣
∣
|Ct,J |
|Ct,I |

−
|Cm(t),J |
|Cm(t),I |

∣
∣
∣
∣ ≤ O(νt).

B.3.4 The definition of the contact and gap maps

Lemma B.11. For all δ ≥ 0, there exists a C∞ map φ : [0, δ] → [0, 1] such
that φ(0) = 0 on [0, δ/3], φ = 1 on [2δ/3, 1] and ‖φ‖Ck+α ≤ ckδ−(k+α), where
ck depends only upon k ∈ Z≥0 and not on α ∈ (0, 1] or δ.

Proof. Find such a function φ0 for the case δ = 1 and then deduce the general
case by letting φ(x) = φ0(δ−1x).

If s and t are adjacent vertices in Tn, we use Lemma B.11 to choose
functions φt,s on Gt,s,I and ψs,t = ψt,s on Dt,s,I with the following properties.

(i) φt,s = 0 (resp. ψt,s = 0) on the left-hand third of Et,s,I (resp. Dt,s,I)
and φt,s = 1 (resp. ψt,s = 1) on the left-hand third of Et,s,I (resp.
Dt,s,I).

(ii)
‖φt,s‖Cp ≤ O

(
|Et,s,I |−p

)
(B.12)

and
‖ψt,s‖Cp ≤ O

(
|Dt,s,I |−p

)
, (B.13)

for all reals p between 0 and 2 and where the constants are independent
of all the data.

Extend φt,s to all of the gap Dt,s,I as a smooth map by taking it as
constant outside Et,s,I . We call the φt,s gap maps and the ψt,s contact maps.

Note that, for all n, m ≥ NI,J and all non-contact adjacent vertices t1, s1 ∈
Tn and t2, s2 ∈ Tm such that {s1, t1} �= {s2, t2}, the domains of the gap maps
where they are different from 0 or 1 do not overlap. For all n ≥ N and all
contact adjacent vertices t3, s3 ∈ Tn and t4, s4 ∈ Tm such that {s3, t3} �=
{s4, t4}, the domains of the contact maps do not overlap. Moreover, they do
not overlap with any domain of any gap map φt2,s2 , where t2, s2 ∈ Tm and
m ≤ n.
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B.3.5 The map Ln

For all n ≥ N0 and all vertices t ∈ Tn, define the map Ln on Ct,I ⊂ I as
follows. For all vertices si in contact with t, Ln = Lt on Ct,I \ ∪iCt,s,I . If s is
in contact with t and s is on the left of t, then define Ln on Ct,s,I by

Ln = ψt,sLt + (1 − ψt,s)Ls.

If s is on the right of t, then define Ln on Ct,s,I by

Ln = ψt,sLs + (1 − ψt,s)Lt.

Extension of Ln to the gaps

For all n ≥ N0 and all non-contact adjacent vertices t, s ∈ Tn, suppose that t
os on the left of s. If Et,s,I = ∅, define the map Ln on Ct,s,I by Ln|Ct,s,I = Lt.
If Et,s,I �= ∅, define the map Ln on Ct,s,I by

Ln|Ct,s,I = Lm(t)φt,s + Lt(1 − φt,s).

If Es,t,I = ∅, define the map Ln on Cs,t,I by Ln|Cs,t,I = Ls. If Es,t,I �= ∅,
define the map Ln on Cs,t,I by

Ln|Cs,t,I = Lm(s)(1 − φs,t) + Lsφs,t.

Finally, in Gt,s,I \ (Ct,s,I ∪ Cs,t,I), define Ln = Ln−1.
Let t1, s1 ∈ Tn−1 be such that m(t1) = t and m(s1) = s and Et,s,I �= ∅ and

Es,t,I �= ∅. The map Ln is equal to Lt in Ct,s,I \ Et,s,I = Ct1,s1,I . The map
Ln changes smoothly in Et,s,I to Ln = Lm(t) = Ln−1. The map Ln is equal to
Ln−1 in Gt,s,I \ (Ct,s,I ∪ Cs,t,I). Again the map Ln = Ln−1 = Lm(s) changes
smoothly in Es,t,I such that Ln = Ls in Cs,t,I \ Es,t,I = Cs1,t1,I . Therefore,
the map Ln patches together smoothly in Gt,s,I . If Et,s,I = ∅, then in Ct,s,I ,
by definition of the map Ln−1, Ln−1 = Lm(t) and the map Lm(t) = Lt = Ln.
Therefore, Ln = Ln−1 in Ct,s,I . Similarly, if Es,t,I = ∅, then Ln = Ln−1 in
Cs,t,I .

This construction builds an infinitely differentiable map Ln that is defined
on the closed interval I and that maps I diffeomorphically onto J.

B.3.6 The sequence of maps Ln converge

The space of C1+ε maps on I, for all 0 < ε < α, with the C1+ε norm, is a
Banach space. In this section, we present a prove that the sequence (Ln)n>N0

is a Cauchy sequence in this space and therefore converges. First, we prove
the following lemma.
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Lemma B.12. Suppose t ∈ Tn and n > N0. Then, in the three subsets Ct,I \
∪sCt,s,I , Dt,s,I and Gt,s,I ,

‖Ln − Ln−1‖C1+ε ≤ O(fε(n − 1)).

The constants of the inequality only depend upon I and J .

Proof. We break the proof down into 3 cases corresponding to behavior in the
three subsets Ct,I \ ∪sCt,s,I , Dt,s,I and Gt,s,I .

(i) For Ct,I \ ∪sCt,s,I , where s is in contact with t. By Lemma B.10,

‖Ln − Ln−1‖C1+ε = ‖Lt − Lm(t)‖C1+ε ≤ O(fε(n)).

(ii) For Dt,s,I = Ct,s,I ∪ Cs,t,I . Suppose s is on the left of t. We will
study Ln−Ln−1 in the domain Ct,s,I . By a similar argument, we have
the same result in Cs,t,I .

Ln − Lt = ψt,sLt + (1 − ψt,s)Ls − Lt = (1 − ψt,s)(Ls − Lt).

By inequality (B.4),

|Ln − Lt| ≤ |1 − ψt,s||Ls − Lt| ≤ O(νt,s|Dt,s,I |).

Moreover, by Lemma B.10 and inequality (B.13),

|dLn − dLt| ≤ |dψt,s||Ls − Lt| + |ψt,s||dLs − dLt| ≤ O(νt,s).

and

‖dLn − dLt‖Cε ≤ ‖dψt,s‖Cε‖Ls − Lt‖C0 +
+‖dψt,s‖C0‖Ls − Lt‖Cε + ‖dψt,s‖Cε‖dLs − dLt‖C0

≤ O(νt,s|Dt,s,I |−ε).

Therefore,
‖Ln − Lt‖C1+ε ≤ O(νt,s|Dt,s,I |−ε).

If m(s) �= m(t), then, by Lemma B.10 and the last inequality,

‖Ln − Ln−1‖C1+ε ≤ ‖Ln − Lt‖C1+ε + ‖Ln − Lm(t)‖C1+ε

+ ‖Lm(t) − Ln−1‖C1+ε

≤ O(νt,s|Dt,s,I |−ε) + O(fε(n)) +
+O(νm(t),m(s)|Dm(t),m(s),I |−ε)

≤ O(fε(n − 1)).

If m(s) = m(t), then Lm(t) = Ln−1 or

‖Lm(t) − Ln−1‖C1+ε ≤ O(νm(t),z|Dm(t),z,I |−ε) ≤ O(fε(n − 1)),
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where z is a contact vertex of m(t). Therefore, in the domain Ct,s,I ,

‖Ln − Ln−1‖C1+ε ≤ O(fε(n − 1)).

By a similar argument, in the domain Cs,t,I , we obtain in Dt,s,I ,

‖Ln − Ln−1‖C1+ε ≤ O(fε(n − 1)).

(iii) For Gt,s,I . Suppose that t is on the left of s. By definition of the
domains of the gap maps, Ln = Ln−1 in the gap Gt,s,I , except in the
intervals Ct,s,I and Cs,t,I . If Et,s,I = ∅, then Ln = Ln−1 in Ct,s,I . If
Et,s,I �= ∅, then in Ct,s,I

Ln − Ln−1 = Lm(t)(φt,s − 1) + Lt(1 − φt,s) = (Lt − Lm(t))(1 − φt,s).

If m(t) = m(s), by Lemma B.10 and inequality (B.12),

‖Ln − Ln−1‖C0 ≤ |Lt − Lm(t)||1 − φt| ≤ O(νt),

‖dLn − dLn−1‖C0 ≤ |Lt − Lm(t)||dφt| + |dLt − dLm(t)||1 − φt|
≤ O

(
At,s,I |Et,s,I |−1

)
+ O(νt)

and

‖dLn − dLn−1‖Cε ≤ ‖Lt − Lm(t)‖Cε‖dφt‖C0 + ‖Lt − Lm(t)‖C0‖dφt‖Cε +
+‖dLt − dLm(t)‖C0‖1 − φt‖Cε

≤ O
(
νt|Et,s,I |1−ε−1

)
+ O

(
At,s,I |Et,s,I |−(1+ε)

)
+

+O
(
νt|Et,s,I |−ε

)

≤ O
(
At,s,I |Et,s,I |−(1+ε)

)
+ O

(
νt|Et,s,I |−ε

)
.

Similarly, in Cs,t,I , if Es,t,I = ∅, then Ln = Ln−1. If Es,t,I �= ∅ and
m(s) = m(t), then in Cs,t,I ,

‖Ln − Ln−1‖C1+ε ≤ O
(
At,s,I |Et,s,I |−(1+ε)

)
+ O

(
νs|Es,t,I |−ε

)
.

If m(t) �= m(s) and Et,s,I �= ∅, we have by Lemma B.10 and inequality
(B.12), that in the domain Ct,s,I

‖Ln − Ln−1‖C0 ≤ |Lt − Lm(t)||1 − φt| ≤ O (νt|Ct,s,I |) ,

‖dLn − dLn−1‖C0 ≤ |Lt − Lm(t)||dφt| + |dLt − dLm(t)||1 − φt|
≤ O

(
νt|Ct,s,I ||Et,s,I |−1

)

and



250 B Appendix B: Classifying C1+ structures on Cantor sets

‖dLn − dLn−1‖Cε ≤ ‖Lt − Lm(t)‖Cε‖dφt‖C0 + ‖Lt − Lm(t)‖C0‖dφt‖Cε +
+‖dLt − dLm(t)‖C0‖1 − φt‖Cε

≤ O
(
νt|Ct,s,I ||Et,s,I |−(1+ε)

)
.

Similarly, in Cs,t,I ,

‖Ln − Ln−1‖C1+ε ≤ O
(
νt|Cs,t,I ||Es,t,I |−(1+ε)

)
.

Lemma B.13. The sequence of maps (Ln)n>N0 is a Cauchy sequence in the
domain I with respect to the C1+ε norm. In fact, ‖Ln−Ln−1‖C1+ε ≤ O(fε(n−
1)).

Proof. For all vertices t ∈ Tn, define Pt as the middle point of Ct,I and for
all non-contact vertices t, s ∈ Tn, define Qt,s as the endpoint of Ct,s,I that is
not common to Ct,I . Denote dLn − dLn−1 by Bn. By inequality (B.8),

|Bn(Pt)| ≤ O(νt) and |dBn(Qt,s)| = 0. (B.14)

For all x, y ∈ I, if the closed interval between x and y is contained in the
union of a bounded number of domains of the form Ct,I or Cgt,s,I , then, by
Lemma B.12,

|Bn(y) − Bn(x)|
|y − x|ε ≤ O(fε(n − 1)). (B.15)

Otherwise, take Px (resp. Py) to be the nearest point of the form Pt or Qt,s to
x (resp. y) in the closed interval between x and y. Let us consider the case that
Px = Pt and Py = Ps. By inequalities (B.14) and (B.15) and (1 + α)-contact
equivalence,

|Bn(y) − Bn(x)|
|y − x|ε ≤ |Bn(y) − Bn(Py)|

|y − Py|ε
+

|Bn(Py)|
|Cs,I |ε

+

+O(fε(n − 1)) + O
(
νs|Cs,I |−(ε)

)
+

+O
(
νt|Ct,I |−(ε)

)
+ O(fε(n − 1))

≤ O(fε(n − 1)).

Similarly, for the other cases. Therefore, ‖Ln − Ln−1‖C1−ε ≤ O(fε(n − 1))
and, by condition (i) of Definition B.5, Ln is a Cauchy sequence.
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B.3.7 The map L∞

Since the sequence (Ln)n≥N0 is a Cauchy sequence in C1+ε(I), it converges
to a function L∞ ∈ C1+ε.

Lemma B.14. The map L∞ is a C1+α−
diffeomorphism of I onto J that

extends i−1 ◦ j.

Proof. By Lemma B.8, for all t ∈ Tn, |Ct,J |/|Ct,I | is bounded away from 0
and ∞ and, by the hypotheses of (1+α)-scale equivalence and (1+α)-contact
equivalence, if s, t ∈ Tn are adjacent, (i) At,s,I |Et,s,I |−1 → 0, (ii) νt → 0 as
n → ∞, and (iii) νs,t → 0 depending if s is in contact with t or not and if
they have the same mother. Thus, there exists ε1 > 0, 0 < ε < ε1, and N1 > 0
such that if n ≥ N1, then, for all s, t ∈ Tn,

ε1 < |Cm(t),J |/|Cm(t),I |, O
(
At,s,I |Et,s,I |−1 + νt

)
< ε and O(νt,s) < ε,

when defined.
We break down the proof into four parts corresponding to the sets Ct,I \

(∪sCt,s,I), Dt,s,I , where s is adjacent and in contact with t; Ct,s,I , Cs,t,I and
Gt,s,I \ (Ct,s,I ∪ Cs,t,I), if s is adjacent and not in contact with t.

(i) In Ct,I \ Ct,s,I . dLt = |Ct,J |/|Ct,I | > ε1.
(ii) In Dt,s,I . Suppose that s is on the left of t. Then, in the domain
Dt,s,I , by the inequalities (B.4) and (B.13),

|dLn| = |ψt,sdLt + dψt,sLt + (1 − ψt,s)dLs − dψt,sLs|
≥ |dLs| − |dψt,s(Lt − Ls) + ψt,s(dLt − dLs)|
≥ |Cs,J |/|Cs,I | − O(νt,s) > ε1 − ε > 0,

(iii) In Ct,s,I . Suppose t is on the left of s. Similarly, if t is on the right of
s. Then, in the domain Ct,s,I , if Et,s,I = ∅, one has |dLn| = |dLt| > ε1.
If Et,s,I �= ∅, then, by Lemma B.10 and inequality (B.12),

|dLn| = |φt,sdLt + dφt,sLt + (1 − φt,s)dLm(t) − dφt,sLm(t)|
≥ |dLm(t)| − |dφt,s(Lt − Lm(t)) + φt,s(dLt − dLm(t))|
≥ |Cm(t),J |/|Cm(t),I | − O

(
At,s,I |Et,s,I |−1 + νt

)
> ε1 − ε > 0,

(iv) In Gt,s,I \ (Ct,s,I ∪ Cs,t,I). In different subsets of this set, the
map Ln = Ln−j , for some j ∈ N. We suppose, by induction, that
Ln−j > ε1 − ε > 0. For that take N0 = max{N0, N1}.
Therefore, |dLn| > ε1 − ε > 0 in I, for all n > N0, which implies that
|L∞| ≥ ε1 − ε > 0.
By construction, Ln(Ct,I) = Ct,J , for all t ∈ Tm, N0 ≤ m ≤ n, and
therefore L∞ equals i−1 ◦ j on the closure of ∪n≥N0I

n.
As L∞(Ct,I) = Ct,J , for all vertices t ∈ Tn and all n > N0, L∞ is a
C1+α−

conjugacy between the charts i and j.
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B.3.8 Sufficient condition for C1+α−
-equivalent

Theorem B.15. Let S and T be C1+α−
structures on LT and let I (resp.

J ) be a primary atlas for S (resp. T ). A sufficient condition for S and T to
be C1+α−

-equivalent is that I α∼ J .

Proof. It is sufficient to prove the theorem locally at each point t ∈ LT . Let
i : U0 → R be a chart in I and j : V0 → R be a chart in J with t ∈ U0 ∩ V0.
Then, it suffices to show that, for some open subsets U and V of U0 ∩ V0

containing t, the mapping j ◦ i−1 : i(U) → j(V ) has a C1+α−
extension to R.

If this is the case, for all such t, then the result holds globally. We can restrict
our analysis to the case where

(i) the smallest closed interval I containing i(U) is a cylinder Ct,i, for
some t ∈ TN0 , where N0 > NI,J or else is the union of two adjacent
cylinders of this form that are in contact; and

(ii) where the smallest closed interval J containing j(V ) consists of the
corresponding cylinders for j.

Now, let In (resp. Jn) be the set of endpoints of the cylinders Ct,i (resp.
Ct,j), where t ∈ Tn, n ≥ N0 and Ct,i ⊂ I (resp. Ct,j ⊂ J). Then, j ◦ i−1 maps
In onto Jn and is a homeomorphism of the closure I∞ of ∪n≥N0I

n onto the
closure J∞ of ∪n≥N0J

n. By Lemmas B.12 and B.14, there is a sequence of
C∞ mappings Ln such that

(i) Ln agrees with j ◦ i−1 on ∪N0≤j≤nIj ;
(ii) Ln is a Cauchy sequence in the space of C1+ε functions on I, for all

ε < α, and, therefore, converges to a C1+α−
function L∞ on I.

(iii) the mapping L∞ gives the required smooth extension of j ◦ i−1 and
proves the theorem.

The proof of Theorem B.16 is similar to the proof of Theorem B.15, taking
ε equal to α.

Theorem B.16. Let ε be equal to α in Definitions B.5 and B.6. The C1+α−

structures S and T are C1+α−
-equivalent, if I α∼ J .

B.3.9 Necessary condition for C1+α−
-equivalent

Theorem B.15 gave a sufficient condition for S and T be C1+α−
-equivalent.

The following theorem gives a necessary condition that is very closely related.

Theorem B.17. Let S and T be C1+α−
structures on LT with γ-controlled

geometries and I and J be, respectively, primary atlases for S and T . If S
and T are C1+α−

-equivalent, then I γ∼ J .
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Proof. Suppose that the structures S and T are C1+β-equivalent, for all
0 < β < α. Let the respective primary atlas I and J have γ-controlled ge-
ometry, where 0 < γ ≤ α. This equivalence means that the identity is a C1+β

diffeomorphism between the two structures. Thus, if (i, U) is a chart of I and
(j, V ) is a chart of J such that Cm(z),I ⊂ U and Cm(z),J ⊂ V , then there
exists a C1+β diffeomorphism h : R → R such that h(Cm(z),I) = Cm(z),J and
h(Ct,I) = Ct,J , for all descendents t of m(z).

By the Mean Value Theorem, there are points u, v ∈ Cm(t),I such that

|dh(u)| = |Cm(t),J |/|Cm(t),I | and |dh(v)| = |Ct,J |/|Ct,I |.

Moreover, since h is C1+β, we have that |dh(u) − dh(v)| ≤ O(|Cm(t),I |β).
Therefore,

νt =
∣
∣
∣
∣1 − |Ct,J |

|Cm(t),J |
|Cm(t),I |
|Ct,I |

∣
∣
∣
∣ ≤ O

(
|Cm(t),I |β

)
≤ O(gβ,ε(n)). (B.16)

By a similar argument,

νgt,s =
∣
∣
∣
∣1 − |Gt,s,J |

|Cm(t),J |
|Cm(t),I |
|Gt,s,I |

∣
∣
∣
∣ ≤ O

(
|Cm(t),I |β

)
≤ O(gβ,ε(n)). (B.17)

Therefore,

At,s,I ≤ O
(

|Cm(t),I |β
(

∑

z∈Λ

|Cz,I |
))

≤ O
(
|Cm(t),I |1+β

)
≤ O(gβ,ε(n)).

By the hypotheses of Theorem B.17, if m(t) = m(s), then

At,s,I |Et,s,I |−(1+ε) + νt|Et,s,I |−ε ≤ O
(
|Cm(t),I |1+β|Et,s,I |−(1+ε)

)
+

+O
(
|Cm(t),I |β |Et,s,I |−ε

)

≤ O
(
|Cm(t),I |1+β|Et,s,I |−(1+ε)

)

≤ O(gβ,ε(n)).

If m(t) �= m(s) and Et,s,I �= ∅, then

νt|Ct,s,I ||Et,s,I |−(1+ε) ≤ O
(
|Cm(t),I |β |Ct,s,I ||Et,s,I |−(1+ε)

)
≤ O(gβ,ε(n)).

Thus, the conditions of Definition B.5 are verified, if for fε(n) one takes
cgβ,ε(n), where c > 0 is some constant. Therefore, the atlases I and J are
(1 + γ)-scale equivalent.

If t is in contact, then, by inequality (B.16),
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νt|Ct,I |−ε ≤ O
(
|Cm(t),I |β |Ct,I |−ε

)

≤ O(gβ,ε(n)).

If s and t are in contact, then, by the Mean Value Theorem, there exist
u ∈ Cs,I and v ∈ Ct,I such that

|dh(u)| = |Cs,J |/|Cs,I | and |dh(v)| = |Ct,J |/|Ct,I |.

Since the map h is C1+β,

|dh(z) − dh(v)| ≤ O
(
(|Ct,I | + |Cs,I |)β

)
≤ O

(
|Dt,s,I |β

)
.

Therefore,

νt,s =
∣
∣
∣
∣1 − |Ct,J |

|Cs,J |
|Cs,I |
|Ct,I |

∣
∣
∣
∣ ≤ O

(
|Dt,s,I |β

)
(B.18)

and
νt,s

|Dt,s,I |ε
≤ O

(
|Dt,s,I |β−ε

)
≤ O(gβ,ε(n)).

The last inequality follows from the hypotheses of the theorem.
Thus, taking fε(n) = cgβ,ε(n), the conditions of Definition B.6 are verified.

Therefore, the atlases I and J are (1+ γ)-contact equivalent. This completes
the proof that I and J are (1 + γ)-equivalent.

Lemma B.18. For C1+α−
structures on LT with α-controlled geometry, the

Definition B.21 is equivalent to Definition B.7.

Proof. Definition B.7 implies Definition B.21, because, by Theorem B.15, the
C1+α−

structures S and T are C1+α−
-equivalent and by α-controlled geome-

try Theorem B.17 holds with γ = α. Therefore, by inequalities (B.16), (B.17)
and (B.18), we obtain Definition B.21. Definition B.21 implies Definition B.7
by a straightforward calculation, using the α-controlled geometry property of
the structure S.

B.4 Smooth structures with α-controlled geometry and
bounded geometry

The results of the following sections are implied by the general theory on
smooth structures that we will present in Section B.3.

Definition B.19. A C1+α−
structure S on LT has γ-controlled geometry, if,

for some primary atlas I and for all ε such that 0 < ε < γ ≤ α, there exists β
such that ε < β < α and there exists a decreasing function g = gβ,ε : Zn≥0 →
R with the following properties:

(i)
∑∞

n=0 g(n) < ∞;
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(ii) for all t ∈ T̃n, |Ct,I |β < g(n);
(iii) for all t, s ∈ Tn, that are adjacent but not in contact, if m(t) =
m(s), then

|Cm(t),I |1+βe
−(1+ε)
t,s,I < g(n),

while if m(t) �= m(s) and et,s,I > 0, then

|Cm(t),I |βδt,s,Ie
−(1+ε)
t,s,I < g(n);

(iv) for all t, s ∈ Tn that are in contact, we have that dβ−ε
t,s,I < g(n) and

|Cm(t),I |β |Ct,I |−ε < g(n).

If the structure S on LT does not have gaps, then condition (iii) is trivial
satisfied and (ii) follows from (iv). An important example is given by the case
of smooth structures generated by smooth circle maps.

Let I and J be different primary atlas for S on LT . By smoothness of the
structure S, there is a constant c > 0 such that, for all t ∈ T̃n, O(|Ct,I |) =
O(|Ct,J |). Therefore, Definition B.19 is independent of the atlas considered.
Similarly, let S and T be C1+-equivalent structures on LT . Then, S has γ-
controlled geometry if, and only if, T has γ-controlled geometry.

In Lemma B.25 below, we show that a structure with bounded geometry
has γ-controlled geometry, for all 0 < γ < 1.

Lemma B.20. The structure S has α-controlled geometry, if the following
condition is verified: The gaps of the structure S have length greater or equal
to the cylinders adjacent to it. Let l : Z≥0 → R and L : Z≥0 → R be positive
functions such that, for all t ∈ T̃n, l(n) ≤ σI(t) ≤ L(n). Then, for all 0 <
ε < γ, there is γ < β < α such that

∞∑

n=1

(
n−1∏

i=1

L(i)

)β−ε

(l(n))−(1+ε)

converges.

Proof. For all t ∈ T̃n,

l(n) ≤ |Ct,I |
|Cm(t),I |

≤ L(n). (B.19)

For all t ∈ T̃n,
n∏

i=1

l(i) ≤ |Ct,I | ≤
n∏

i=1

L(i). (B.20)

Conditions (i), (ii) and (iv) in the definition of γ-controlled geometry are
verified by inequality (B.20), for a decreasing function g = gβ,ε : Z≥0 → R

such that

O(g(n)) = O
(

(l(n))−(1+ε)
n−1∏

i=0

(L(i))β−ε

)

.
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Let us prove that condition (iii) is also verified. For all adjacent vertices t, s ∈
Tn, that are not in contact, we have by definition that

δt,s,I = |Ct,I |
|Gt,s,I |
|Ct2,I |

.

Recall that t2 is the vertex such that Ct2,I and Gt,s,I have the same
mother and Ct2,I is an ancestor of Ct,I . Therefore, by inequality (B.19),
l(n)|Cm(t),I | ≤ |Ct,I | ≤ L(n)|Cm(t),I |. Thus,

δt,s,I ≤ L(n)|Cm(t),I ||Gt,s,I |/|Ct2,I |

and
et,s,I ≥ (1 − L(n))l(n)|Cm(t),I ||Gt,s,I |/|Ct2,I |.

By hypotheses |Ct2,I |/|Gt,s,I | ≤ O(1), thus

|Cm(t),I |1+βe
−(1+ε)
t,s,I ≤ O

(
l(n)−(1+ε)|Cm(t),I |β−ε

)

≤ O(g(n)).

Hence,

|Cm(t),I |βδt,s,Ie
−(1+ε)
t,s,I ≤ O

(
l(n)−(1+ε)|Cm(t),I |β−εL(n)

)

≤ O(g(n)).

Therefore, for all 0 < γ < 1, the structure S has γ-controlled geometry.

By Lemma B.20, if the structure S has gaps, the number of vertices with
the same mother can increase polynomially or exponentially from level n to
level n + 1 and S be a structure with γ-controlled geometry. For instance, let
0 < β ≤ μ < 1 and pm(n) = a0n

m+. . . and qm(n) = b0n
m+. . . be polynomials

of degree m, where a0, b0 > 0. If l(n) = βpm(n) and L(n) = μqm(n), then the
structure S has α-controlled geometry.

Condition (ii) can easily be modified to allow that a vertex t and its an-
cestors to at most mk(t) could define the same cylinders, for some k ≥ 1 not
depending upon the vertex t.

Moreover, γ-controlled geometry include cases, in opposition to Lemma
B.20, where the length of the cylinders does not decrease as fast as in the case
of bounded geometry. For these cases, γ can be different of α. Therefore, γ-
controlled geometry is a concept much more general than bounded geometry.

Definition B.21. Let S and T be C1+α−
structures on LT with α-controlled

geometries and I and J be, respectively, primary atlases for S and T . The
structures S and T are (1 + α)-equivalent (S α∼ T ), if, for all 0 < β < α
and for all t ∈ T̃n, νt < O(|Cm(t),I |β) and for all s in contact with t, νt,s <

O
(
dβ

t,s,I

)
.
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The following theorem is an immediate consequence of the general theory
on smooth structures in Section B.3.

Putting together Lemma B.18 and Theorems B.15 and B.17, we obtain
the following result:

Corollary B.22. Let S and T be C1+α−
structures with α-controlled geome-

tries on LT . The C1+α−
structures on LT , S and T are C1+α−

-equivalent if,
and only if, S α∼ T .

Putting together Lemma B.18 and Theorem B.16, we get the following
result.

Corollary B.23. Let β be equal to α in the Definitions B.19 and B.21.
Then, the C1+α structures S and T with α-controlled geometries are C1+α-
equivalent, if S α∼ T .

An interesting feature of Corollary B.22 is that it gives a balanced equiva-
lence between the scaling of the partition structures and the degree of smooth-
ness between them.

A compatible chart (i, L) with the C1+α−
structure S can be regarded as

a smooth structure T on L. Let the structure S ′ on L be the restriction of the
structure S to L. Then, (i, L) is a compatible C1+α−

chart of S if, and only
if, T α∼ S ′.

The definitions and results of this section are independent of the primary
atlas chosen for the smooth structures on LT . This is due to the facts that:

(i) the structures have α-controlled geometry and this property is inde-
pendent of the primary atlas considered;

(ii) by Corollary B.22, the structures S and T , with primary atlas I and
J , respectively, are C1+α-equivalent if, and only if, I α∼ J .

(iii) Thus, if I and J are different primary atlas for the same structure
S, they are (1 + α)-equivalent, which implies that

(iv) the definition of (1 + α)-equivalence is independent of the primary
atlas considered.

(v) Therefore, Corollary B.22 is independent of the primary atlas consid-
ered.

B.4.1 Bounded geometry

Definition B.24. A structure S has bounded geometry, if, for some primary
atlas I, σI(t) is bounded away from 0, i.e. there exists 0 < δ < 1 such that
σI(t) > δ, for all t ∈ T̃n, n ≥ NI,J . Recall that σI(t) = |Ct,I |/|Cm(t),I | and
σI(gt,s) = |Gt,s,I |/|Cm(t),I |. Moreover, there is l > 0 such that, for all t ∈ Tn,
if σI(t) = 1, then σI(ml(t)) < 1.
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The definition of bounded geometry for a smooth structure S does not
depend of the atlas considered, although the constant δ is not necessarily the
same for different primary atlas.

Some examples of smooth structures with bounded geometry are the ones
generated by smooth circle maps with rotation number of constant type, by
the closure of the orbit of the critical point of unimodal maps infinitely renor-
malizable with bounded geometry and by Markov maps.

Lemma B.25. A structure S with bounded geometry has α-controlled geom-
etry, for all 0 < α < 1.

Proof. By bounded geometry, for all t ∈ T̃n, there is 1 ≤ j ≤ l such that

|Ct,I |
|Cmj−1(t),I |

= 1 and
|Ct,I |

|Cmj(t),I |
< 1 − δ. (B.21)

Clearly, for all t ∈ T̃n,

O(δn) < |Ct,I | < O((1 − δ)n/l). (B.22)

Conditions (i), (ii) and (iv) in the definition of α-controlled geometry are
verified, by (B.22), for the decreasing function g = gβ,ε : Z≥0 → R given by

g(n) = c((1 − δ)n/l)β−ε,

for some constant c > 0. Let us prove that condition (iii) is also verified. For
all adjacent vertices t, s ∈ T̃n, that are not in contact, we have, by definition,
that

δt,s,I =
1
2
|Ct1,I |

|Gt,s,I |
|Ct2,I |

.

Recall that t1 is the vertex such that Ct1,I �= Cm(t1),I = Cm(t),I and t2
is the vertex such that Ct2,I and Gt,s,I have the same mother and Ct2,I
is an ancestor of Ct,I . Therefore, by (B.21), |Gt,s,I |/|Ct2,I | = O(1) and
O(|Ct1,I |) = O(|Cm(t1),I |) = O(|Cm(t),I |). Thus, δt,s,I = O(|Cm(t),I |).

Let t′, s′ ∈ T̃n+1 be such that m(t′) = t and m(s′) = s and t′1 is the vertex
such that Ct′1,I �= Cm(t′1),I = Cm(t′),I . If et,s,I = δt,s,I − δt′,s′,I �= 0, then, by
(B.21),

|Ct1,I | > |Ct1,I | − |Ct′1,I | = |Cm(t′1),I | − |Ct′1,I | > δ|Cm(t′1),I | = δ|Ct1,I |.

Therefore, if et,s,I �= 0, then

O(et,s,I) = O(|Ct1,I |) = O(|Cm(t),I |) = O(δt,s,I),

that, together with (B.22), proves condition (iii) of the definition of α-
controlled geometry.

Putting together Lemma B.25 and Corollary B.22, we obtain the following
result.
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Theorem B.26. Let S and T be C1+α−
structures on LT with bounded ge-

ometry. Then, S and T are C1+α−
-equivalent if, and only if, S α∼ T .

Definition B.27. (i) S is a C1+ structure on LT if, and only if, S is
a C1+ε structure, for some ε > 0.
(ii) The structures S and T are C1+-equivalent if, and only if, they
are C1+ε-equivalent, for some ε > 0.
(iii) The structures S and T are (1+)-equivalent (S 1+∼ T ) if, and only
if, there is λ ∈ (0, 1) such that, for all t ∈ T̃n, νt ≤ O(λn) and if s is
in contact with t, then νt,s ≤ O(λn).

Theorem B.28. Let S and T be C1+ structures on LT with bounded geometry
and I (resp. J ) be primary atlas. For bounded geometry, a necessary and
sufficient condition for the C1+ structures S and T to be C1+-equivalent is
that S 1+∼ T .

Proof. Let 0 < ε′ < 1 be such that S and T are C1+ε′
structures on LT .

Let us prove if, for all t ∈ T̃n and all s in contact with t, νt ≤ O(λn) and
νt,s ≤ O(λn), then there is 0 < β < ε′ such that S and T are C1+β-equivalent.

Take 0 < ε < ε′ such that λ ≤ δε. By bounded geometry,

νt ≤ O(λn) ≤ O((δn)ε) ≤ O(|Ct1,I |ε)

and
νt,s ≤ O(λn) ≤ O((δn)ε) ≤ O(δε

t,s,I).

Therefore, the structures S and T are (1 + ε)-equivalent, and by Corollary
B.26 they are the C1+β-equivalent for some 0 < β < ε.

Let us prove that if there is 0 < β < ε′ such that S and T are C1+β-
equivalent, then there is 0 < λ < 1 such that, for all t ∈ T̃n, and s in contact
with t, νt ≤ O(λn) and νt,s ≤ O(λn).

Let 0 < ε < β and 0 < λ < 1 be such that λ ≥ (1 − δ)ε/l. By Corollary
B.26, the structures S and T are (1 + β)-equivalent, and by (B.22) in proof
of Lemma B.25,

νt ≤ O(|Ct1,I |ε) ≤ O
(
((1 − δ)n/l)ε

)
≤ O(λn)

and
νt,s ≤ O(δε

t,s,I) ≤ O
(
((1 − δ)n/l)ε

)
≤ O(λn),

that proves the theorem.

B.5 Further literature

This chapter is based on Pinto and Rand [158].
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Appendix C: Expanding dynamics of the circle

We discuss two questions about degree d smooth expanding circle maps, with
d ≥ 2. (i) We characterize the sequences of asymptotic length ratios which
occur for systems with Hölder continuous derivative. The sequence of asymp-
totic length ratios are precisely those given by a positive Hölder continuous
function s (solenoid function) on the Cantor set C of d-adic integers satisfying
a functional equation called the matching condition. In the case of the 2-adic
integer Cantor set, the functional equation is

s(2x + 1) =
s(x)
s(2x)

(
1 +

1
s(2x − 1)

)
− 1 .

We also present a one-to-one correspondence between solenoid functions and
affine classes of exponentially fast d-adic tilings of the real line that are
fixed points of the d-amalgamation operator. (ii) We calculate the precise
maximum possible level of smoothness for a representative of the system,
up to diffeomorphic conjugacy, in terms of the functions s and cr(x) =
(1 + s(x))/(1 + (s(x + 1))−1). For example, in the Lipschitz structure on C
determined by s, the maximum smoothness is C1+α for 0 < α ≤ 1 if, and only
if, s is α-Hölder continuous. The maximum smoothness is C2+α for 0 < α ≤ 1
if, and only if, cr is (1 + α)-Hölder. A curious connection with Mostow type
rigidity is provided by the fact that s must be constant if it is α-Hölder for
α > 1.

C.1 C1+Hölder structures U for the expanding circle
map E

In this section, we present the definition of a C1+Hölder expanding circle map
E with respect to a structure U and give its characterization in terms of the
ratio distortion of E at small scales with respect to the charts in U .

The expanding circle map E = E(d) : S → S, with degree d ≥ 2, is given
by E(z) = zd in complex notation. Let p ∈ S be one of the fixed points of the
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expanding circle map E. The Markov intervals of the expanding circle map
E are the adjacent closed intervals I0, . . . , Id−1 with non empty interior such
that only their boundaries are contained in the set {E−1(p)} of pre-images
of the fixed point p ∈ S. Choose the interval I0 such that I0 ∩ Id−1 = {p}.
Let the branch expanding circle map Ei : Ii → S be the restriction of the
expanding circle map E to the Markov interval Ii, for all 0 ≤ i < d. Let the
interval Iα1...αn be E−1

αn
◦ . . . ◦E−1

α1
(S). The nth-level of the interval partition

of the expanding circle map E is the set of all closed intervals Iα1...αn ∈ S.
A C1+Hölder diffeomorphism h : I → J is a C1+ε diffeomorphism for

some ε > 0 (the notion of a quasisymmetric homeomorphism and of a C1+ε

diffeomorphism h : I → J are the usual ones and are presented in sections
A.3 and A.6, respectively.)

Definition 35 The expanding circle map E : S → S is C1+Hölder with re-
spect to a structure U on the circle S if for every finite cover U ′ of U ,

(i) there is an ε > 0 with the property that for all charts u : I → R

and v : J → R contained in U ′ and for all intervals K ⊂ I such that
E(K) ⊂ J , the maps v◦E ◦u−1|u(K) are C1+ε and their C1+ε norms
are bounded away from zero and infinity;

(ii) there are constants c > 0 and ν > 1 such that, for every n > 0 and
every x ∈ S, |(v◦En◦u−1)′(x)| > cνn, where u : I → R and v : J → R

are any two charts in U ′ such that x ∈ u(I) and En ◦ u(x) ∈ J .

Remark C.1. The above condition (ii) is equivalent to say that all C1+Hölder

expanding maps, that we consider in this chapter, are quasisymmetric conju-
gated to the affine expanding map E = E(d) : S → S given by E(z) = zd in
complex notation.

It is well-known that quasisymmetry implies Hölder continuity, but, in
general, the opposite is not true. However, in the above remark, condition (ii)
is also equivalent to say that the affine expanding map is Hölder conjugated
to the C1+Hölder expanding maps that we consider in this chapter.

Lemma C.2. The expanding circle map E : S → S is C1+Hölder with respect
to a structure U if, and only if, for every finite cover U ′ of U , there are
constants 0 < μ < 1 and b > 1 with the following property: for all charts u :
J → R and v : K → R contained in U ′ and for all adjacent intervals Iα1...αn

and Iβ1...βn at level n of the interval partition such that Iα1...αn , Iβ1...βn ⊂ J
and E(Iα1...αn), E(Iβ1...βn) ⊂ K, we have that

b−1 <
|u(Iα1...αn)|
|u(Iβ1...βn)| < b and

∣
∣
∣
∣log

|u(Iα1...αn)| |v(E(Iβ1...βn))|
|u(Iβ1...βn)| |v(E(Iα1...αn))|

∣
∣
∣
∣ ≤ O(μn) .

Lemma C.2 follows from Theorem A.15 in Section A.2 and Remark C.1.
By using the Mean Value Theorem we obtain the following result for a

C1+Hölder expanding circle map E : S → S with respect to a structure U .
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For every finite cover U ′ of U , there is an ε > 0, with the property that for all
charts u : J → R and v : K → R contained in U ′ and for all adjacent intervals
I and I ′, such that I, I ′ ⊂ J and En(I), En(I ′) ⊂ K, for some n ≥ 1, we have

∣
∣
∣
∣log

|u(I)||v(En(I ′))|
|u(I ′)||v(En(I))|

∣
∣
∣
∣ ≤ O(|v(En(I)) ∪ v(En(I ′))|ε). (C.1)

C.2 Solenoids (Ẽ,S̃)

In this section, we introduce the notion of a (thca) solenoid (Ẽ, S̃) and we
prove that a C1+Hölder expanding circle map E with respect to a structure U
determines a unique (thca) solenoid.

The sequence x = (. . . , x3, x2, x1, x0) is an inverse path of the expanding
circle map E if E(xn) = xn−1, for all n ≥ 1. The topological solenoid S̃
consists of all inverse paths x = (. . . , x3, x2, x1, x0) of the expanding circle
map E with the product topology. The solenoid map Ẽ is the bijective map
defined by

Ẽ(x) = (. . . x0, E(x0)).

The projection map π = πS : S̃ → S is defined by π(x) = x0. A fiber or
transversal over x0 ∈ S is the set of all points x ∈ S̃ such that π(x) = x0. A
fiber is topologically a Cantor set {0, . . . , d− 1}N0 . A leaf L = Lz is the set of
all points w ∈ S̃ path connected to the point z ∈ S̃. A local leaf L′ is a path
connected subset of a leaf. A local leaf L′ is adjacent to a local leaf L′′, if L′

intersected with L′′ is equal to a unique point.
The monodromy map M̃ : S̃ → S̃ is defined such that the local leaf starting

on x and ending on M̃(x) after being projected by π is an anti-clockwise arc
starting on x0, going around the circle once, and ending on the point x0. Since
the orbit of any point x ∈ S̃ under M̃ is dense on its fiber (see Lemma C.5
in Section C.3), we get that all leaves L of the solenoid S̃ are dense. Hence,
the topological solenoid is a compact set and is the twist product of the circle
S with the Cantor set {0, . . . , d − 1}N0 , where the twist is determined by the
monodromy map.

We define a metric m on each transversal as follows: Let 0 < μ < 1. For
every x and y in the same fiber, we define m(x,y) = μn if xn = yn and
xn+1 
= yn+1.

Definition 36 The solenoid (Ẽ, S̃) is transversely continuous affine (tca) if
(i) every leaf L has an affine structure; (ii) the solenoid map Ẽ preserves
the affine structure on the leaves; and (iii) the ratio between the lengths
of adjacent leaves, determined by their affine structures, varies continuously
along transversals. The solenoid (Ẽ, S̃) is transversely Hölder continuous affine
(thca) if the solenoid is (tca) and the ratio between adjacent leaves determined
by their affine structure varies Hölder continuously along transversals.
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We say that (x,y, z) is a triple, if the points x, y and z are distinct and
are contained in the same leaf L of S̃. Let T be the set of all triples (x,y, z). A
function r : T → R

+ is invariant by the action of the solenoid map Ẽ if, and
only if, for all triples (x,y, z) ∈ T , we have r(x,y, z) = r(Ẽ(x), Ẽ(y), Ẽ(z)). A
function r : T → R

+ varies Hölder continuously along fibers or, equivalently,
transversals if, and only if, for all triples (x,y, z), (x′,y′, z′) ∈ T such that x
and x′ are in the same fiber, y and y′ are in the same fiber, and z and z′ are
in the same fiber, we have

|log(r(x,y, z)) − log(r(x′,y′, z′))| ≤ max{m(x,x′), m(y,y′), m(z, z′)} .

Definition 37 A leaf ratio function r : T → R
+ is a continuous function

invariant by the action of the solenoid map Ẽ and satisfying the following
matching condition: for all triples (x,w,y), (w,y, z) ∈ T ,

r(x,y, z) =
r(x,w,y)r(w,y, z)

1 + r(x,w,y)
.

A Hölder leaf ratio function r : T → R
+ is a leaf ratio function varying Hölder

continuously along fibers.

Lemma C.3. There is a one-to-one correspondence between (thca) solenoids
(Ẽ, S̃) and Hölder leaf ratio functions r : T → R

+.

Proof. The affine structures on the leaves of the (thca) solenoid S̃ determine
a function r : T → R

+ that varies continuously along leaves, and satisfies
the matching condition. The converse is also true. Moreover, (i) the solenoid
map S̃ preserves the affine structure on the leaves if and only if the function
r : T → R

+ is invariant by the action of the solenoid map Ẽ and (ii) the ratio
between adjacent leaves determined by their affine structure changes Hölder
continuously along transversals if and only if the function r : T → R

+ varies
Hölder continuously along fibers.

Lemma C.4. A C1+Hölder expanding circle map E : S → S with respect to a
structure U generates a Hölder leaf ratio function rU : T → R

+.

Proof. Let U ′ be a finite cover of U . For every triple (x,y, z) ∈ T and every n
large enough, let un : Jn → R be a chart contained in U ′ such that xn, yn, zn ∈
Jn. Using (C.1), rU (x,y, z) is well-defined by

rU (x,y, z) = lim
n→∞

|un(yn) − un(zn)|
|un(xn) − un(yn)| .

By construction, rU is invariant by the dynamics of the solenoid map and
satisfies the matching condition. Again, using (C.1), we obtain that rU is a
continuous function varying Hölder continuously along transversals. Hence,
rU is a leaf ratio function.
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C.3 Solenoid functions s : C → R
+

In this section, we will introduce the notion of a solenoid function whose
domain is a fiber of the solenoid. We will show that a Hölder leaf ratio function
determines a Hölder solenoid function and that a Hölder solenoid function
determines an element in the set of sequences A(d) defined below.

Definition 38 Let the space A(d) be the set of all sequences {a1, a2, . . .} of
positive real numbers with the following properties:

(i) there is 0 < ν < 1 such that an/am ≤ νi if n − m is divisible by di

and
(ii) a1, a2, . . . satisfies

am =

∏d−1
i=1 adm−i

(∑d−1
j=0

∏j
l=0 adm+l

)

1 +
∑d−1

j=1

∏d−1
l=j adm−l

. (C.2)

A geometric interpretation of the sequences contained in the set A(d) is
given by the d-adic tilings and grids of the real line defined in Section C.4,
below.

Let
∑∞

i=−∞ aid
i be a d-adic number. The d-adic numbers

n−1∑

i=−∞
(d − 1)di +

∞∑

i=n

aid
i and (an + 1)dn +

∞∑

i=n+1

aid
i

such that an +1 < d are d-adic equivalent. The d-adic set Ω̃ is the topological
Cantor set {0, . . . , d − 1}Z of all d-adic numbers modulo the above d-adic
equivalence. The product map d× : Ω̃ → Ω̃ is the multiplication by d of the
d-adic numbers. The add 1 map 1+ : Ω̃ → Ω̃ is the sum of 1 to the d-adic
numbers.

Let the map ω̃ : Ω̃ → S̃ be the homeomorphism between the d-adic set Ω̃
and the solenoid S̃ defined as follows: ω̃(

∑∞
i=−∞ aid

i) = x = (. . . , x1, x0) ∈ S̃,
where xn = ∩∞

i=1E
−1
an−1

◦. . .◦E−1
an−i

(Ian−(i+1)) for all n ≥ 0 (recall that Ian−(i+1)

is a Markov interval of the expanding circle map E). Hence xn ∈ Ian for all
n ≥ 0. By construction, the map ω̃ : Ω̃ → S̃ conjugates the product map
d× : Ω̃ → Ω̃ with the solenoid map Ẽ : S̃ → S̃, and conjugates the add 1 map
1+ : Ω̃ → Ω̃ with the monodromy map M̃ : S̃ → S̃.

Lemma C.5. Every orbit of the monodromy map is dense on its fiber.

Proof. Since the add 1 map 1+ : Ω̃ → Ω̃ is dense on the image ω̃−1(F ) of
every fiber F of the solenoid S̃, the lemma follows.

Let Ω be the topological Cantor set {0, . . . , d−1}Z≤0 corresponding to all d-
adic numbers of the form

∑−1
i=−∞ aid

i modulo the d-adic equivalence. The pro-
jection map πΩ : Ω̃ → Ω is defined by πΩ

(∑∞
i=−∞ aid

i
)

=
∑−1

i=−∞ aid
i. The
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map ω : Ω → S is defined by ω(
∑−1

i=−∞ aid
i) = ∩∞

i=1E
−1
a−1

◦. . .◦E−1
a−i

(Ia−(i+1)).
By construction,

ω ◦ πΩ

( ∞∑

i=−∞
aid

i

)

= πS ◦ ω̃

( ∞∑

i=−∞
aid

i

)

,

for all
∑∞

i=−∞ aid
i ∈ Ω̃.

The set C is the topological Cantor set {0, . . . , d− 1}Z≥0 corresponding to
all d-adic integers of the form

∑∞
i=0 aid

i.

Definition 39 The solenoid function s : C → R
+ is a continuous function

satisfying the following matching condition, for all a ∈ C:

s(a) =

∏d−1
i=1 s(da − i)

(∑d−1
j=0

∏j
l=0 s(da + l)

)

1 +
∑d−1

j=1

∏d−1
l=j s(da − l)

. (C.3)

Lemma C.6. The Hölder leaf ratio function r : T → R
+ determines a Hölder

solenoid function sr : C → R
+.

Proof. For all
∑∞

i=0 aid
i ∈ C, we define

sr

( ∞∑

i=0

aid
i

)

= r

(

ω̃

( ∞∑

i=0

aid
i − 1

)

, ω̃

( ∞∑

i=0

aid
i

)

, ω̃

( ∞∑

i=0

aid
i + 1

))

.

The matching condition and the Hölder continuity of the leaf ratio function
r : T → R

+ imply the matching condition and the Hölder continuity of the
solenoid function sr : C → R

+, respectively.

Lemma C.7. There is a one-to-one correspondence between Hölder solenoid
functions s : C → R

+ and sequences {r1, r2, r3, . . .} ∈ A(d).

Proof. Given a Hölder solenoid function s : C → R
+, for all i =

∑k
j=0 ajd

j ≥
0, we define ri by

ri = s

⎛

⎝
k∑

j=0

ajd
j

⎞

⎠ .

The matching condition of the solenoid function s : C → R
+ implies that the

ratios r1, r2, . . . satisfy (C.2). The Hölder continuity of the solenoid function
s : C → R

+ implies condition (i). Conversely, for every d-adic integer a =∑∞
i=0 aid

i ∈ C, let an ∈ N0 be equal to
∑n

i=0 aid
i. Define the value s(a) by

s(a) = lim
n→∞

ran
.

Using condition (i) the above limit is well defined and the function s : C → R
+

is Hölder continuous. Using condition (ii) and the continuity of s we obtain
that the function s satisfies the matching condition.
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C.4 d-Adic tilings and grids

In this section, we introduce d-adic tilings of the real line that are fixed points
of the d-amalgamation operator and d-adic fixed grids of the real line. We
show that their affine classes are in one-to-one correspondence with (thca)
solenoids.

A tiling T = {Iβ ⊂ R : β ∈ Z} of the real line is a collection of tiling
intervals Iβ with the following properties: (i) The tiling intervals are closed
intervals; (ii) The union ∪β∈ZIβ of all tiling intervals Iβ is equal to the real
line; (iii) any two distinct tiling intervals have disjoint interiors; (iv) For every
β ∈ Z, the intersection of the tiling intervals Iβ and Iβ+1 is only an endpoint
common to both intervals; (v) There is B ≥ 1, such that for every β ∈ Z,
we have B−1 ≤ |Iβ+1|/|Iβ | ≤ B. The tiling sequence r = (rm)m∈Z is given
by rm = |Im+1|/|Im|. Let T denote the set of all tiling sequences. The d-
amalgamation operator Ad : T → T is defined by Ad(r) = s, where

si = rd(i−1)+1,di

1 +
∑d(i+1)−1

m=di+1 rdi+1,m

1 +
∑di−1

m=d(i−1)+1 rd(i−1)+1,m

,

for all i ∈ Z.

Definition 40 A tiling T is a fixed point of the d-amalgamation operator,
if the corresponding tiling sequence is a fixed point of the d-amalgamation
operator, i.e. Ad(r) = r. A tiling is d-adic, if there is a sequence μ1, μ2, . . .
converging to zero such that |rj − rk| ≤ μi, when (j − k) is divisible by di. A
tiling is exponentially fast d-adic, if there is 0 < μ < 1 such that |rj − rk| ≤
O(μi), when (j − k) is divisible by di.

The tilings T1 = {Iβ ⊂ R : β ∈ Z} and T2 = {Jβ ⊂ R : β ∈ Z} of the real
line are in the same affine class, if there is an affine map h : R → R such that
h(Iβ) = Jβ for every β ∈ Z. We note that a tiling sequence r determines an
affine class of tilings T and vice-versa.

Remark C.8. The tiling sequence r = (rm)m∈Z of an exponentially fast d-adic
tiling of the real line that is a fixed point of the d-amalgamation operator
determines a sequence r1, r2, . . . in A(d).

A d-grid G of the real line is a collection of intervals In
β satisfying properties

(i) to (vii) of a (B, d)-grid GΩ (see Appendix A), for some B ≥ 1, such that
every interval In

β is the union of d grid intervals at level n+1, and Ω(n) = ∞.
We note that every level n of a grid forms a tiling of the real line. We say that
the grids G1 = {In

β } and G2 = {Jn
β } of the real line are in the same affine class,

if there is an affine map h : R → R such that h(In
β ) = Jn

β for every β ∈ Z and
every n ∈ N. The d-grid sequence . . . r2r1 is given by rn = (rn

m)m∈Z, where
rn
m = |In

m+1|/|In
m|. The following remark gives a geometric interpretation of

the d-amalgamation operator.
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Remark C.9. (i) If . . . r2r1 is a d-grid sequence, then Ad(rn+1) = rn

for every n ≥ 1.
(ii) If . . . r2r1 is a sequence such that Ad(rn+1) = rn, then the sequence
determines an affine class of d-grids.

Definition 41 A fixed d-grid G of the real line is a d-grid of the real line
such that the corresponding grid sequence . . . r2r1 is constant, i.e. r1 = rn for
every n ≥ 1. A d-adic fixed grid G of the real line is a fixed d-grid such that
r1 is a d-adic tiling. An exponentially fast d-adic fixed grid G of the real line
is a fixed d-grid such that r1 is an exponentially fast d-adic tiling.

Hence, all the levels of a d-adic fixed grid G of the real line determine the
same d-adic tiling of the real line, up to affine equivalence, that is a fixed point
of the d-amalgamation operator.

Lemma C.10. There is a one-to-one correspondence between (i) (thca) so-
lenoids; (ii) affine classes of exponentially fast d-adic tilings of the real line
that are fixed points of the d-amalgamation operator; (iii) affine classes of
exponentially fast d-adic fixed grids of the real line.

x 0
-2

x 2x

r 0r -1 r 1 r 2

x 0x -1-2 x 1 x 2 x 3x

r 0
r 1r

-1

E
~

Fig. C.1. The leaf L fixed by the solenoid map Ẽ.

Proof. By construction, there is a one-to-one correspondence between (ii)
affine classes of exponentially fast d-adic quasiperiodic tilings of the real line
that are fixed points of the d-amalgamation operator and (iii) affine classes
of exponentially fast d-adic quasiperiodic fixed grids of the real line. Let us
prove that a (thca) solenoid determines canonically an affine class of expo-
nentially fast d-adic tilings of the real line that are fixed points of the d-
amalgamation operator. Let L be a leaf of the (thca) solenoid (Ẽ, S̃) con-
taining a fixed point x0 of the solenoid map Ẽ. The leaf L is marked by the
points . . . ,x−1,x0,x1, . . . that project on the same point of the circle as the
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fixed point x0, and such that there is a local leaf Lm with extreme points
xm and xm+1 with the property that Lm does not contain any other point
xj for m 
= j 
= m + 1. The affine structure on the leaf L determines the
ratios rm = r(xm−1,xm,xm+1) of the leaf ratio function r : T → R

+, for
all m ∈ Z. Since the solenoid map Ẽ is affine and Ẽ(L) = L, the sequence
of ratios r = (rm)m∈Z is fixed by the amalgamation operator Ad (see Figure
C.1), and so r determines an affine class of tilings that are fixed points of the
d-amalgamation operator. The Hölder transversality of the solenoid (Ẽ, S̃)
implies that the sequence r determines an affine class of exponentially fast d-
adic tilings. Hence, the sequence r determines an affine class of exponentially
fast d-adic tilings that are fixed points of the d-amalgamation operator, and
so the sequence r also determines an affine class of exponentially fast d-adic
fixed grids of the real line. Conversely, an affine class of exponentially fast
d-adic fixed grids of the real line determines uniquely the affine structure of a
leaf L that is fixed by the solenoid map Ẽ. Since the grid sequence . . . r2r1 is
a fixed point of the amalgamation operator, i.e. Ad(rn) = rn−1, the solenoid
map Ẽ is affine on the leaf L. By density of the leaf L on the solenoid S̃ and
since the grid gd is exponentially fast d-adic, the affine structure of the leaf L
extends to an affine structure transversely Hölder continuous on the solenoid
S̃ such that the solenoid map Ẽ leaves the affine structure invariant.

C.5 Solenoidal charts for the C1+Hölder expanding circle
map E

In this section, we introduce the solenoidal charts which will determine a
canonical structure for the expanding circle map.

Definition 42 Let L be a local leaf with an affine structure and πL = πS |L
the homeomorphic projection of L onto an interval JL of the circle S. Let
φL : L → R be a map preserving the affine structure of the leaf L. A solenoidal
chart uL : JL → R on the circle S is defined by uL = φL ◦ π−1

L (see Figure
C.2).

Lemma C.11. The solenoidal charts determined by a (thca) solenoid (Ẽ, S̃)
produce a canonical structure U such that the expanding circle map E is
C1+Hölder.

Proof. Let U ′ be a finite cover consisting of solenoidal charts. Let Iα1...αn

and Iβ1...βn be adjacent intervals at level n of the interval partition and uL :
J → R and vL′ : K → R solenoidal charts such that Iα1...αn , Iβ1...βn ⊂ J
and Iα2...αn , Iβ2...βn ⊂ K. Let x, y and z be the points contained in L such
that π(x) and π(y) are the endpoints of Iα1...αn , and π(y) and π(z) are the
endpoints of Iβ1...βn . Let x′, y′ and z′ be the points contained in L′ such
that π(x′) and π(y′) are the endpoints of Iα2...αn , and π(y′) and π(z′) are
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Fig. C.2. The solenoidal chart.

the endpoints of Iβ2...βn (see Figure C.2). By Lemma C.3, the (thca) solenoid
determines a leaf ratio function r : T → R

+ such that

|uL(Iβ1...βn)|
|uL(Iα1...αn)|

|vL′(Iα2...αn)|
|vL′(Iβ2...βn)| =

r(x,y, z)
r(x′,y′, z′)

. (C.4)

By Lemma C.6, using that Ẽ is affine on leaves, the leaf ratio function r :
T → R

+ determines a solenoid function sr : C → R
+ such that

r(x,y, z)
r(x′,y′, z′)

=
s
(
ω̃−1(Ẽn(y))

)

s
(
ω̃−1(Ẽn−1(y′))

) . (C.5)

By Hölder continuity of the solenoid function,
∣
∣
∣
∣
∣
∣
log

s
(
ω̃−1(Ẽn(x))

)

s
(
ω̃−1(Ẽn−1(y))

)

∣
∣
∣
∣
∣
∣
≤ O(μn), (C.6)

for some 0 < μ < 1. Putting (C.4), (C.5) and (C.6) together, and using that
C is compact, we obtain that

b−1 <
|uL(Iα1...αn)|
|uL(Iβ1...βn)| < b and

∣
∣
∣
∣log

|uL(Iα1...αn)|
|uL(Iβ1...βn)|

|vL′(Iβ2...βn)|
|vL′(Iα2...αn)|

∣
∣
∣
∣ ≤ O(μn),

(C.7)
for some b ≥ 1. Hence, by Lemma C.2, the expanding circle map E is
C1+Hölder with respect to the structure U produced by the solenoidal charts.
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Lemma C.12. The Hölder solenoid function s : C → R
+ determines a set of

solenoidal charts which produce a structure U such that the expanding circle
map E is C1+Hölder.

Proof. For every triple (x,y, z) such that there are n ∈ Z and a ∈ C with the
property that

(Ẽn(x), Ẽn(y), Ẽn(z)) = (ω̃(a − 1), ω̃(a), ω̃(a + 1))

we define r(x,y, z) equal to s(a). Hence, the ratios r are invariant under the
solenoid map Ẽ. Since the solenoid function satisfies the matching condition,
the above ratios r determine an affine structure on the leaves of the solenoid.
By construction, the solenoidal charts uL : J → R and vL′ : K → R deter-
mined by this affine structure on the leaves, as in the proof of Lemma C.11
above, satisfy (C.7), and so by Lemma C.2, the expanding circle map E is
C1+Hölder with respect to the structure U produced by the solenoidal charts.

C.6 Smooth properties of solenoidal charts

We will prove that the solenoidal charts maximize the smoothness of the ex-
panding circle map with respect to all charts in the same C1+Hölder structure.

Let U be a C1+Hölder structure for the expanding circle map E. By Lem-
mas C.3 and C.4, the structure U determines a (thca) solenoid (Ẽ, S̃)U .

Lemma C.13. Let U be a C1+Hölder structure for the expanding circle map
E, and let V be the set of all solenoidal charts determined by the (thca)
solenoid (Ẽ, S̃)U . Then, the set V is contained in U and the degree of smooth-
ness of the expanding circle map E when measured in terms of a cover U ′ of
U attains its maximum when U ′ ⊂ V .

Proof. Let the expanding circle map E : S → S be Cr, for some r > 1,
with respect to a finite cover U ′ of the structure U . We shall prove that the
solenoidal charts vL : I → R are Cr compatible with the charts contained
in U ′, proving the lemma. Let L be a local leaf that projects by πL = πS |L
homeomorphically on an interval I contained in the domain J of a chart
u : J → R of U ′. For n large enough, let un : Jn → R be a chart in U ′

such that In = πS(Ẽ−n(L)) ⊂ Jn. Let λn : un(In) → (0, 1) be the restriction
to the interval un(In) of an affine map sending the interval un(In) onto the
interval (0, 1) (see Figure C.3). Let en : (0, 1) → R be the Cr map defined
by en = u ◦ En ◦ u−1

n ◦ λ−1
n . The map en is the composition of a contraction

λ−1
n followed by an expansion u◦En ◦u−1

n . Therefore, by the usual blow-down
blow-up technique (see the proof of Theorem E.19 and Pinto [150]), the map
e : (0, 1) → R given by e = limn→∞ en is a Cr homeomorphism. Hence, the
map vL : I → R defined by e−1 ◦ u is a solenoidal chart and is Cr compatible
with the charts contained in U ′.
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Fig. C.3. The construction of the solenoidal charts from the C1+Hölder structure
U .

C.7 A Teichmüller space

Theorem C.14, below, proves the assumptions stated in the first paragraph of
the Introduction.

Theorem C.14. The following sets are canonically isomorphic:

(i) The set of all C1+Hölder structures U for the expanding circle map
E : S → S of degree d ≥ 2;
(ii) The set of all (thca) solenoids (Ẽ, S̃);
(iii) The set of all Hölder leaf ratio functions r : T → R

+;
(iv) The set of all Hölder solenoid functions s : C → R

+;
(v) The set of all sequences {r0, r1, . . .} ∈ A(d);
(vi) The set of all affine classes of exponentially fast d-adic tilings of
the real line that are fixed points of the d-amalgamation operator;
(vii) The set of all affine classes of exponentially fast d-adic fixed grids
of the real line.

Proof. The proof of this theorem follows from the following diagram, where
the implications are determined by the lemmas indicated by their numbers:

  (i)  ⇐   (ii)  ⇔   (vi),(vii)

⇑ c

⇑

  (v)  ⇔   (iv)  ⇐  (iii)

8 7

3

56

29
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C.8 Sullivan’s solenoidal surfaces

We are going to describe Sullivan’s one-to-one correspondence between (tca)
solenoids and complex structures on a solenoidal surface L. Via this corre-
spondence, the set of all (tca) solenoids is a separable infinite dimensional
complex Banach manifold (see Sullivan [232]).

A 2-dimensional solenoid is a compact space locally homeomorphic to a (2-
ball) product a totally disconnected space. A solenoid is naturally laminated
by the path connected components which are called leaves. Let W = S̃ ×
{y : y > 0}. Consider the free, properly discontinuous action of the integers
generated by the map (x, y) → (Ẽ(x), 2y) on W . The solenoidal surface L is
the orbit space of this action. Hence, the solenoidal surface L is a 2-dimensional
solenoid, since we have a compact fundamental domain {(x, y) : a ≤ y ≤ 2a}
for the action considered. Since every leaf of S̃ is dense in S̃, we get that every
leaf of L is also dense in L. The periodic leaves under Ẽ of S̃ give rise to
annuli leaves in L, and the other leaves of L are topological disks. Since the
periodic leaves of S̃ are countably many, we obtain that annuli leaves in L are
also countably many.

A complex structure on solenoidal surface L is a maximal covering of L
by lamination charts (disk) × (transversal) so that overlap homeomorphisms
are complex analytic in the disk direction. Two complex structures are Te-
ichmüller equivalent if they are related by a homeomorphism which is homo-
topic to the identity through leaf preserving continuous mappings of L. The
set of classes is called the Teichmüller set T (L). By Corollary in page 548
of Sullivan [232], the Teichmüller set T (L) can be represented by the smooth
conformal structures on L relative to a chosen background smooth structure
on L modulo the equivalence relation by diffeomorphisms homotopic to the
identity. By Corollary in page 556 of Sullivan [232], the Teichmüller set T (L)
has a complex Banach manifold structure.

Let (Ẽ, S̃) be a (tca) solenoid. Let W = S̃ × {y : y ≥ 0}. Hence, each
leaf l of S̃ has a natural inclusion in W as the boundary of a half space Hl.
Since the solenoid map Ẽ is affine along leaves of S̃, there is a well-defined
extension F of Ẽ to W such that F is a complex affine map when restricted
to each half space Hl. Thus, the action of the integers generated by the map
F on W determines a orbit space LF with a natural complex structure. By
the Ahlfors-Beurling extension [3], the complex structure of LF determines a
unique element in the Teichmüller set T (L).

Theorem C.15. (Sullivan [232]) There is a one-to-one correspondence be-
tween

(i) the elements of the Teichmüller set T (L);
(ii) the (tca) solenoids;
(iii) the set of all (uaa) structures U for the expanding circle map E.

See definition of a (uaa) structure U for the expanding circle map E in
Section C.9, below. By Theorem C.14, there is a one-to-one correspondence
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between C1+Hölder expanding circle maps and (thca) solenoids. By Corol-
lary in page 562 of Suulivan [232], the set of elements in the Teichmüller set
T (L) corresponding to (thca) solenoids is a dense set of T (L). Similarly, the
set of elements in the Teichmüller set T (L) corresponding to (thca) solenoids
determined by analytic expanding circle maps is also a dense set of T (L). Fur-
thermore, the set of eigenvalues of the periodic points of C1+Hölder expanding
circle maps form a complete set of invariants.

C.9 (Uaa) structures U for the expanding circle map E

In this section, we present the definition of uniformly asymptotically affine
(uaa) expanding circle map E, with respect to a structure U , and we define
the set B(d). We show a one-to-one correspondence between (uaa) expanding
circle map E and the elements in the set B(d).

Definition 43 The expanding circle map E : S → S is (uaa) with respect
to a structure U if, and only if, for every finite cover U ′ of U , there is a
sequence ε1, ε2, . . . converging to zero and a constant b > 1 with the follow-
ing property: for all charts u : J → R and v : K → R contained in U ′

and for all adjacent intervals Iα1...αn and Iβ1...βn at level n of the interval
partition, such that Iα1...αn , Iβ1...βn ⊂ J , and for all 0 ≤ i ≤ n, such that
Ei(Iα1...αn), Ei(Iβ1...βn) ⊂ K, we have that

b−1 <
|u(Iα1...αn)|
|u(Iβ1...βn)| < b and

∣
∣
∣
∣log

|u(Iα1...αn)| |v(Ei(Iβ1...βn))|
|u(Iβ1...βn)| |v(Ei(Iα1...αn))|

∣
∣
∣
∣ ≤ εn .

Using Lemma A.8, in Section A.5, the above definition is equivalent to the
one presented in Sullivan [232].

Definition 44 The space B(d) is the set of all sequences {a1, a2, . . .} of pos-
itive real numbers with the following properties:

(i) there is sequence ν1, ν2, . . . converging to zero such that an/am ≤ νi

if n − m is divisible by di, and
(ii) a1, a2, . . . satisfies

am =

∏d−1
i=1 adm−i

(∑d−1
j=0

∏j
l=0 adm+l

)

1 +
∑d−1

j=1

∏d−1
l=j adm−l

.

By Sullivan [232], the set of all (uaa) expanding circle maps E is a separable
infinite dimensional complex Banach manifold (see Section C.8). Furthermore,
this set is the completion of the set of all C1+Hölder expanding circle maps
E. Hence, by Theorem C.16 below, the set B(d) inherits a complex Banach
structure and it is the closure of A(d) with respect to this structure.

Theorem C.16. The set B(d) is canonically isomorphic to
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(i) the Teichmüller set T (L);
(ii) the set of all (uaa) structures U for the expanding circle map E :
S → S of degree d ≥ 2;
(iii) The set of all (tca) solenoids (Ẽ, S̃);
(iv) the set of all leaf ratio functions r : T → R

+;
(v) the set of all solenoid functions s : C → R

+;
(vi) the set of all affine classes of d-adic tilings of the real line that are
fixed points of the d-amalgamation operator;
(vii) the set of all affine classes of d-adic fixed grids of the real line.

The equivalence between (i) and (ii) in Theorem C.16 follows from Theo-
rem C.15. The proof of the other equivalences in Theorem C.16 follows simi-
larly to the proof of Theorem C.14.

C.10 Regularities of the solenoidal charts

In order to state the next theorem, we introduce the following definitions.
The metric |u|s : C × C → R

+
0 is defined as follows (see Section C.10 for

the geometric interpretation of |u|s). Let a =
∑∞

m=0 amdm ∈ C and b =∑∞
m=0 bmdm ∈ C be such that an . . . a0 = bn . . . b0 and an+1 
= bn+1. For

0 ≤ i ≤ n, let Ai =
∑i

m=0 amdm and Ei =
∑i

m=0(d − 1)dm. We define the
metric by

|u|s(a, b) = inf
0≤i≤n

⎧
⎨

⎩
1 +

Ei∑

j=Ai

j∏

l=Ai

s(l) +
Ai−1∑

j=0

Ai−1∏

l=j

s(l)

⎫
⎬

⎭
.

In this chapter, the regularities Hölder and Lipschitz have different meaning
when written with uppercase or lowercase letters, as we now explain. For
β > 0, we say that a function f : C → R is β-Hölder, with respect to the metric
|u| = |u|s, if there is a constant d ≥ 0 such that |f(b) − f(a)| ≤ d (|u|(a, b))β

for all a, b ∈ C. We say that f is β-hölder, with respect to the metric |u|,
if there is a continuous function ε : R

+
0 → R

+
0 , with ε(0) = 0, such that

|f(b)−f(a)| ≤ ε (|u|(a, b)) (|u|(a, b))β for all a, b ∈ C. By f being Lipschitz we
mean that f is 1-Hölder. On the real line, with respect to the Euclidean metric,
β-Hölder for β > 1 or lipschitz implies constancy. We define the solenoid
cross-ratio function cr(a) : C → R

+ by cr(a) = (1 + s(a))(1 + (s(a + 1))−1).

Theorem C.17. For every Cr structure U of the circle S invariant by E(2),
the overlap maps and the expanding map E(2) : S → S attain its maximum
of smoothness with respect to the canonical family of solenoid charts FU con-
tained in U . Table 1 presents explicit conditions in terms of the solenoid func-
tion s = sU : C → R

+, determined by the Cr structure U (see Lemmas C.4
and C.6), which give the degree of smoothness of the overlap homeomorphisms
and of E(2) in FU , and vice-versa.
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The regularity of the solenoidal chart
overlap maps and E(2) : S → S.

Condition on the functions s and cr,
using the metric |u|s on the Cantor
set C.

have α-Hölder 1st derivative s is α-Hölder
0 < α ≤ 1

have α-Hölder 1st derivative cr is α-Hölder
0 < α ≤ 1

have Lipschitz 1st derivative s is Lipschitz
have α-Hölder 2nd derivative cr is (1 + α)-Hölder

0 < α ≤ 1
have Lipschitz 2nd derivative cr is 2-Hölder

Affine s is lipschitz

Table 1.

Proof. Let p be the fixed point of the solenoid map Ẽ such that π(p) is the
fixed point of the expanding circle map chosen in Section C.1 to generate the
Markov partition of E. Let Lp be the local leaf starting on p and ending on
its image M̃(p) by the monodromy map M̃ . Let z : πS(Lp) → (0, 1) be the
corresponding solenoidal chart. Noting that the solenoid function determines
a ratio function invariant by the solenoid map and that |z(J)| = 1, we obtain
the following geometric interpretation of the metric

|u|s(a, b) = inf
0≤i≤n

{|z(Iai...a0)|} . (C.8)

By Lemma C.11, the solenoidal charts determined by a (thca) solenoid (Ẽ, S̃)
produce a canonical structure U such that the expanding circle map E is
C1+Hölder. Hence, for every l ≥ 0 there is a constant D = D(l) ≥ 1 such that

D−1|z(Ian−l...a0)| ≤ |u|s(a, b) ≤ D|z(Ian−l...a0)| , (C.9)

for all a, b ∈ C.
Let U be a C1+Hölder structure for the expanding circle map E, and let V

be the set of all solenoidal charts determined by the (thca) solenoid (Ẽ, S̃)U .
By Lemma C.13, the set V is contained in U and the degree of smoothness
of the expanding circle map E when measured in terms of a cover U ′ of U
attains its maximum when U ′ ⊂ V . Let L and L′ be two local leaves and
u : J = πS(L) → R and v : J ′ = πS(L′) → R the corresponding solenoidal
charts. If J ∩ J ′ 
= ∅, let Iβ1...βn ⊂ J ∩ J ′ be any interval at any level n
of the interval partition. Let the points x ∈ L and y ∈ L′ be such that
πS(x) = πS(y) ∈ S is the right endpoint of the interval Iβ1...βn . Let a be the
point ω̃(Ẽn(x)) ∈ C and b the point ω̃(Ẽn(y)) ∈ C. Hence, there is a sequence
cl . . . c0, depending only upon L and L′, such that
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an+l . . . a0 = bn+l . . . b0 = cl . . . c0β1 . . . βn

and an+l+1 
= bn+l+1. Therefore, by (C.9), there is a constant D = D(l) ≥ 1
such that

D−1|z(Iβ1...βn)| ≤ |u|s(a, b) ≤ D|z(Iβ1...βn)| (C.10)

with respect to the solenoidal chart z : πS(Lp) → (0, 1) defined above. By
Lemma C.13, the overlap maps z ◦u−1 and z ◦v−1 are C1+Hölder smooth, and
so there is a constant D1 = D1(L,L′) ≥ 1 such that

D−1
1 ≤ |z(Iβ1...βn)|

|u(Iβ1...βn)| ≤ D1 and D−1
1 ≤ |z(Iβ1...βn)|

|v(Iβ1...βn)| ≤ D1 . (C.11)

Putting together (C.10) and (C.11), there is a constant D2 = D2(L,L′) ≥ 1
such that

D−1
2 ≤ |u|s(a, b)

|u(Iβ1...βn)| ≤ D2 and D−1
2 ≤ |u|s(a, b)

|v(Iβ1...βn)| ≤ D2 . (C.12)

Let Iβ′
1...β′

n
and Iβ′′

1 ...β′′
n

be adjacent intervals at level n of the interval partition,
such that Iβ′

1...β′
n

is also adjacent to Iβ1...βn . By proof of Lemma C.12,

s(a) =
|u(Iβ′

1...β′
n
)|

|u(Iβ1...βn)| , s(a + 1) =
|u(Iβ′′

1 ...β′′
n
)|

|u(Iβ′
1...β′

n
)| , (C.13)

and

s(b) =
|v(Iβ′

1...β′
n
)|

|v(Iβ1...βn)| , s(b + 1) =
|v(Iβ′′

1 ...β′′
n
)|

|v(Iβ′
1...β′

n
)| . (C.14)

The interval partition of the expanding circle map E generates a grid gu in
the set u(J ∩ J ′). Therefore, using (C.12), (C.13), (C.14) and Theorem A.15,
the equivalences presented in Tables 2 and 3 imply that the overlap maps
h = v ◦u−1 : u(J ∩J ′) → v(J ∩J ′) satisfy the equivalences presented in Table
1.

C.11 Further literature

The scaling and the solenoid functions give a deeper understanding of the
smooth structures of one dimensional dynamical systems (cf. Bedford and
Fisher [13], Cui et al. [24], Feigenbaum [34], Pinto and Rand [158], Sullivan
[230] and Vul et al. [237]). This appendix is based on Pinto and Sullivan [175].
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Appendix D: Markov maps on train-tracks

One proves that, for any prescribed topological structure, there is a one-to-one
correspondence between smooth conjugacy classes of smooth Markov maps
and pseudo-Hölder solenoid functions. This gives a characterization of the
moduli space for smooth Markov maps.

D.1 Cookie-cutters

Suppose that I0 and I1 are two disjoint closed subintervals of the interval
I containing the endpoints of I = [−1, 1]. A cookie-cutter is a C1+ map
F : X → X such that |dF | > λ > l and F (I0) = F (I1) = I. If

Λn = {x ∈ I : F j−1(x) ∈ I0 ∪ I1, 1 ≤ j ≤ n},

then Λn consists of 2n disjoint closed n-cylinders

Iε1···εn−1 = {x ∈ I : F j−1(x) ∈ Iεj , 1 ≤ j ≤ n}.

Each cylinder

Iε1···εn−2 = Iε1···εn−1 ∪ Gε1···εn−2 ∪ Iε1···ε′
n−1

,

where Gε1···εn−2 is an n-gap. The invariant Cantor set C of F

C = ∩n≥1Λn = {x ∈ I : F j(x) ∈ I0 ∪ I, for all j > 0}

is constructed inductively by deleting the n-gaps. The smoothness and the
expanding property of F implies that the Cantor set C has bounded geometry.

We can regard this as a Markov map on a train-track X as follows: Let X
be the disjoint union of the three closed intervals I0, G = I\(I0 ∪ I1) and I1

quotient by the junctions J1 = {−1}, J2 = I0 ∩G, J3 = G∩ I1 and J4 = {1}.
At the junctions J2 and J3, we can define the smooth structure by journeys.
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However, in this case, it is just the smooth structure induced by the inclusion
of I0 and I1 into I.

The symbolic space Σ is given by {0, 1}N, the set of infinite right-handed
words ε1ε2 · · · of 0s and 1s. We add a positive or negative sign to 0 and
1 corresponding to the sign of the derivative of the Markov map F in I0

and I1, respectively. There are four possible orderings on the symbolic set Σ
corresponding to the two different choices of orientation of the cookie-cutter
on each of the two intervals I0 and I1.

The mapping h : Σ → R defined by

h(ε1ε2 · · ·) =
⋂

n≥1

Iε1···εn

gives an embedding of Σ into R. Moreover, the map h is a topological conju-
gacy between the shift φ : Σ → Σ and the cookie-cutter F : Λ → Λ defined
on its invariant set.

We use a train-track X to represent the interval I as follows. Let the train-
track X be the disjoint union of the closed intervals I0, G = I\(I0∪I1) and I1

quotient by the junctions J1 = {−1}, J2 = I0 ∩G, J3 = G∩ I1 and J4 = {1}.
At the junctions J2 and J3, we can define the smooth structure by journeys.
Each journey is just the identity map from any subset of X containing J2 or
J3 to I.

For this example, we will show that the solenoid function SF is any Hölder
continuous mapping from {0, 1}Z≥0 to the positive reals R

+.

D.2 Pronged singularities in pseudo-Anosov maps

Near a three-pronged singularity the unstable leaves of a pseudo-Anosov map
look as in Figure D.1(a). We will carry out the collapsing procedure shown
in Figure D.1(b) to obtain a Y-shaped space X. Let λ1, λ2 and λ3 be three
transversals as shown in 5(a). The manifold structure of these define charts
on X by identification of points on the same unstable manifold. From Figure
D.1, these must satisfy the compatibility condition that they agree on the
intersection of their domains. To handle the compatibility condition, we will
introduce the notion of turntables. Each junction in our train-track will con-
tain a stack of turntables. The charts in each turntable satisfy these strong
compatibility conditions.

For a one-pronged singularity, we obtain the analogous structures shown
in Figure D.2. The unstable manifolds define a map g from λ1 to itself and
the train-track X is naturally identified with the quotient λ1/g. Some more
discussion of these two examples is given in §D.3.1.
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(a) (b)

Fig. D.1. (a) The leaves of the unstable foliation of a Pseudo-Anosov diffeomor-
phism near a three-pronged singularity. The submanifolds λ1, λ2 and λ3 are the
transversals used to construct the train-track. (b) The train-track X constructed in
this way.

�

��

(a) (b)

Fig. D.2. (a) The leaves of the unstable foliation of a Pseudo-Anosov diffeomor-
phism near a one-pronged singularity. The submanifold λ3 is the transversal used
to construct the train-track. (b) The train-track X constructed in this way.

D.3 Train-tracks

The underlying space of a train-track X is a quotient space defined as follows.
Consider a finite set of lines l1, . . . , lm. Each line is a path connected one-
dimensional closed manifold. The endpoints l±i of the line li are the termini
of li. A regular point is a point in X that is not a terminus. The termini are
partitioned into junctions Jα. Then, X is the quotient space obtained from
the disjoint union of the lines by identifying termini in the same junction.

A journey j is a mapping of an interval I = (t0, tn) into X with the
following properties:

(i) There is a finite set of times t0 < t1 < . . . < tn such that j(t) is in a
junction if, and only if, t = ti, for some 0 < i < n;

(ii) j is a local homeomorphism at all regular points;
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(iii) For all small ε > 0 and all 0 < i < n, the map j gives a local
homeomorphism of (ti − ε, ti] and [ti, ti + ε) into the lines containing
j(ti − ε) and j(ti + ε).

Suppose that x and y are termini. If there is a journey j : I → X such
that j(ti) is in the junction and, for some ε > 0, j(t) is in Ix (resp. Iy) when
t ∈ (ti − ε, ti) (resp. (ti, ti + ε)), then we write x � y and say that there is
a connection from x to y. If x � x, then we say that x is reversible. An
example of a reversible terminus is given by the train-track obtained from a
one-pronged singularity in a pseudo-Anosov diffeomorphism (see Figure D.2)

Given journeys j1 and j2 such that j1(s′) = j2(t′), let s(t) be the unique
function defined on a neighbourhood of t′ such that s(t′) = s′ and j1(s(t)) =
j2(t). Call s(t) the timetable conversion of (j1, j2) at x. The journeys j1 and
j2 are Cr compatible, if the timetable conversion is Cr for all common points
x.

A Cr structure on X is defined by given a compatible set of journeys that
pass through every point of X and through every connection. However, it has
to satisfy some extra conditions that we now specify.

As explained in §D.1, we often require extra constrains at junctions. These
are described by turntables. Associated to every junction is a set (possible
empty) of turntables. Each turntable τ is a subset of the junction such that if
x, y ∈ τ , then there is a connection between x and y. We adopt the convection
that every subset of a turntable is a turntable. A maximal turntable is one that
is not contained in any bigger one. The degree of a turntable is the number of
termini in it, where each reversible terminus is counted twice.

A smooth structure on the train-track X must satisfy the following con-
dition at each turntable τ . If j1 (resp. j2) is a is a Cr journey through the
connection from x to y (resp. x to z) and j1 = j2 on the line terminating in
x, then −j1 and j2 define a Cr journey through the connection from y to z.
The journey −j1 is the journey j1 with time reversed.

Definition D.1. A Cr structure on a train-track X is defined by a set of
journeys {jα} such that:

(i) every point of X is visited by some journey jα;
(ii) the journeys {jα} are Cr compatible; and
(iii) the above turntable condition holds.

When we speak of a smooth metric on X, we just mean on the disjoint
union of the lines that is a smooth metric on each line.

D.3.1 Train-track obtained by glueing

A train-track is constructed as follows: We are given a finite number of path
connected closed one-manifolds λ1, . . . , λs and a set D of Cr diffeomorphisms
whose domain and ranges are each a closed submanifold of the λj . The domain
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and range can be in the same λj . From the disjoint union of the λj , we form
the quotient space X obtained by identifying all pairs of points that are the
form x, g(x), where g(x) ∈ D. The smooth structure is that defined by the
set of projections πj : λj → X. Figure D.3 gives some examples of local
train-track structures obtained in this way. Let us use the construction to
get a better understanding of the examples given in §D.2 and §D.1 involving
pronged singularities of pseudo-Anosov maps. For the three-pronged case, one
can use the smooth structure on the Y -shaped space from this figure. We use
the glueing construction of §D.1 The unstable leafs define the glueing maps
gi,j : λi → λj by holonomy. The smooth structure on the Y is defined by the
three charts given by the projection of each λi into Y . But from the picture
one can see that any two of these determines the third. This is the turntable
condition for the Y .

For the single prong or cusp singularity of a pseudo-Anosov map, take λ1

as shown in Figure D.2. Then, there is a single glueing map g : λ1 → λ1 given
by the holonomy on leaves. This is shown in Figure D.3(e).

D.4 Markov maps

We pass now define a smooth Markov map F : X → X on the train-track X.
For such a map, the set of lines is partitioned into the subset of cylinders C
and the subset of gaps G. We let X0 denote the subspace of X corresponding
to the cylinders. The map M does not have to be defined on the gaps. We
insist that the lines terminating in a turntable of degree d > 2 are all cylinders.

We say that a mapping F : X → X is faithful on journeys at the turntable
τ , if every short journey through τ is sent to a journey through the image
turntable τ ′ and the preimage of every short journey through τ ′ is a journey
through τ .

A map F : X → X is Markov, if

(i) F is a local homeomorphism on the interior of each cylinder;
(ii) F maps termini to termini;
(iii) F permutes the turntables of degree d > 2 and is faithful on journeys

at each of them;
(iv) if τ is a maximal turntable of degree 2, then τ is the image of either

a regular point or a maximal turntable which has degree 2; and
(v) for all lines B there exists a cylinder C such that the image of C

contains B.

Note that these conditions imply that the image of a cylinder contains all
the cylinders that it meets. Suppose that F maps the turntable τ into the
turntable τ ′. We say that F is a Cr diffeomorphism at τ , if F maps every Cr

journey through τ ′ Cr diffeomorphically onto a Cr journey through τ ′.
A Cr Markov map F : X → X, with r > 1, is a Markov map such that:

(i) at every regular point F is a local Cr diffeomorphism;
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(a) (b)

(c) (d)

(e)

Fig. D.3. Some local train- tracks obtained by glueing. Note that those shown in
(c) and (d) have no embedding into Euclidean space.
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(ii) F is a Cr diffeomorphism in each turntable of degree d > 2;
(iii) if τ is a maximal turntable of degree 2, then τ is the Cr diffeomorphic

image of either a regular point or a maximal turntable τ ′ of degree 2;
and

(iv) there exists λ > 1 and a smooth metric on X such that at every
regular point x, ‖dF (x)‖ ≥ λ.

Let us suppose that the cylinders are indexed by a set S. Thus, we denote
them by Ca, a ∈ S. A point x ∈ ∪a∈SCa is captured, if Fm(x) ∈ ∪a∈SCa, for
all m > 0. The set of all captured points in ∪a∈SCa is denoted by Λ = ΛF .
The set of intervals {Ca} is called the Markov partition of F .

The Markov maps F and G are topologically conjugate, if there exists a
homeomorphism h : ΛF → ΛG such that G ◦ h = h ◦ F on ΛF . If the map h
has a Cr extension to X, then we say that the map h is a Cr conjugacy.

Suppose that h is a mapping of a closed subset X of R
n into R

m. We
say that h is Cr, if h has a Cr extension to some open neighbourhood of X.
Moreover, we say that a map h is Cl+, if h is C1+ε, for some 0 < ε < 1.

Theorem D.2. Two Cr Markov maps F and G on a Cr train-track are Cr

conjugate if, and only if, they are in the same C1+ conjugacy class.

Proof. This theorem is proved by using a blow-down blow-up technique as in
the case where X is a one-manifold (e.g. see Theorem E.19).

Symbolic Dynamics

Given a Markov map F , let Σs = ΣF
s denote the symbolic set of infinite

right-handed words ε = ε1ε2 · · · such that: (i) for all m ≥ 1, εm ∈ S and (ii)
there exists xε ∈ C with the property that Fm(xε) ∈ Cεm , for all m ≥ 1. We
call these words admissible.

Endow Σs with the usual topology. Let Σ = ΣF be the space obtained
from Σs by identifying ε with ε′, if xε is equal to x′

ε. If xε and x′
ε are in the

same junction of X, then ε and ε′ are defined to be in the same junction of
Σ. If {xε1 , . . . , xεn} is a turntable for X, then {ε1, . . . , εn} is defined to be a
turntable for Σ.

Define the shift Φ = ΦF : Σ → Σ by Φ(ε1ε2 · · ·) = ε2ε3 · · ·. The Markov
map F on ΛF is topologically conjugate to ΦF on ΣF .

Two Markov maps can give rise to the same shift map even though they
are not topologically conjugate, because Σ does not take in account the order
of the points in each set Ca ⊂ X. Therefore, we order the points on Σ using
the ordering on the corresponding points in the sets Ca ⊂ X. The ordered
symbolic dynamical system is the ordered set Σ with the shift Φ : Σ → Σ.

Remark D.3. The correspondence F → ΦF induces a one-to-one correspon-
dence between topological conjugacy classes of Markov maps and ordered
symbolic dynamical systems.
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Cylinder structures

For all ε ∈ ΣF , let t = ε1 · · · εl and define the l-cylinder Ct = CF
t as the closed

interval consisting of all x ∈ C such that, for all 1 ≤ j ≤ l, F j(x) ∈ Cεj .
Suppose that Ct and Cs are two l-cylinders such that:

(i) Ct and Cs are contained in the same 1-cylinder Ca;
(ii) there is no other l-cylinder between Ct and Cs in Ca;
(iii) in the interior of the cylinder Ca, Ct ∩ Cs = ∅.

We define the l-gap Cg = Cgt,s to be the closed interval between Ct and Cs. A
l-line is defined to be a l-cylinder or a l-gap. This defines the cylinder structure
of F .

We say that a cylinder structure has bounded geometry, if there are con-
stants c > 0 and m > 0 such that:

(i) for all l > 1 if D is a l-line and E is the (l − 1)-cylinder that contains
D, then |D|/|E| > c; and

(ii) if F is the (l − m)-cylinder that contains D, then D �= F .

D.5 The scaling function

For the special case of C1+ Markov maps that do not have connections, one
proves the one-to-one correspondence between Hölder scaling functions and
C1+ conjugacy classes of C1+ Markov maps without connections.

Let us consider the cylinder structure generated by a C1+ Markov map
F . Define the set Ωn = ΩF

n as the set of all symbols t corresponding to the
n-cylinders and n-gaps. Let Ω = ΩF be the union ∪n≥1Omegan.

We also keep a record of other basic topological information as follows:
(1) the topological order of all n-cylinders within each 1-cylinder; (ii) which
endpoints of each n-cylinders are junctions and which junction they are.

For all t ∈ Ωn+1, the mother of t is the symbol m(t) ∈ Ωn that has the
property that Ct ⊂ Cm(t).

A pre-scaling function (or scaling tree) is a function σ : Ω → R
+ such that

for all t ∈ Ω ∑

m(s)=t

σ(s) = 1 . (D.1)

The pre-scaling function (or scaling tree) σF : Ω → R
+ determined by a

Markov map F is the pre-scaling function σ : Ω → R
+ given by

σF (t) = lim
n→∞

|Ct|/
∣
∣Cm(t)

∣
∣ .

Define the set Ω = Ω
F

as the set of all infinite left-handed words t̄ =
· · · tn · · · t1 such that, for all n ≥ 1, tn ∈ Ωn and F (Ctn+1) = Ctn .
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Define the metric d : Ω × Ω → R
+ as follows: Choose 0 < μ < 1. For

all t̄, s̄ ∈ Ω, the distance d(t̄, s̄) is equal to μn if, and only if, tn = sn and
tn+1 �= sn+1.

The pair (tn, sn) ∈ Ωn ×Ωn is an adjacent symbol if, and only if, the lines
Ctn and Csn have a common point or one of the endpoints x of Ctn and one
of the endpoints y of Csn are a connection {x, y}. The set Ωn ⊂ Ωn × Ωn is
the set of all adjacent symbols.

For all t̄ ∈ Ω, define the set of children Ct̄ of t̄ as the set of all infinite left
symbols s̄ such that tn is the mother of sn+1, for all n ≥ 1:

Ct̄ = {s̄ : m(sn+1) = tn, for all n ≥ 1}.

Definition D.4. A scaling function is a function σ : Ω → R
+ such that for

all t̄ ∈ Ω ∑

s̄∈Ct̄

σ(s̄) = 1 . (D.2)

We say that the scaling function σ is Hölder, if σ is Hölder continuous in the
above metric d.

Lemma D.5. Let F be a C1+ Markov map. The Hölder scaling function σF :
Ω → R

+ determined by F is well-defined by

σF (t̄) = lim
n→∞

|Ctn |/
∣
∣Cm(tn)

∣
∣ .

For simplicity of notation, we will denote σ by σ and σF by σF .
The Markov partition of F has the (1+)-scaling property, if there is 0 <

λ < 1 such that, for all t̄ = · · · t1 ∈ Ω,
∣
∣
∣
∣1 − σF (tn)

σF (tn−1)

∣
∣
∣
∣ ≤ O(λn).

Proof of Lemma D.5. We are going to prove that if the Markov map F is C1+,
then σF : Ω → R

+ is a Hölder scaling function. By Theorem B.28, the Markov
partition of F has the (1+)-scaling property. Therefore, the limit σF (t̄) is well
defined and

σF (t̄)
σF (tn)

∈ 1 ±O(λn). (D.3)

By smoothness of the Markov map F and the expanding nature of F , there is
δ > 0 such that, for all t ∈ Ω = ∪n≥1Ωn, σF (t) > δ. Therefore, for all t̄ ∈ Ω,

σ(t̄) = lim
n→∞

σF (tn) > δ.

Let 0 < ε ≤ 1 be such that λ ≤ με. For all t̄, s̄ ∈ Ω such that tn = sn and
tn+1 �= sn+1 we have, by (D.3),
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|σF (t̄) − σF (s̄)| ≤ O(λn) ≤ O ((με)n) ≤ O ((d(t̄, s̄))ε) .

Therefore, the function σF is Hölder continuous in Ω. For all t̄ ∈ Ω, the set
Ct̄ is bounded and

∑

s̄∈Ct̄

σ(s̄) = lim
n→∞

∑

s̄∈Ct̄

σ(sn+1) = 1.

Therefore, σF : Ω → R
+ is a Hölder scaling function.

Lemma D.6. Let F and G be two Cr Markov maps in the same topological
conjugacy class with r > 1. The Cr Markov maps F and G are Cr conjugate
if, and only if, the scaling function σF is equal to σG.

By Lemma D.6, the Hölder scaling function σ : Ω → R
+ is a complete

invariant of the C1+ conjugacy classes of C1+ Markov maps.
Since F and G are topologically conjugate, F and G define the same set

Ω = ΩF = ΩG.
The cylinder structures of F and G are (1+)-scale equivalent, if there is

0 < λ < 1 such that ∣
∣
∣
∣1 − σF (tn)

σG(tn)

∣
∣
∣
∣ ≤ O(λn) (D.4)

for all t̄ = · · · t1 ∈ Ω. The cylinder structures F and G are (l+)-connection
equivalent, if

|Ctn |
|Csn |

|Dsn |
|Dtn |

∈ 1 ±O(λn)

for all (tn, sn) ∈ Ωn.
Proof of Lemma D.6. If the Markov maps F and G are C1+ conjugate, then
by Theorem D.2, they are Cr-conjugate . By Theorem B.28, two C1+ Markov
maps F and G are C1+ conjugate if, and only if, the cylinder structures of F
and G are (1+)-scale equivalent and (1+)-connection equivalent. Therefore,
we will prove that the cylinder structures of F and G are (1+)-scale equivalent
and (1+)-connection equivalent if, and only if, the scaling function σF : ΩF →
R

+ is equal to the scaling function σG : ΩG → R
+. By Theorem B.28 and

smoothness of the Markov maps F and G, their cylinder structures have the
(1+)-scale property and the (1+)-connection property. Therefore, they satisfy
(D.3). Let us prove that, if the cylinder structures of F and G are (1+)-scale
equivalent and (1+)-connection equivalent, then they define the same scaling
function. By (D.3) and (D.4), for all t̄ = · · · t1 ∈ Ω and for all n > 0,

σF (t̄)
σG(t̄)

=
σF (t̄)
σF (tn)

σF (tn)
σG(tn)

σG(tn)
σG(t̄)

∈ (1 ±O(λn))(1 ±O(λn))(1 ±O(λn))
⊂ 1 ±O(λn).
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On letting n converge to infinity, we obtain that the scaling functions σF :
ΩF → R

+ and σG : ΩG → R
+ are equal. Let us prove that if the scaling

functions σF : ΩF → R
+ and σG : ΩG → R

+ are equal, then the cylinder
structures of F and G are (1+)-scale equivalent and (1+)-connection equiva-
lent. For all tn ∈ Ωn, choose t̄ = · · · tn · · · t1 ∈ Ω. Since σF (t̄) = σG(t̄) and by
(D.3),

σF (tn)
σG(tn)

=
σF (tn)
σF (t̄)

σF (t̄)
σG(t̄)

σG(t̄)
σG(tn)

∈ (1 ±O(λn))(1 ±O(λn))
⊂ 1 ±O(λn). (D.5)

The cylinder structures of F and G are (1+)-scale equivalent. For all t ∈ Ωn,
denote the cylinders CF

t by Ct and the cylinders CG
t by Dt. Let us prove

that the cylinder structures F and G are (1+)-connection equivalent. For all
adjacent symbols (tn, sn) ∈ Ωn, choose

t̄ = · · · tn · · · t1, s̄ = · · · sn · · · s1 ∈ Ω

such that (i) (tl, sl) ∈ Ωl, (ii) there is 0 < k ≤ n such that mk(tl) = mk(sl) ,
for all l large enough. Denote mi(tl) by ti and mi(sl) by si for all i = 0, . . . , k.
Let H be the Markov map F or G. By the definition of (l+)-connection
property of the cylinder structure of F and G, there is 0 < λ < 1 such that,
for all l > n, ∣

∣
∣
∣
∣
1 −

|CH
tn
|

|CH
sn
|
|CH

sl
|

|CH
tl
|

∣
∣
∣
∣
∣
≤ O(λn). (D.6)

By (D.5) and (D.6),

|Ctn |
|Csn |

|Dsn |
|Dtn |

=
|Ctn |
|Csn |

|Csl
|

|Ctl
|
|Ctl

|
|Ctk |

|Csk |
|Csl

|
|Ctk |
|Csk |

|Dsk |
|Dtk |

|Dsl
|

|Csk |
|Dtk |
|Dtl

|
|Dtl

|
|Dsl

|
|Dsn |
|Dtn |

∈ (1 ±O(λn))
k∏

i=0

(
σF (ti)
σG(ti)

σG(si)
σF (si)

)

⊂ (1 ±O(λn))(1 ±O(λl−k)).

On letting l tend to infinity, we obtain that the cylinder structures of F and
G are (1+)-connection equivalent.

Theorem D.7. Given a Hölder scaling function σ : Ω → R
+ with domain

Ω corresponding to a topological Markov map without connections, there is a
C1+ Markov map F with scaling function σF = σ.

Putting together theorems D.2 and D.7 and lemmas D.5 and D.6, we obtain
the following result.
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Corollary D.8. There is a one-to-one correspondence between C1+ conjugacy
classes of C1+ Markov maps without connections and Hölder scaling functions
σ : Ω → R

+ with domain Ω corresponding to topological Markov maps without
connections. Furthermore, if F and G are Cr Markov maps in the same C1+

conjugacy class of C1+ Markov maps, then they are Cr conjugate.

The cylinder structure has the (1+)-scaling property, if there is 0 < μ < 1
such that ∣

∣
∣
∣1 − σ(sn)

σ(sn−1)

∣
∣
∣
∣ ≤ O(μn)

for all n > 1 and for all s ∈ Ωn.
Proof of Theorem D.7. We are going to prove that given a scaling function
σ : Ω → R

+ corresponding to a topological Markov map without connections,
then there is also a C1+ Markov map without connections with scaling func-
tion σ. By Theorem B.28, given a cylinder structure without connections and
with (1+)-scale property and bounded geometry, there is a C1+ Markov map
F without connections that generates this cylinder structure. Define the pre-
scaling function σ : Ω → R

+ determined by a scaling function σ : Ω → R
+ as

follows. For all n > 1 and for all tn−1 ∈ Ωn−1, choose t̄ = · · · tn−1 · · · t1 ∈ Ω.
For all s̄ ∈ Ct̄ define σ(sn) = σ(s̄). Since the scaling function is bounded
from zero, trivially the pre-scaling function is bounded from zero. Thus, the
cylinder structure corresponding to the pre-scaling function σ : Ω → R

+

has bounded geometry. We are going to prove that this cylinder structure
has the (1+)-scaling property. For all n > 1 and for all sn ∈ Ωn, choose
s̄ = · · · snsn−1 · · · s1 ∈ Ω. Since the scaling function is Hölder continuous and
it is bounded away from zero, we have that

σ(sn)
σ(sn−1)

∈ σ(s̄) ± μn

σ(s̄) ± μn−1

⊂ 1 ±O(μn).

By Theorem B.28, there is a C1+ Markov map F that generates a cylinder
structure with a pre-scaling function equal to σ : Ω → R

+. By construction
of the C1+ Markov map F , the scaling function σF : ΩF → R

+ of F is equal
to the scaling function σ : Ω → R

+.

D.5.1 A Hölder scaling function without a corresponding smooth
Markov map

If we wish to find a moduli space for expanding maps of the circle, we are
naturally led to the question of which scaling functions occur, for a given
class of Markov maps. Sometimes, is difficult to characterize which scaling
functions are realizable by these Markov maps

To illustrate this, we consider the following simple class of Markov maps
of the interval I = [0, 1]. We consider expanding maps f : I → I such that,
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for some 0 < r < 1, f0 = f |[0,r] (resp. f1 = f |[r,1]) is a C1+ diffeomorphism
of [0, r] (resp. [r, 1]) onto I. The map f determines a Hölder scaling function
sf : Ω = {0, 1}Z>0 → R. Moreover, Theorem D.7 asserts that every such
function occurs in this way.

We now consider the subclass of such mappings that correspond to degree
two expanding mappings of the circle. By the above comments, the scaling
functions for these are a complete invariant of C1+ conjugacy. Moreover, we
have the following fact.

Lemma D.9. There is a Hölder scaling function σ : Ω → R
+ of the above

form such that no C1+ expanding map of the circle has σ as its scaling func-
tion.

Proof. If F defines a C1+ expanding map of the circle, then σF (· · · 00) =
σF (· · · 11). However,there are Hölder scaling functions in the above class which
do not satisfy this property.

D.6 Smoothness of Markov maps and geometry of the
cylinder structures

In this section, we give an equivalence between the geometry of the cylinder
structures corresponding to the Markov maps F and G and the smoothness
of the conjugacy h between the Markov maps F and G.

D.6.1 Solenoid set

Let F be a topological Markov map. A connection preorbit c̄ of a connec-
tion c1 = {c−1 , c+

1 } ∈ C is a sequence c̄ = · · · c2c1 such that (i) for all
m > 1, cm = {c−m, c+

m} is a connection or c−m = c+
m; (ii) F (c−m) = c−m−1

and F (c+
m) = c+

m−1. Given n ∈ N, the pair (c̄, n) determines sequences
E−(c̄, n) = · · ·E−

n+1E
−
n and E+(c̄, n) = · · ·E+

n+1E
+
n of lines as follows: E−

n+m

(resp. E+
n+m) is the (n+m−1)-line with c−m (resp. c+

m) as an endpoint. We call
the pair (E−(c̄, n), E+(c̄, n)) a two-line preorbit. If c1 is a preimage of a connec-
tion, then the scaling structure of its two-line preorbits (E−(c̄, n), E+(c̄, n))
with n > 1 is determined by those of its image. In such a case, we just need to
keep track of the scaling for the two-line preorbits (E−(c̄, n), E+(c̄, n)) with
n = 1. On the other hand, if c1 has no preimage, then we must study the
scaling of its two-line preorbits (E−(c̄, n), E+(c̄, n)), for all n ≥ 1. Let the set
of all preimage connections PC be equal to the set of all connections that
are C1+ preimages of either a connection or a regular point. Therefore, by
definition of a Markov map, if a connection c is contained in a turntable of
degree d > 2, then the connection c is a preimage connection. Let the set GC
of all gap connections be the set of all connections {x, y} such that x or y is
an endpoint of a gap. Let the set A = AF of F be equal to
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A = {(c̄, n) : (c1, n) ∈ C × {1} or (c1, n) ∈ C\(PC ∪ GC) × N},

where c̄ is a connection preorbit of c1 ∈ C.
Let (E−(c̄, n), E+(c̄, n)) = (· · ·E−

n+1E
−
n , · · ·E+

n+1E
+
n ) be a two-line preor-

bit. Let am (resp. bm) be the label of the m-line that contains E−
n+m (resp.

E+
n+m). Therefore, a = a(c̄, n) = · · · a2a1 and b = b(c̄, n) = · · · b2d1 are con-

tained in the set Ω. The solenoid set S = SF is the set

S = {(a(c̄, n), b(c̄, n), n) : (c̄, n) ∈ A}.

For all (t̄, n) = (ā, b̄, n) ∈ SF , adjoin to the symbols an and bn all the order
information and all the topological information on the endpoints of the (m +
n)-lines Dam,n = E−

n+m and Dbm,n = E+
n+m. This information codes the order

of the n-lines in the 1-lines and which lines and points are in which junction.
Let Ωs

n be the set of all adjacent symbols (t, s) such that the cylinders Ct

and Cs have a common regular point or one of the endpoints x of Ct and one
of the endpoints y of Cs are a preimage connection {x, y}. Let Ωg

n be the set
of all adjacent symbols (t, s) such that Ct or Cs is a gap and Ct and Cs have
a common point. Let Ωn = Ωs

n ∪ Ωg
n and Ω = ∪n≥1Ωn.

The solenoid set S = SF also corresponds to the set of all pairs

(t, s) = (. . . t1, . . . s1) ∈ Ω × Ω

of two-lines preorbits such that there exists Nt,s > 0 with the property that,
for all n ≥ Nt,s, (tn, sn) ∈ Ωs

n ∪Ωg
n if, and only if, n ≥ Nt,s. The set SGC ⊂ S

is the set of all (t, s) ∈ S such that Nt,s = 1.
The sets A and S are isomorphic. By Remark D.3, we obtain the following

correspondence.

Remark D.10. The correspondence F → SF induces a one-to-one correspon-
dence between topological conjugacy classes of Markov maps and solenoid
sets.

D.6.2 Pre-solenoid functions

Let F be a Markov map. Define the pre-solenoid function s = sF : S×N → R
+

determined by F by

sF (ā, b̄, n, p) =
|Dap,n|
|Dbp,n|

.

Equivalently,
s = sF : Ω → reals+

is given by

s(t, t′) =
|Cti |
|Cti+1 |

.
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For all t ∈ Ω, define the set Bt of brothers of t as the set of all symbols t ∈ Ω
such that t and s have the same mother. The pre-scaling function σ : Ω → R

+

and the pre-solenoid function s = sF : S × N → R
+ are related by

(σ(t))−1 =
∑

s∈Bt

s(s, t).

D.6.3 The solenoid property of a cylinder structure

The cylinder structure generated by the Markov map F has the α-solenoid
property (resp. α-strong solenoid property) if, and only if, for all 0 < β < α
(resp. 0 < β ≤ α), there are constants c, cβ > 0 such that for all (t̄, n, p) =
(ā, b̄, n, p) ∈ S × N, (i) sF (t̄, 1, p) > c; (ii)

∣
∣
∣
∣1 − sF (t̄, n, p)

sF (t̄, n, p + 1)

∣
∣
∣
∣ < cβ(|Dap,n| + |Dbp,n|)β .

Lemma D.11. A C1+α−
Markov map F generates a cylinder structure with

the α-solenoid property. A cylinder structure with the α-solenoid property gen-
erates a Markov map G such that ΛG = ΛF and G|ΛG

= F |ΛF
.

The cylinder structure of F has the (1 + α)-scaling property if
∣
∣
∣
∣

σ(t)
σ(φ(t))

− 1
∣
∣
∣
∣ ≤ O

(
|Ct|β

)
,

for all 0 < β < α and for all t ∈ Ω. The cylinder structure of F has the
(1 + α)-connection property if

∣
∣
∣
∣
|Ct|
|Cs|

|Cφ(s)|
|Cφ(t)|

− 1
∣
∣
∣
∣ ≤ O

(
(|Ct| + |Cs|)β

)
,

for all 0 < β < α and for all (t, s) ∈ Ωs
n.

Proof of Lemma D.11. Let us prove that the Markov map F is C1+α−
if, and

only if, the cylinder structure of F has the α-solenoid property. By Theorem
B.26, the Markov map F is C1+α−

if, and only if, the cylinder structure of
F has the (1 + α)-scaling property, the (1 + α)-connection property and has
bounded geometry. Property (i) of the α-solenoid property implies that the
cylinder structure of F has bounded geometry and vice-versa. Therefore, we
will prove that the cylinder structure of F has α-solenoid property if, and
only if, the cylinder structure of F has the (1 + α)-scaling property and the
(1 + α)-connection property.

We now prove that if the cylinder structure of F has the α-solenoid prop-
erty, then it has the (1+α)-scaling property and the (1+α)-connection prop-
erty. Let φ(t) ∈ Ω be such that F (Ct) = Cφ(t). Since the cylinder structure of
F has the α-solenoid, we have that
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σ(t)
σ(φ(t))

=

∑
s∈Bt

s(φ(s), φ(t))
∑

s∈Bt
s(s, t)

∈
∑

s∈Bt
s(s, t)

(
1 ±O

(
|Cm(t)|β

))

∑
s∈Bt

s(s, t)

⊂ 1 ±O
(
|Cm(t)|β

)

⊂ 1 ±O
(
|Ct|β

)
.

By the α-solenoid property, the cylinder structure of F has the (1 + α)-
connection property. Let us prove that if the cylinder structure of F has the
(1+α)-scaling property and the (1+α)-connection property, then the cylinder
structure of F has the α-solenoid property. By the (1+α)-connection property
of the cylinder structure of F , for all 0 < β < α and for all (t, s) ∈ Ωs

n, we
have that

s(t, s)
s(φ(t), φ(s))

∈ 1 ±O
(
(|Ct| + |Cs|)β

)
.

By the (1 + α)-scaling property and by bounded geometry, for all 0 < β < α
and for all (t, s) ∈ Ωg

n, we have that

s(t, s)
s(φ(t), φ(s))

=
σ(t)

σ(φ(t))
σ(φ(s))

σ(s)
∈ 1 ±O

(
(|Cm(t)|)α

)

⊂ 1 ±O ((|Ct| + |Cs|)α) .

Therefore, the cylinder structure of F has the α-solenoid property.

Lemma D.12. A cylinder structure with the α-strong solenoid property gen-
erates a C1+α Markov map G such that ΛG = ΛF and G|ΛG

= F |ΛF
.

Proof of Lemma D.12. The proof follows in a similar way to the proof of
Lemma D.11, using β = α in the definitions of (1 + α)-scaling property and
(1 + α)-connection property and using Theorem B.26.

The cylinder structure generated by the Markov map F has the solenoid
property if, and only if, there are constants c1, c2 > 0 and 0 < λ < 1 such that
for all (t̄, n, p) ∈ S × N, (i)sF (t̄, 1, p) > c1; (ii)

∣
∣
∣
∣1 − sF (t̄, n, p)

sF (t̄, n, p + 1)

∣
∣
∣
∣ < c2λ

n+p.

Theorem D.13. A C1+ Markov map F generates a cylinder structure with
the solenoid property and vice-versa.

The cylinder structure of F has the (1+)-scale property if, and only if,
there is 0 < λ < 1 such that, for all t ∈ Ω,

∣
∣
∣
∣

σ(t)
σ(φ(t))

− 1
∣
∣
∣
∣ ≤ O(λn).
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The cylinder structure of F has the (1+)-connection property if, and only
if, there is 0 < λ < 1 such that, for all (t, s) ∈ Ωs

n,
∣
∣
∣
∣
|Ct|
|Cs|

|Cφ(s)|
|Cφ(t)|

− 1
∣
∣
∣
∣ ≤ O (λn) .

Proof of Theorem D.13. Let us prove that the Markov map F is C1+ if, and
only if, the cylinder structure of F has the solenoid property. By Corollary
B.23, the Markov map F is C1+ if, and only if, the cylinder structure of F
has the (1+)-scale property, the (1+)-connection property and has bounded
geometry. Property (i) of the solenoid property is equivalent to the cylinder
structure of F to have bounded geometry. Therefore, we will prove that the
cylinder structure of F has the (1+)-scale property and the (1+)-connection
property. We now prove that if the cylinder structure of F has the solenoid
property, then it has the (1+)-scale property and the (1+)-connection prop-
erty. Since the cylinder structure of F has the solenoid property, we have
that

σ(t)
σ(φ(t))

=

∑
s∈Bt

s(φ(s), φ(t))
∑

s∈Bt
s(s, t)

∈
∑

s∈Bt
s(s, t) (1 ±Ocλn)

∑
s∈Bt

s(s, t)

⊂ 1 ±O (λn) .

Since the cylinder structure of F has the solenoid property, it has the (1+)-
connection property. Let us prove that if the cylinder structure of F has
the (1+)-scale property and the (1+)-connection property, then it has the
solenoid property. By the (1+)-connection property of the cylinder structure
of F , there is 0 < λ < 1 such that, for all (t, s) ∈ Ωs

n,

s(t, s)
s(φ(t), φ(s))

∈ 1 ±O (λn) .

By the (1+)-scale property and by bounded geometry, for all (t, s) ∈ Ωg
n,

s(t, s)
s(φ(t), φ(s))

=
σ(t)

σ(φ(t))
σ(φ(s))

σ(s)
∈ 1 ±O (λn) .

Therefore, the cylinder structure of F has the solenoid property.

D.6.4 The solenoid equivalence between cylinder structures

Let F and G be two topologically conjugate Markov maps. The sets SF × N

and SG×N can isomorphic. Hence, we can identify these sets and denote both
of them by S × N.
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Definition D.14. The cylinder structures generated by the C1+ Markov maps
F and G are solenoid equivalent if, and only if, there are constants c1, c2 > 0
and 0 < λ < 1 such that for all (t̄, n, p) ∈ S × N, (i) sF (t̄, 1, p) > c1; (ii)

∣
∣
∣
∣1 − sF (t̄, n, p)

sG(t̄, n, p)

∣
∣
∣
∣ < c2λ

n+p.

Theorem D.15. Let F and G be Cr Markov maps in the same topological
conjugacy class. The conjugacy between F and G is Cr if, and only if, the
cylinder structures generated by F and G are solenoid equivalent.

Proof of Theorem D.15. By Theorem B.28, the Markov maps F and G are C1+

conjugate if, and only if, the cylinder structures of F and G are (1+)-scale
equivalent and (1+)-connection equivalent. Therefore, we will prove that the
cylinder structures of F and G are solenoid equivalent if, and only if, they are
(1+)-scale equivalent and (1+)-connection equivalent. We will prove that if
the cylinder structures of F and G are solenoid equivalent, then they are (1+)-
scale equivalent and (1+)-connection equivalent. Since the cylinder structures
of F and G are solenoid equivalent, we obtain that

σF (t)
σG(t)

=

∑
s∈Bt

sG(s, t)
∑

s∈Bt
sF (s, t)

∈
∑

s∈Bt
sF (s, t) (1 ±Ocλn)

∑
s∈Bt

sF (s, t)

⊂ 1 ±O (λn) .

Now, we prove that the cylinder structures of F and G are (1+)-connection
equivalent. For all t ∈ Ω, denote the cylinders CF

t by Ct and the cylinders CF
t

by Dt. Since the cylinder structures of F and G are solenoid equivalent, they
are (1+)-connection equivalent. Let us prove that if the cylinder structures
of F and G (1+)-scale equivalent and (1+)-connection equivalent, then they
are solenoid equivalent. Since they are (1+)-connection equivalent, there is
0 < λ < 1 such that, for all n > 1 and for all (t, s) ∈ Ωs

n,

sF (t, s)
sG(t, s)

∈ 1 ±O (λn) .

By the (1+)-scale equivalence, for all (t, s) ∈ Ωg
n,

sF (t, s)
sG(t, s)

=
σF (t)
σG(t)

σG(s)
σF (s)

∈ 1 ±O (λn) .

Therefore, the cylinder structures of F and G are solenoid equivalent.
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D.7 Solenoid functions

We define a metric d on the solenoid set S as follows. The distance between
(s̄, n) and (z̄, n) in S is equal to μm+n if, and only if, sm = zm and sm+1 =
zm+1, where 0 < μ < 1. Otherwise, the distance between two elements of S is
equal to infinity.

A function s : S → R
+ is pseudo-Hölder continuous if there is a constant

c > 0 and 0 < α < 1 such that
∣
∣
∣
∣1 − s(s̄, n)

s(z̄, n)

∣
∣
∣
∣ < c(d((s̄, n), (z̄, n)))α,

for all (s̄, n), (z̄, n) ∈ S.

Lemma D.16. Let F be a C1+ Markov map. The function s = sF : S → R
+

is well-defined by

s(ā, b̄, n) = lim
m→∞

|Dam,n|
|Dbm,n|

.

Furthermore, s is pseudo-Hölder continuous.

Proof of Lemma D.18. By Theorem D.13 and by the smoothness of the Markov
map F , the cylinder structure of F has the solenoidal property. Thus, there
is 0 < λ < 1 such that, for all (t, s) ∈ S, and for all n ≥ Nt,s,

∣
∣
∣
∣1 − s(tn, sn)

s(tn+1, sn+1)

∣
∣
∣
∣ ≤ O(λn).

Thus, for all p, q > n ≥ Nt,s ≥ 1, we have that

s(tp, sp)
s(tq, sq)

∈ 1 ±O(λn).

Therefore, the function s : S → R
+ is well defined and

s(t, s)
s(tn, sn)

∈ 1 ±O(λn). (D.7)

Let 0 < α ≤ 1 be such that λ ≤ να. Let (t, s), (t′, s′) ∈ S be such that
Nt,s = Nt

′
,s′ and posses the property that tn = t′n, sn = s′n and tn+1 �= t′n+1

or sn+1 �= s′n+1, for some n ≥ Nt,s. By (D.7), the function s : S → R
+ is

pseudo-Hölder continuous
∣
∣
∣
∣
∣
1 − s(t, s)

s(t′, s′)

∣
∣
∣
∣
∣
≤

∣
∣
∣
∣
∣
1 − s(t, s)

s(tn, sn)
s(t′n, s′n)
s(t′, s′)

∣
∣
∣
∣
∣

≤ O
(
(d((t, s), (t′, s′)))α

)
.
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D.7.1 Turntable condition

Let (c̄, n) be a two-line preorbit such that the points c−m and c+
m belong to a

turntable sm. Let em
1 , . . . , em

d be any d connections through the turntables sm

such that the exit e+.m
j of em

j is the entrance e−.m
j+1 of em

j+1, for all 1 ≤ j < d,
and the exit e+.m

d of em
d is the entrance e−.m

1 of em
1 . For all 1 ≤ j ≤ d, let Dj

be an l-line with endpoints e−.m
j and e+.m

j . Then, the product of the ratios is
equal to

d−1∏

j=1

|Dj+1|
|Dj |

=
|Dd|
|D1|

.

Hence, the solenoid function s : S → R
+ satisfies the following turntable

condition:
d∏

j=i

s(ε̄j , n) = 1,

where ε̄j = · · · ε2
jε

1
j .

D.7.2 Matching condition

The ratio between two cylinders D1 and D2 at level n is determined by the
ratios of all cylinders contained in the union D1 ∪ D2 which will impose the
matching condition that we now describe.

For all (t̄, n) = (ā, b̄, n) ∈ SF define

C(t̄,n)′ = {z̄ ∈ Ω : Dzm+n+1 ⊂ Dam,n for all m ≥ 1}

and
C(t̄,n)′′ = {z̄ ∈ Ω : Dzm+n+1 ⊂ Dbm,n for all m ≥ 1}.

For all ū, v̄ ∈ C(t̄,n)′ ∪ C(t̄,n)′′ define

s(ū, v̄) = lim
m→∞

|Dvm+n+1 |
|Dum+n+1 |

.

Hence, the solenoid function s : S → R
+ satisfies the following matching

condition: ∑
v̄∈C(t̄,n)′

s(ū, v̄)
∑

v̄∈C(t̄,n)′′
s(ū, v̄)

= s(t̄, n).

for all (t̄, n) ∈ S and for all ū ∈ C(t̄,n)′ ∪ C(t̄,n)′′ ,
Now, we give the following abstract definition of a solenoid function.

Definition D.17. A function s : S → R
+ is a solenoid function if, s satisfies

the matching and the turntable conditions.
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Lemma D.18. Let F be a C1+ Markov map. The function sF : S → R
+

defined by

s(ā, b̄, n) = lim
m→∞

|Dam,n|
|Dbm,n|

is a pseudo-Hölder solenoid.

Proof of Lemma D.18. By Lemma D.16, the function sF is well-defined and is
pseudo-Hölder continuous. In the previous two sections, we proved that the
function s : S → R

+ satisfies the matching and the turntable condition.

D.8 Examples of solenoid functions for Markov maps

We will give some examples of solenoid sets and solenoid functions for Markov
maps. The examples we give of solenoid functions are very simple, usually they
have a much richer structure. For example, the scaling functions related to
renormalizable structures usually have a lot of self-similarities (see [150]).

Cookie-cutters. Suppose that C0 and C1 are two disjoint closed subintervals
of the interval C containing the endpoints of C = [−1, 1]. Let the train-track
X be the disjoint union of the closed intervals I0, G = I\(I0UI1) and I1

with junctions J1 = {−1}, J2 = I0 ∩ G, J3 = G ∩ I1 and J4 = {1}. The set
of all connections is equal to {J2, J3}. Let F : X → X be a cookie-cutter.
Let SF = {0, 1} and G be the 1-gap between C0 and C1. Add the symbol 0
to the gap point g0 = C0 ∩ G and associate the symbol 1 to the gap point
g1 = C1 ∩ G. Associate the information that the Markov branches F0 and F1

are orientation preserving or orientation reversing to the symbols 0 and 1. Let
the symbol sequence · · · ε2ε1 ∈ {0, 1}N represent the image of the gap point
gε1 by the inverse Markov branches F−1

εm
◦ · · · ◦ F−1

ε2
for all m > 1. Then, the

solenoid set S is represented by the set

S = {0, 1}N.

Let F be the following cookie-cutter:

F (x) =
{

2x x ∈ [0, 1
2 ]

3x − 2 x ∈ [ 23 , 1]

The solenoid function sF : S → R
+ is defined as follows. For all · · · ε2ε2 ∈ S,

s(· · · ε20) =
|F−1

εm
◦ · · · ◦ F−1

ε2
(C0)|

|F−1
εm ◦ · · · ◦ F−1

ε2 (G)|
= 3

and

s(· · · ε21) =
|F−1

εm
◦ · · · ◦ F−1

ε2
(C1)|

|F−1
εm ◦ · · · ◦ F−1

ε2 (G)|
= 2
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Tent maps defined on an interval. Let X be the train-track containing the
cylinders C0 = [a0, b0] and C1 = [a1, b1] with the junctions p2 = {a0, a0},
p3 = {b0, a1} and p4 = {b1, b1}. Let the set of all connections be equal to
{p3}. Let T : X → X be the C1+ tent map such that: (i) dT > λ > 1 in C0

and dT < λ < −1 in C1; (ii) T (C0) = T (C1) = I. Let the set ST be equal to
{0, 1}. Therefore, the set of all preimage connections PC is equal to the set
of all connections. Associate the information that the Markov branches F0 is
orientation preserving to the symbol 0 and that F1 is orientation reversing to
the symbol 1.

Let the symbol sequences

(· · · ε1, n) ∈ {0, 1}N × N

represent the image of the two n-cylinders with connection p3 by the inverse
Markov branches T−1

εm
◦ · · · ◦ T−1

ε1
, for all m > 1. The solenoid set S is repre-

sented by the set
S = {0, 1}N × N.

We are going to give two examples T1 and T2 of tent maps. In the first
example, the solenoid function is constant and so Hölder continuous. In the
second example, the solenoid function is pseudo-Hölder continuous but it is
not Hölder continuous.

Let T1 be the following tent map:

T1(x) =
{

3x x ∈ [0, 1
3 ]

−3
2x + 3

2 x ∈ [ 13 , 1] .

The solenoid function sT1 : S ×N → R
+ is the constant function sT1 = 2. Let

T2 be the following tent map:

T2(x) =
{

3x x ∈ [0, 1
3 ]

3
2x − 1

2 x ∈ [13 , 1] .

For all (· · · ε1, n) ∈ S the solenoid function sT2(· · · ε1, n) = 2n. Therefore, the
solenoid function sT2 : S → R

+ is pseudo-Hölder continuous, but it is not
Hölder continuous.

D.8.1 The horocycle maps and the diffeomorphisms of the circle.

Let H : X → X be the horocycle (Markov) map (as defined in Chapter 13)
such that (i) Ha(Ca) = (Cb) and the endpoints a1 and a2 of Ca are sent into
H(a1) = b2 and H(a2) = b2 (ii) Hb(Cb) = X and the endpoints b1 and b2

of Ca are sent into H(b1) = a2 and H(b2) = b1. The set of all connections
p1 = {a1, b2}, p2 = {a2, b1} and p3 = {b1, b2} is equal to the set of all preimage
connections.

Let the sequence · · · ε2ε1bp1 correspond to the preimage
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H−1
εm

· · ·H−1
ε2

H−1
ε1

H−1
b (p1)

of p1, for all m ≥ 1. Let the sequence · · · ε2ε1bp1p3 correspond to the preimage

H−1
εm

· · ·H−1
ε2

H−1
ε1

H−1
b H−1(p3)

of p3, for all m ≥ 1. Let the sequence · · · ε2ε1bp1p3p2 · · · p2 correspond to the
preimage

H−1
εm

· · ·H−1
ε2

H−1
ε1

H−1
b H−1 · · ·H−1(p2)

of p2, for all m ≥ 1. The solenoid set S can be represented as the subset of
all sequences

· · · ε2ε1 ∈ S ⊂ {a, b, p1, p2, p3}N × N

such that a is followed by b; b is followed by a or b or p1; p1 is followed by p3;
p3 is followed by p2; p2 is followed by p2.

Let H be the horocycle map corresponding to the rigid golden rotation
Rg, where g is the golden number:

H(x) =
{−gx + 1 x ∈ Cb = [0, 1

g ]
−gx + g x ∈ Ca = [ 1g , 1] .

For this example, the solenoid function sH : S → R
+ is the following quasi-

constant function. For all · · · ε2ε1bp1 ∈ S,

sH(· · · ε2ε1bp1) =
|H−1

εm
· · ·H−1

ε2
H−1

ε1
H−1

b (Ca)|
|H−1

εm · · ·H−1
ε2 H−1

ε1 H−1
b (Cb)|

=
1
g
.

For all · · · ε2ε1bp1p3 ∈ S,

sH(· · · ε2ε1bp1p3) =
|H−1

εm
· · ·H−1

ε2
H−1

ε1
H−1

b H−1(Ca)|
|H−1

εm · · ·H−1
ε2 H−1

ε1 H−1
b H−1(Cb)|

= 1.

For all · · · ε2ε1bp1p3p2 · · · p2 ∈ S,

sH(· · · ε2ε1bp1p2 · · · p2) =
|H−1

εm
· · ·H−1

ε2
H−1

b H−1 · · ·H−1(Ca)|
|H−1

εm · · ·H−1
ε2 H−1

b H−1 · · ·H−1(Cb)|
=

1
g

.

D.8.2 Connections of a smooth Markov map.

The connection c = Ca ∩ Cb between two cylinders Ca and Cb expresses
the existence of a smooth structure on a neighbourhood of c = Ca ∩ Cb in
Ca∪Cb. We give an example which illustrates the importance of the connection
property.

Let F : I → I be the C1+ Markov map defined by

F (x) =

⎧
⎨

⎩

−3
2x + 3 x ∈ [0, 2]

2x − 1 x ∈ [2, 3]
3
2x − 9

2 x ∈ [3, 5]
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with Markov partition C0 = [0, 2], C1 = [2, 3] and C2 = [3, 5]. The set of
connections is CF = {2} and the set of preimage connections PCF is equal to
the empty set.

Define the homeomorphism h : [0, 5] → J such that: (i) h is equal to a
smooth map h1 in the set [0, 3] and to a smooth map h2 in the set [3, 5]; (ii)
h is not smooth at the point 3.

Let G = h ◦ F ◦ h−1 : J → J be the smooth Markov map with Markov
partition B0 = [h(0), h(2)], B1 = [h(2), h(3)] and B2 = [h(3), h(5)]. The set
of connections is CG = {h(2)} and the set of preimage connections PCG is
equal to the empty set.

Since the point 3 is not a connection of F and the point h(3) is not a
connection of G, the map h is a smooth conjugacy between the smooth Markov
map F and the smooth Markov map G, even if h is not smooth at the point
3 in the usual sense.

The scaling function σF : ΩF → R
+ is equal to σG : ΩG → R

+ and the
solenoid function sF : S → R

+ is equal to sG : S → R
+.

D.9 α-solenoid functions.

A map F is C1+α−
smooth if, and only if, F is C1+β, for all 0 < β < α ≤ 1.

The Lipschitz metric dL = dL(F ). Let F be a topological Markov map.
For all (t̄, n) = (ā, b̄, n) and (s̄, n) ∈ S, the distance dL((t̄, n), (s̄, n)) is equal
to

dL((t̄, n), (s̄, n)) = |Dam,n| + |Dbm,n|

if tm = sm and tm+1 �= sm+1. Otherwise, the distance between two elements
of S is infinity.

The solenoid function s : S → R
+ is β pseudo-Hölder continuous, with

respect to the metric dL, if, and only if, there is a constant cβ > 0 such that
for ∣

∣
∣
∣1 − s(t̄, n)

s(s̄, n)

∣
∣
∣
∣ < cβ(dL((t̄, n), (s̄, n)))β ,

all (t̄, n), (s̄, n) ∈ S.

Definition D.19. An α-solenoid function s : S → R
+, with respect to the

metric dL, is a solenoid function s : S → R
+ that is β pseudo-Hölder contin-

uous, with respect to the metric dL, for all 0 < β ≤ α ≤ 1.

Lemma D.20. Given a C1+α−
Markov map F the solenoid function s : S →

R
+ is β pseudo-Hölder continuous, with respect to the metric dL(F ), for all

0 < β < α.

Proof of Lemma D.20. By Lemma D.11, the cylinder structure of F has the
α-solenoid property. Thus, for all (t, s) ∈ S and for all n ≥ Nt,s, we have thet
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∣
∣
∣
∣1 − s(tn, sn)

s(tn+1, sn+1)

∣
∣
∣
∣ ≤ O

(
(|Ctn | + |Csn |)β

)
.

By the expanding property of the Markov map F , for all p, q > n ≥ Nt,s ≥ 1,
we have that

s(tp, sp)
s(tq, sq)

∈ 1 ±O
(
(|Ctn | + |Csn |)β

)
.

Therefore,
s(t, s)

s(tn, sn)
∈ 1 ±O

(
(|Ctn | + |Csn |)β

)
. (D.8)

Let (t, s), (u, v) ∈ S be such that Nt,s = Nu,v and have the property that
tn = un, sn = vn and tn+1 �= un+1 or sn+1 �= vn+1, for some n ≥ Nt,s = Nu,v.
By (D.8), we have that

∣
∣
∣
∣1 − s(t, s)

s(u, v)

∣
∣
∣
∣ ≤

∣
∣
∣
∣1 − s(t, s)

s(tn, sn)
s(un, vn)
s(u, v)

∣
∣
∣
∣

≤ O
(
(d((t, s), (u, v)))β

)
.

Therefore, the solenoid function s : S → R
+ is an α-solenoid function.

D.10 Canonical set C of charts

By Remark D.10, the solenoid function s : S → R
+ defines a symbolic set

ΣF corresponding to a topological Markov map F . We construct a set C of
canonical charts with domains contained in the symbolic set ΣF of F F such
that:

(i) for all x ∈ ΣF and for the shift σ(x) ∈ ΣF , there are charts
c : Σc → R

+ and e : Σe → R
+ in a neighbourhood of x and in a

neighbourhood of F (x), respectively, such that the Markov map F is
affine with respect to the charts c and e;

(ii) the solenoid function sF is equal to the solenoid function s;
(iii) the composition map d ◦ c−1 between any two charts c and d is a

smooth map, whenever defined.

We define the canonical charts c : Σc → R
+ by the respective pre-solenoid

functions sc : Ωc → R
+ up to affine transformations as follows.

Let c = (t̄, 1) = (ā, b̄, 1) ∈ S. The pre-solenoid set Ωc = ∪n≥1Ωc,n is
the set of all points (s̄, m, p) = (v̄, z̄,m, p) ∈ S × N such that the cylinders
Dvp+j−1,m, Dzp+j−1,m ⊂ Daj,1 ∪ Dbj,1 , for all j ≥ 1. Let Ωc,n ⊂ Ωc be the
set of all symbols (s̄, m, p) ∈ Ωc such that m + j + p = n. The pre-solenoid
function sc : Ωc → R

+ determined by the solenoid function s is defined by
sc(s̄, m, p) = s(s̄, m).

The domain Σc of the canonical chart c is the set of all symbols ε1ε2 · · · ∈
ΣF such that ε1 is equal to a1 or b1.



304 D Appendix D: Markov maps on train-tracks

The matching condition implies that the pre-solenoid functions sc : Ωc →
R

+ define a cylinder structure, i.e. the set of all extreme points of the cylinders
at level n is contained in the set of all extreme points of the cylinders at level
n+1, for all n ≥ 1. The turntable condition implies the existence of turntable
journeys in the neighbourhood of each turntable.

Theorem D.21. Given a solenoid function s : S → R
+, the composition map

cd ◦ c−1
c between two canonical charts c and d is a C1+ smooth map, whenever

defined. If s : S → R
+ is an α-solenoid function, then the composition map

cd ◦ c−1
c is a C1+α−

smooth map whenever defined.

Proof of Theorem D.21. By Theorem B.28, the composition map c ◦ d−1

is a smooth map if, and only if, the cylinder structures of the canonical
charts c and d are (1+)-scale equivalent and (1+)-connection equivalent. Sim-
ilarly to the proof of Theorem D.15, the (1+)-scale equivalence and (1+)-
connection equivalence are equivalent to the following solenoid equivalence
defined by (D.9). For all n ≥ 1 and for all (wm, vn) ∈ Ωc,n ∩ Ωd,n, let
(w = . . . wn . . . w1, v = . . . vn . . . v1) ∈ S. By the pseudo-Hölder continuity
of the solenoid function, there is o < λ < 1 and there are constants c1, c2 > 0
such that

sc(wn, vn)
sd(wn, vn)

∈ s(w, v)(1 ± c1λ
n)

s(w, v)(1 ± c1λn)
⊂ 1 ± c1λ

n (D.9)

and sc(wn, vn) > c2. Therefore, the cylinder structures of the canonical charts
c and d are solenoid equivalent. By Theorem B.28, the composition map c ◦
d−1 is a C1+α−

map if, and only if, the cylinder structures of the canonical
charts c and d are (1 + α)-scale equivalent and (1 + α)-connection equivalent.
Similarly to the proof of Lemma D.11 the (1+α)-scale equivalence and (1+α)-
connection equivalence are equivalent to the following α-solenoid equivalence
defined by (D.10). For all n ≥ 1 and for all (wm, vn) ∈ Ωc,n ∩ Ωd,n, let
(w = . . . wn . . . w1, v = . . . vn . . . v1) ∈ S. By the β-pseudo-Hölder continuity
of the solenoid function, for all 0 < β < α, there are constants c, cβ > 0 such
that

sc(wn, vn)
sd(wn, vn)

∈ s(w, v)(1 ± cβ(|Cwn + Cvn |))
s(w, v)(1 ± cβ(|Cwn + Cvn |))

⊂ 1 ± cβ(|Cwn + Cvn |) (D.10)

and sc(wn, vn) > c. Therefore, the cylinder structures of the canonical charts
c and d are α-solenoid equivalent.

Theorem D.22. Given a solenoid function s : S → R
+, there is a C1+

Markov map F such that sF = s : S → R
+.

Proof of Theorem D.22. Let F : ΣF → ΣF be the topological Markov map
corresponding to the symbolic solenoid set S. By the turntable condition of the
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solenoid function and by Theorem D.21, the canonical charts give a smooth
structure of the set ΣF . For all c = (t, s) ∈ SGC , define e = (v, z) ∈ SGC

by F (Ctn) ⊂ F (Cvn−1) and F (Csn) ⊂ F (Czn−1), for all n > 1. By the con-
struction of the canonical charts c : Σc → R

+ and e : Σe → R
+, the Markov

map F is an affine map in Σc with respect to the charts c and e. Therefore,
the Markov map F is a C1+ Markov map. By construction of the canonical
charts, the solenoid function sF : S → R

+ coincides with the solenoid function
s : S → R

+.
Putting together theorems D.21 and D.22, we obtain the following result.

Corollary D.23. Given an α-solenoid function s : S → R
+ there is a C1+α−

Markov map F such that sF = s : SF → R
+.

D.11 One-to-one correspondences

Theorem D.24. The correspondence F → sF induces a one-to-one corre-
spondence between C1+ conjugacy classes of C1+ Markov maps and pseudo-
Hölder solenoid functions. Moreover, if F and G are Cr Markov maps in the
same C1+ conjugacy class of Markov maps, then they are Cr conjugate.

By compactness of the subset SGC of all (z̄, 1) ∈ S, the solenoid function
restricted to SGC is bounded from zero and infinity which corresponds to the
bounded geometry of the cylinder structure of the Markov map. The matching
condition of the solenoid function corresponds to the existence of a topological
Markov map. The turntable condition corresponds to the existence of journeys
through the turntables. The pseudo Hölder property of the solenoid function
corresponds to the existence of a C1+ Markov map.

If the solenoid function is bounded from zero, then a pseudo-Hölder
solenoid function is Hölder continuous. Otherwise, the solenoid function is
just pseudo-Holder continuous, see §D.8.

If the set of all preimage connections PC is equal to the set of all con-
nections for a C1+ Markov map F , then the corresponding solenoid function
is Hölder continuous. That is the case of cookie-cutters, tent maps on train-
tracks, expanding circle maps, horocycle maps and Markov maps generated
by pseudo-Anosov maps, for example.
Proof of Theorem D.24. By Lemma D.18 and Theorem D.22, a C1+ Markov
map F defines a solenoid function sF and vice-versa. By Theorem D.2, if the
Cr Markov maps F and G are C1+ conjugate, then they are Cr conjugate.
Therefore, we have to prove that the smooth Markov maps F and G are C1+

conjugate if, and only if, the solenoid function sF : SF → R
+ is equal to the

solenoid function sG : SG → R
+. By Theorem D.15, the smooth Markov maps

F and G are C1+ conjugate if, and only if, the cylinder structures of F and G
are solenoid equivalent. Therefore, we will prove that the cylinder structures
of F and G are solenoid equivalent if, and only if, sF = sG. By smoothness of
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the Markov maps F and G and by Theorem D.13, the cylinder structures of F
and G have the solenoid property. Let us prove that if the cylinder structures
of F and G are solenoid equivalent, then the solenoid function sF : SF → R

+

is equal to the solenoid function sG : SG → R
+. Since the Markov maps F and

G are topologically conjugate, the solenoid set SF and SF are equal. Since the
cylinder structures of F and G are solenoid equivalent and have the solenoid
property, there is 0 < λ < 1 such that, for all (t̄ = · · · t1, s̄ = · · · s1) ∈ S and
for all n ≥ Nt̄,s̄ ≥ 1,

sF (t̄, s̄)
sG(t̄, s̄)

=
sF (t̄, s̄)

sF (tn, sn)
sF (tn, sn)
sG(tn, sn)

sG(tn, sn)
sG(t̄, s̄)

∈ (1 ±O(λn))(1 ±O(λn))(1 ±O(λn))
⊂ 1 ±O(λn).

On letting n converge to infinity, we obtain that the solenoid functions sF :
SF → R

+ and sG : SG → R
+ are equal. Now, we prove that if the solenoid

functions sF : SF → R
+ and sG : SG → R

+ are equal, then the cylinder
structures of F and G are solenoid equivalent. For all (tn, sn) ∈ Ωs

n × Ωg
n,

choose (t̄ = · · · tn · · · t1, s̄ = · · · sn · · · s1) ∈ S such that Nt̄,s̄ ≤ n. Since the
cylinder structures of F and G have the solenoid property and sF (t̄, s̄) =
sG(t̄, s̄), we have that

sF (tn, sn)
sG(tn, sn)

=
sF (tn, sn)
sF (t̄, s̄)

sF (t̄, s̄)
sG(t̄, s̄)

sG(t̄, s̄)
sG(tn, sn)

∈ (1 ±O(λn))(1 ±O(λn))
⊂ 1 ±O(λn).

Therefore, the cylinder structures of F and G are solenoid equivalent.

Lemma D.25. The definition of the α-solenoid function s : S → R
+ is inde-

pendent of the C1+ Markov map F used to define the metric dL(F ), if sF = s.

Proof of Lemma D.25. Let F and G be two C1+ Markov maps such that
sF = sG = s. By Theorem D.24, the Markov maps F and G are C1+ conjugate.
Thus, for all t ∈ ΩF = ΩG, |CF

t | = O(|CG
t |). Therefore, for all 0 < β < α, if

the solenoid function s : S → R
+ is β pseudo-Hölder continuous with respect

to the metric d defined by using the Markov map F , then the solenoid function
s : S → R

+ is pseudo-Hölder continuous with respect to the metric d defined
by using the Markov map G.

Theorem D.26. The correspondence F → sF induces a one-to-one corre-
spondence between C1+α−

conjugacy classes of C1+α−
Markov maps and α-

solenoid functions, with respect to the metric dL(F ).
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Proof of Theorem D.26. By Lemma D.20 and Corollary D.23, a C1+α−
Markov

map F defines an α-solenoid function sF and vice-versa. By Theorem D.24,
the smooth Markov maps F and G are C1+ conjugate by h if, and only if, the
solenoid functions sF : SF → R

+ and sG : SG → R
+ are equal. By Theorem

D.2, the conjugacy h is a C1+α−
map.

Lemma D.27. If the Markov map F defines an α-solenoid function s : S →
R

+, with respect to the metric dL(F ), that is not η > α pseudo-Hölder con-
tinuous, then the Markov map F is not C1+η.

Proof of Lemma D.27. Let η > α and suppose that the Markov map F is
C1+η. By Theorem D.26, the solenoid function s : S → R

+ is η pseudo-Hölder
continuous which is absurd.

D.12 Existence of eigenvalues for (uaa) Markov maps

Let M : T → T be a Markov map and ΛM its invariant set. Let I, J ⊂ T be
two intervals such that MIJ = M−1

IJ is a homeomorphism, for some p ≥ 1. Let
MJI = M−1

IJ : J → I be the inverse map of the map MIJ .
The Markov map M is (uaa) with respect to an atlas A if, and only if,

there is a constant c > 1 and a continuous function εc : R
+
0 → R

+
0 with

εc(0) = 0 and with the property that for all maps MIJ as above, for all charts
(i, I ′ ⊃ I), (j, J ′ ⊃ J) ∈ A and for all x, y, z ∈ J so that 0 < j(y) − j(x),
j(z) − j(y) < 5 and c−1 < (j(z) − j(y))/(j(y) − j(x)) < c, we have that

∣
∣
∣
∣log

(i ◦ MJI)(y) − (i ◦ MJI)(x)
(i ◦ MJI)(z) − (i ◦ MJI)(y)

j(z) − j(y)
j(y) − j(x)

∣
∣
∣
∣ < εc(δ).

We note that the (uaa) definition of a Markov map is stronger than just
to say that a map is (uaa). Roughly, a Markov map is (uaa), if every inverse
composition is (uaa) with the same constant c and the function εc.

The Markov maps M : T → T and N : P → P are topologically conjugate,
if there exists a homeomorphism h : T → P such that

(i) h ◦ M |ΛM
= N ◦ h|ΛM

and
(ii) the singularities x and h(x) have the same order.

If the homeomorphismn h is (uaa), then we say that the Markov maps M and
N are (uaa) conjugate.

Let M : T → T be a (uaa) Markov map with respect to an atlas A on T .
Let p ∈ T be a periodic point with period q. Consider a local chart (i, I) ∈ A
such that p ∈ I. The eigenvalue e(p) of p is well defined, if the following limit
exists and it is independent of the chart considered:

e(p) = lim
z→p

(i ◦ Mq)(z) − (i ◦ Mq)(p)
i(z) − i(p)

.
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Theorem D.28. Let M : T → T be a (uaa) Markov map with respect to an
atlas A on T and p a periodic point of the Markov map M . The eigenvalue
e(p) is well defined and the set of all the eigenvalues is an invariant of the
(uaa) conjugacy class.

Proof. We are going to prove, in two lemmas, the existence of eigenvalues
for (uaa) Markov maps and that they are invariants of the (uaa) conjugacy
classes. We prove in Lemma D.29 and Lemma D.30, for a fixed point p, that
the eigenvalue e(p) is well defined and it is an invariant of the (uaa) conjugacy
class. The proof for a periodic point p′ of period q follows in the same way as
for the fixed point p using the composition Mq of the Markov map M .

Lemma D.29. Let p be a fixed point of the (uaa) Markov map M : T → T
with respect to the atlas A. Let i : I → I ′ be a chart in A, such that p ∈ I.
Then, the eigenvalue e(p) is well defined by

e(p) = lim
z→p

(i ◦ M)(z) − (i ◦ M)(p)
i(z) − i(p)

.

Proof. We consider two different cases: the first case when the Markov map
M is orientation reversing and the second case when the Markov map M
is orientation preserving. We prove both cases in two steps. First, we prove
that given a sequence of points qn = M(qn+1) converging to p, they define
a candidate e(p) for the eigenvalue e(p). Secondly, we show that for any z
converging to p, we obtain that

lim
z→p

(i ◦ M)(z) − (i ◦ M)(p)
i(z) − i(p)

= e(p).

Let qn ∈ T be a sequence of points qn such that

(i) the point M(qn) is equal to the point qn−1 and
(ii) the point qn is close of the point p, for all n ≥ 0.

Let rn be equal to the ratio between the distances of |i(qn−1) − i(p)| and
|i(qn) − i(p)| (see Figure D.4).

��

����� ���� ����	
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Fig. D.4. The ratio rn.
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Since the Markov map M is (uaa), the limit r = lim rn exists and
∣
∣
∣
∣

r

rn
− 1

∣
∣
∣
∣ ≤ εc (|i(qn−1) − i(qn)|) .

Therefore,

|e(p)| = lim
∣
∣
∣
∣
(i ◦ M)(qn) − (i ◦ M)(p)

i(qn) − i(p)

∣
∣
∣
∣ = r . (D.11)

First case. The Markov map M is orientation reversing, e(p) = −r.
For all point z converging to p, let the point qn ∈ [p, z] be such that

the ratio between the distance |i(z) − i(qn)| and the distance |i(qn) − i(p)| is
bounded away from zero and infinity. Let sn be equal to the ratio between
the distances of |i(z)− i(qn)| and |i(qn)− i(p)|. Let sn−1 be equal to the ratio
between the distances of |(i◦M)(z)− i(qn−1)| and |i(qn−1)− i(p)| (see Figure
D.5).


�	


�� � � ���� ���������	
���� � � ����� ���� ����

�� 
�

Fig. D.5. The ratios sn and sn−1.

By equality (D.11),

(i ◦ M)(z) − (i ◦ M)(p)
i(z) − i(p)

∈ e(p) (1 ± εc (|i(qn−1) − i(qn)|)) 1 + sn−1

1 + sn

⊂ e(p) (1 ± εc (|i(z) − (i ◦ M)(z)|)) . (D.12)

Therefore,

lim
z→p

(i ◦ M)(z) − (i ◦ M)(p)
i(z) − i(p)

= e(p) .

Second case. The Markov map M is orientation preserving, e(p) = r.
For all point z converging to p, either there is a point qn between p and z

or there is not. In the case where there is a point qn between p and z, we get
a similar condition to (D.12). Otherwise, we consider a point qn such that the
ratio between |i(qn) − i(p)| and |i(z) − i(p)| is bounded away from zero and
infinity.

Let sn be equal to the ratio between the distances of |i(qn) − i(p)| and
|i(z)−i(p)|. Let sn−1 be equal to the ratio between the distance |i(qn−1)−i(p)|
and the distance |(i ◦ M)(z) − (i ◦ M)(p)| (see Figure D.6).
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Fig. D.6. The ratios sn and sn−1.

By equality (D.11),

(i ◦ M)(z) − (i ◦ M)(p)
i(z) − i(p)

∈ e(p) (1 ± εc (|i(p) − i(qn−1)|))
sn

sn−1

⊂ e(p) (1 ± εc (|(i ◦ M)(z) − i(qn−1)|)) .

Lemma D.30. The eigenvalue e(p) is an invariant of the (uaa) conjugacy
class of the Markov map M : T → T with respect to the atlas A.

Proof. Let M and N be (uaa) Markov maps with respect to the atlases A
and B, respectively. Let h be the conjugate map between M and N ,

h ◦ M = N ◦ h .

Let p and p′ = h(p) be fixed points of M and N , respectively. Let qn and
q′n = h(qn) be two sequences of points converging to p and p′, respectively,
such that M(qn) = qn1 , for all n ≥ 0. Let tn be equal to the ratio between
the distances of |i(qn1)− i(qn)| and |i(qn)− i(p)I| and t′n be equal to the ratio
between the distances of |j(q′n−1)− j(q′n)| and j(q′n)− j(p′)| (see Figure D.7),
where i ∈ A and j ∈ B.

��

��������� ����	
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Fig. D.7. The ratios tn and t′n.
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By Lemma D.29,

eM (p) = ± lim(1 + tn) and eN (p′) = ± lim(1 + t′n) .

Since the map h is (uaa),

tn
t′n

∈ 1 ± εc (|i(qn−1) − i(qn)|) .

Since the map h preserves the order, we have

eM (p) = eN (p′).

D.13 Further literature

This appendix is based on Ferreira and Pinto [36] and Pinto and Rand [158].



E

Appendix E: Explosion of smoothness for
Markov families

For uniformly asymptotically affine (uaa) Markov maps on train-tracks, we
establish the following type of rigidity result: if a topological conjugacy be-
tween them is (uaa) at a point in the train-track then the conjugacy is (uaa)
everywhere. In particular, our methods apply to the case in which the domains
of the Markov maps are Cantor sets. We also present similar statements for
(uaa) and Cr Markov families.

E.1 Markov families on train-tracks

E.1.1 Train-tracks

Let T̃ = �C̃i/∼ be the disjoint union of closed intervals C̃i of R with an
equivalence relation ∼ on the endpoints of the intervals C̃i. A set Ĩ ⊂ T̃ is an
open segment of T̃ if, for every x ∈ Ĩ, cl(Ĩ)\{x} has two connected components
Ĩ1 and Ĩ2. A closed segment J̃ ⊂ T̃ is the closure cl(Ĩ) of an open segment Ĩ.
The boundary of an (open or closed) segment Ĩ is ∂Ĩ = cl(Ĩ) \ int Ĩ. We say
that S̃ is an admissible set of open segments of T̃ if it satisfies the following
properties: (i) if I ∈ S̃ then I is an open segment of T̃ ; (ii) for all x ∈ T̃
there exists I ∈ S̃ which contains x; (iii) if I is an open segment of T̃ and
I is contained in an union of segments in S̃ then I is also in S̃. Let T be a
(compact and proper) subset of T̃ , and S̃ an admissible set of open segments
of T̃ . We say that ΔO is an admissible set of open segments of T if there is
an admissible set S̃ of open segments of T̃ such that ΔO = {Ĩ ∩ T : Ĩ ∈ S̃}.
We say that J is a closed segment of T if there is an open segment I ⊂ ΔO

such that J = cl(I). Let Δ be the set of all open and closed segments of T
determined by ΔO. The boundary ∂I of a segment I of T is the boundary
of the smallest segment Ĩ ⊂ T̃ such that I = Ĩ ∩ T . The interior int I of a
segment I of T is int I = I \ ∂I. The triple (T, T̃ , Δ) forms a train-track TΔ.
Let TΔ = (T, T̃ , Δ) be a train-track. A chart (i, I) is a map i : I → R which
is the restriction of an injective and continuous map ĩ : Ĩ → R, where Ĩ is an
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open segment of T̃ and Ĩ ∩ T = I ∈ ΔO. An atlas A on TΔ is a set of charts
with the property that for every x ∈ T and J ∈ ΔO with x ∈ J , there exists
a chart (i, I) such that I ∩ J contains an open segment K with x ∈ K. We
note that (for simplicity of exposition) if (i, I) is in A we will consider that
(i|I ′, I ′) is also in A for every interval I ′ ⊂ I. Two charts (i, I) and (j, J) with
I, J ⊂ T are (uaa) compatible if the overlap map i ◦ j−1 : j(I ∩ J) → i(I ∩ J)
is (uaa) when I ∩ J 	= ∅. An (uaa) atlas A on TΔ is an atlas formed by
charts which are (uaa) compatible. Let TΔ = (T, T̃ , Δ) and PΓ = (P, P̃ , Γ ) be
train-tracks. The map h : I ⊂ T → J ⊂ P is a homeomorphism if there are
connected sets Ĩ ⊂ T̃ and J̃ ⊂ P̃ with I = Ĩ ∩ T and h(I) = J̃ ∩ P such that
h extends to a homeomorphism h̃ : Ĩ → J̃ and the image of every segment
in Ĩ is a segment in I, and vice-versa. Let A and B be atlases on TΔ and on
PΓ , respectively. The homeomorphism h : I ⊂ T → J ⊂ P is (aa) at x ∈ T
if for every chart (i, I ′) ∈ A with x ∈ I ′ ⊂ I and every chart (j, J ′) ∈ B
with h(x) ∈ J ′ ⊂ J we have that j ◦ h ◦ i−1|i(I ′ ∩ h−1(J ′)) is (aa) at i(x)
with modulus of continuity not depending upon the charts considered. The
homeomorphism h : I ⊂ T → J ⊂ P is (uaa) at x ∈ T if for every chart
(i, I ′) ∈ A with x ∈ I ′ ⊂ I and every chart (j, J ′) ∈ B with h(x) ∈ J ′ ⊂ J we
have that j ◦ h ◦ i−1|i(I ′ ∩ h−1(J ′)) is (aa) at i(x) with modulus of continuity
not depending upon the charts considered. The homeomorphism h is (uaa) if
h is (uaa) at every point x ∈ I with modulus of continuity χc not depending
upon the point x.

E.1.2 Markov families

For every n ∈ Z, let Tn
Δ = (Tn, T̃n, Δn) be a train-track and Mn : Tn → Tn+1

a map. A Markov partition of (Mn, Tn
Δ)n∈Z is a collection

(
Cn

1 , · · · , Cn
m(n)

)

n∈Z

of closed and proper segments in Δn with the following properties for every
n ∈ Z:

(i) Tn =
⋃m(n)

i=1 Cn
i , and the constant m(n) is bounded away from infinity

independently of n;
(ii) intCn

i

⋂
intCn

j = ∅ if i 	= j;
(iii) Mn|intCn

i is a homeomorphism onto its image;
(iv) If x ∈ int Cn

i and Mn(x) ∈ Cn+1
j then Mn(Cn

i ) contains Cn+1
j ;

(v) For every Cn+1
j ⊂ Tn+1, there exists a Cn

i such that Mn(Cn
i ) contains

Cn+1
j ;

(vi) Let

Cn
ε1ε2...εm

= {x ∈ Cn
ε1

: (Mn+j−1◦. . .◦Mn)(x) ∈ Cn+j
εj

, j = 1, 2, . . . ,m−1}

be an m-cylinder if Cn
ε1ε2...εm

	= ∅. For every sequence Cn
ε1

, Cn
ε1ε2

, . . .

of cylinders, limi→∞
⋂i

m=1 Cn
ε1ε2...εm

is a single point;
(vii) For every Cn

i , there exists l = l(i, n) such that Tn+l = M l
n(Cn

i ),
where l(i, n) is bounded away from infinity independently of i and n;
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(viii) For every open segment K and x ∈ K, there is an open segment I
such that Mn(I) ⊂ K and x ∈ Mn(I).

An m-gap Gn is a closed segment contained in an (m − 1)-cylinder with the
property that Gn is equal to two points which are endpoints of two m-cylinders
(in particular, Gn is equal to its boundary).

Definition 45 A Markov family (Mn, Tn
Δ)n∈Z is a sequence of train-tracks

Tn
Δ = (Tn, T̃n, Δn) and maps Mn : Tn → Tn+1 with a Markov partition. A

Markov map (M,TΔ) is a Markov family (Mn, Tn
Δ)n∈Z, where Mn = M and

Tn
Δ = TΔ for every n ∈ Z.

E.1.3 (Uaa) Markov families

A local homeomorphism φ : I ⊂ R → R is uniformly asymptotically affine
(uaa) at a point x ∈ I if for all c ≥ 1 there is a continuous function χc :
R

+
0 → R

+
0 satisfying χc(0) = 0 such that for all points y1, y2, y3 ∈ I with

c−1 ≤ (y3 − y2)/(y2 − y1) ≤ c, we have
∣
∣
∣
∣log

φ(y2) − φ(y1)
φ(y3) − φ(y2)

y3 − y2

y2 − y1

∣
∣
∣
∣ < χc(max{|y3 − x|, |y1 − x|}). (E.1)

We call χc the modulus of continuity of φ. The left hand-side of (E.1) is called
the ratio distortion of φ at the points y1, y2 and y3. The local homeomorphism
φ : I → R is (uaa) if φ is (uaa) at every point x ∈ I with modulus of continuity
χc not depending upon the point x. We say that φ : I → R is asymptotically
affine (aa) at a point x ∈ I if φ satisfies inequality (E.1) in the case where
y2 = x. The classical definition of an (uaa) or symmetric function φ is given
by taking c = 1 (see also Appendix A). Here, we consider in the definition all
c ≥ 1 because I does not have to be an interval. For instance I can be a Cantor
set. However, by the following remark these two conditions are equivalent if I
is an interval.

Remark E.1. If I is an interval and if, for c = 1, φ satisfies inequality (E.1)
for all x ∈ I then φ satisfies that inequality for all c > 1.

Proof. Follows similarly to the proof of Remark E.2.

Definition 46 Let (Mn, Tn
Δ)n∈Z be a Markov family, (An)n∈Z a family of

atlas An on Tn
Δ, and (i, I) a chart in the atlas An. For all distinct points

x, y, z ∈ I with i(y) lying between i(x) and i(z), we define the ratio ri(x, y, z)
by

ri(x, y, z) =
i(z) − i(y)
i(y) − i(x)

.

For every segment K ⊂ I we denote by |K|i the length of the smallest interval
which contains i(K). For simplicity of notation, we will use r(x, y, z) and |K|
instead of ri(x, y, z) and |K|i, respectively, when it is clear which is the chart
that we are considering.
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We note that the set of all ratios ri(x, y, z) determines the chart (i, I) up
to affine composition. Let (Mn, Tn

Δ)n∈Z be a Markov family and (An)n∈Z a
family of atlas An on Tn

Δ. Given two open segments I ⊂ Tm and J ⊂ Tn

we denote by MIJ : I → J the map MIJ = Mn−1 ◦ · · · ◦ Mm|I if MIJ is a
homeomorphism. We say that (Mn, Tn

Δ, An)n∈Z is an (uaa) Markov family if
it satisfies the following properties:

(i) For every c ≥ 1, there exists a continuous function χc : R
+
0 → R

+
0

with χc(0) = 0 such that for all homeomorphisms MIJ : I → J , for
all charts (i, I) ∈ Am and (j, J) ∈ An, and for all points x, y, z ∈ J
with c−1 ≤ r(x, y, z) ≤ c, we have

∣
∣
∣
∣
∣
log

r
(
M−1

IJ (x), M−1
IJ (y), M−1

IJ (z)
)

r(x, y, z)

∣
∣
∣
∣
∣
< χc(|z − x|); (E.2)

(ii) For every closed segment I which is a 1-cylinder or an union of two
1-cylinders with a common endpoint, there is a chart (i, I ′) ∈ An

such that I ⊂ I ′. There exists a constant b > 1 such that for every
2-cylinder or 2-gap I, b−1 < |I|i < b for every chart (i, I ′) with I ⊂ I ′.

We call χc the modulus of continuity of (Mn, Tn
Δ, An)n∈Z. An (uaa) Markov

map (M,TΔ, A) is an (uaa) Markov family (Mn, Tn
Δ, An)n∈Z, where Mn = M ,

Tn
Δ = TΔ and An = A for every n ∈ Z. We note that condition (ii) is a

technical assumption easily fulfilled in the case of a Markov map (by refining
the Markov partition if necessary).

Remark E.2. Let (Mn, Tn
Δ, An)n∈Z be a Markov family such that Tn = T̃n for

every n ∈ Z. If (Mn, Tn
Δ, An)n∈Z satisfies property (ii) in the case where c = 1

then also satisfies property (ii) for every c > 1.

Proof. Let us prove that, for every c ≥ 1 and for all small ε > 0, there exists
δ = δ(c, ε) such that, for all maps MIJ : I → J , for all charts (i, I ′) ∈ Am

and (j, J ′) ∈ An with I ⊂ I ′ and J ⊂ J ′, there exists δ0 = δ0(c, ε) such that,
for all δ < δ0 and for all points x, y, z ∈ J with c−1 ≤ r(x, y, z) ≤ c and
0 < j(y) − j(x), j(z) − j(y) < δ, we have

∣
∣
∣
∣
∣
log

r
(
M−1

IJ (x), M−1
IJ (y), M−1

IJ (z)
)

r(x, y, z)

∣
∣
∣
∣
∣
< ε, (E.3)

and so M is (uaa). Let us denote by [t] the integer part of t ≥ 0. There
exists k = k(c, ε) such that, for every pair of adjacent intervals L, R ⊂ R

with c−1 < |L|/|R| < c, there are adjacent intervals P1, . . . , Pk and a constant
l = l(L, R) with the following properties (see Figure E.1):

(i)
⋃l−1

i=1 Pi ⊂ L,
⋃k

i=l+1 Pi ⊂ R and
⋃k

i=1 Pi = L ∪ R;

(ii)
∣
∣
∣log |L|/

∣
∣
∣
⋃l

i=1 Pi

∣
∣
∣
∣
∣
∣ < ε

3 and
∣
∣
∣log |R|/

∣
∣
∣
⋃k

i=l+1 Pi

∣
∣
∣
∣
∣
∣ < ε

3 .
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... ...P1 Pl−1 Pl+1 Pk

L R

MIJ

IJ

j(x1) j(xl) j(xk+1)

j

x = x1 y z = xk+1

Fig. E.1. The intervals Pi.

Thus, there exist constants k = k(c, ε) and l = l(j(x), j(y), j(z)) and points
x1, . . . , xk+1 ∈ J with the following properties:

(i) x1 = x and xk+1 = z;
(ii) the intervals [j(x1), j(x2)], . . . , [j(xk), j(xk+1)] have the same length
and pairwise disjoint interiors;

(iii)
∣
∣
∣
∣log

j(xl) − j(x1)
j(y) − j(x)

∣
∣
∣
∣ <

ε

3
and

∣
∣
∣
∣log

j(xk+1) − j(xl+1)
j(z) − j(y)

∣
∣
∣
∣ <

ε

3
. (E.4)

For simplicity of notation, let us denote the map i ◦ M−1
IJ by f . Since, by

hypotheses (Mn, Tn
Δ, An)n∈Z satisfies property (i) with c = 1 in the definition

of an (uaa) Markov family, there is a continuous function χ1 : R
+
0 → R

+
0

satisfying χ1(0) = 0 such that, for all 1 < p < k + 1,
∣
∣
∣
∣log

f(xp) − f(xp−1)
f(xp+1) − f(xp)

∣
∣
∣
∣ < χ1(δ).

Thus, for all 1 ≤ n < k + 1 and 1 < m ≤ k + 1,
∣
∣
∣
∣log

f(xm) − f(xm−1)
f(xn+1) − f(xn)

∣
∣
∣
∣ < |m − n|χ1(δ) < k(c, ε)χ1(δ),

and so there exists a constant c1 > 0 such that

(1 − c1k(c, ε)χ1(δ)) |f(xn) − f(xn−1)| < |f(xm) − f(xm−1)|
< (1 + c1k(c, ε)χ1(δ)) |f(xn) − f(xn−1)| .

Therefore, there exists a constant c2 > 0 such that
∣
∣
∣
∣
∣
log

∑l
p=1 (f(xp+1) − f(xp))

∑k
p=l+1 (f(xp+1) − f(xp))

k − l

l

∣
∣
∣
∣
∣
≤ c2k(c, ε)χ1(δ). (E.5)

Let us choose δ0 > 0 such that, for all δ < δ0 we get c2k(c, ε)χ1(δ) < ε/3. By
inequalities (E.4) and (E.5), we obtain that



318 E Appendix E: Explosion of smoothness for Markov families

∣
∣
∣
∣
∣
log

r
(
M−1

IJ (x), M−1
IJ (y), M−1

IJ (z)
)

r(x, y, z)

∣
∣
∣
∣
∣
<

ε

3
+

ε

3
+

ε

3
= ε,

which ends the proof.

E.1.4 Bounded Geometry

We note that without loss of generality, we can take the modulus of continuity
χc : R

+
0 → R

+
0 as being an increasing continuous function. Hence, for simplic-

ity of the arguments in this section, we always consider that this is the case.
Let (Mn, Tn

Δ, An)n∈Z be a Markov family. Let C, D ⊂ Tn be m-cylinders or
m-gaps. We say that the sets C and D are adjacent if they have a common
endpoint.

Lemma E.3. Let (Mn, Tn
Δ, An)n∈Z be an (uaa) Markov family. There exists

a constant d > 1 such that, for all m-cylinders or m-gaps C, D ⊂ Tn which
are adjacent and contained in the domain I of a chart (i, I) ∈ An,

d−1 <
|C|i
|D|i

< d.

Proof. Let C ′ = Mn+m−2 ◦ . . . ◦ Mn(C), D′ = Mn+m−2 ◦ . . . ◦ Mn(D), and
(j, J) be a chart in the atlas An+m−1 such that C ′, D′ ⊂ J . Let b > 1 be as
considered in the definition of an (uaa) Markov family. Then

b−2 < |C ′|j/|D′|j < b2. (E.6)

Take c > b2. Using inequaliy (E.2) and that χc is an increasing function, we
obtain ∣

∣
∣
∣log

|C|i
|D|i

|D′|j
|C ′|j

∣
∣
∣
∣ < χc(b). (E.7)

Now, Lemma E.3 follows from inequalities (E.6) and (E.7).

Lemma E.4. Let (Mn, Tn
Δ, An)n∈Z be an (uaa) Markov family. There exist

constants d > 1 and 0 < α, β < 1 with the property that, for every m-cylinder
or m-gap C ⊂ Tn, and for all charts (i, I) ∈ An such that C ∩ I 	= ∅, we have
|C| < dβm. If C ⊂ I then |C| > d−1αm.

Proof. Since the number of Markov intervals contained in Tn is bounded
independently of n ∈ Z, Lemma E.4 follows from Lemma E.3.
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Lemma E.5. If (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z are two (uaa) Markov
families topologically conjugate by (hn)n∈Z then they are Cα conjugate, for
some α > 0, i.e. there exist constants d > 1 and α > 0 with the property that
for every chart (i, I) ∈ An, for all x, y ∈ I, and for every chart (j, J) ∈ Bn

with hn(x), hn(y) ∈ J , we have

|hn(y) − hn(x)|j < d|y − x|αi and |y − x|i < d|hn(y) − hn(x)|αj . (E.8)

Proof. Let (i, I) be a chart in the atlas An, and for all x, y ∈ I let (j, J) be
a chart in Bn such that hn(x), hn(y) ∈ J . Then, choose the smallest m with
the property that there are adjacent m-cylinders or m-gaps C and D, and an
(m + 1)-cylinder or (m + 1)-gap E such that (i) x, y ∈ C ∪ D, and (ii) the
interval K ⊂ I with endpoints x and y contains E. By Lemma E.4, there exist
constants d1 > 1 and 0 < α1, β1 < 1 such that

2d−1
1 αm+1

1 < |E|i ≤ |y − x|i ≤ |(C ∪ D) ∩ I|i < 2d1β
m
1 .

Similarly, there exist constants d2 > 1 and 0 < α2, β2 < 1 such that

2d−1
2 αm+1

2 < |hn(E)|j ≤ |hn(y) − hn(x)|j ≤ |hn((C ∪ D) ∩ I)|j < 2d2β
m
2 .

Therefore, there exist constants d > 1 and α > 0 such that (E.8) follows.

E.2 (Uaa) conjugacies

The Markov families (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z are topologically
conjugate if there exists a conjugacy family (hn)n∈Z of homeomorphisms hn :
Tn → Pn such that hn+1 ◦Mn = Nn ◦hn for all n ∈ Z. The conjugacy family
(hn)n∈Z is (uaa) if for every n, the homeomorphisms hn and h−1

n are (uaa)
and the modulus of continuity χc of hn and h−1

n do not depend upon n.

Definition 47 Two (uaa) Markov families (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ ,
Bn)n∈Z are (uaa) conjugate if there exists an (uaa) conjugacy family between
(Mn, Tn

Δ, An)n∈Z and (Nn, Pn
Γ , Bn)n∈Z.

An orbit (wn)n∈Z of the Markov family (Mn, Tn
Δ)n∈Z is a sequence of points

wn ∈ Tn such that Mn(wn) = wn+1 for every n ∈ Z. A sub-orbit (wni)i∈Z is a
subsequence of (wn)n∈Z (where (ni)i∈Z is an increasing sequence of integers).

Theorem E.6. Let (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z be (uaa) Markov
families, and let (hn)n∈Z be a topological conjugacy family between
(Mn, Tn

Δ, An)n∈Z and (Nn, Pn
Γ , Bn)n∈Z. If, for every point wni of a sub-orbit

(wni)i∈Z, hni is (aa) at wni and the modulus of continuity does not depend
upon i, then (hn)n∈Z is an (uaa) conjugacy.
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Proof. We are going to prove that the homeomorphism h0 : T 0 → P 0 is (uaa).
Then it follows, in a similar way, that hn is (uaa) for all n ∈ Z. For simplicity
of exposition, we are also going to consider the case in which the conjugacy
is (aa) in an orbit (wm)m∈Z. The proof for the case where the conjugacy is
(aa) just in a sub-orbit follows similarly to this one. Let (i, I) be a chart in
A0, and x, y, z ∈ I any three points such that c−1 ≤ r(x, y, z) ≤ c. Take a
sequence of charts (im, I ′m) ∈ Am such that for some M < 0 and all m < M
it has the following properties: (i) there are intervals Im and Jm such that
Im ⊂ Jm ⊂ I ′m, and the maps

MImI = M−1◦· · ·◦Mm : Im → I and MJmJM
= MM−1◦· · ·◦Mm : Jm → JM

are homeomorphisms; (ii) wm ∈ Jm \Im (see Figure E.2). Let xM , yM and zM

be the preimages by MIM I of x, y and z, respectively. Take a point pM ∈ JM

and a constant c = c(xM , yM , zM , wM , pM ) > 1 such that

c−1 < r(xM , wM , pM ) , r(yM , wM , pM ) , r(zM , wM , pM ) < c

(see Figure E.2). Let xm, ym, zm, pm ∈ Jm be the preimages by MJmJM
of

xM , yM , zM and pM , respectively.

MImI

Im Jm
IM

JM I

xm ym zm wm pm xM yM zM wM pM x y z

MJmJM

Fig. E.2. The maps MImI and MJmJM .

Since the Markov family (Mn, Tn
Δ, An)n∈Z is (uaa),

∣
∣
∣
∣log

r(x, y, z)
r(xm, ym, zm)

∣
∣
∣
∣ < χc(|z − x|). (E.9)

Let (u, U) ∈ B0 and (um, Um) ∈ Bm be charts such that h0(I) ⊂ U and
hm(Jm) ⊂ Um. Since the Markov family (Nn, Bn)n∈Z is (uaa) and by Lemma
E.5, there exist constants d > 1 and 0 < α ≤ 1 such that
∣
∣
∣
∣log

r(h0(x), h0(y), h0(z))
r(hm(xm), hm(ym), hm(zm))

∣
∣
∣
∣ < χc (|h0(z) − h0(x)|u) < χc (d(|z − x|i)α) .

(E.10)
By hypothesis, the conjugacy hm is (aa) at wm, which implies that
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∣
∣
∣
∣log

r(hm(xm), hm(wm), hm(pm))
r(xm, wm, pm)

∣
∣
∣
∣ < χc (|pm − xm|) ,

∣
∣
∣
∣log

r(hm(ym), hm(wm), hm(pm))
r(ym, wm, pm)

∣
∣
∣
∣ < χc (|pm − ym|) ,

∣
∣
∣
∣log

r(hm(zm), hm(wm), hm(pm))
r(zm, wm, pm)

∣
∣
∣
∣ < χc (|pm − zm|) .

The last three inequalities imply that

log
r(xm, ym, zm)

r(hm(xm), hm(ym), hm(zm))
→ 0, when m → −∞. (E.11)

By (E.9), (E.10) and (E.11), there is a continuous function χ′
c : R

+
0 → R

+
0

satisfying χ′
c(0) = 0, and such that

∣
∣
∣
∣log

r(h0(x), h0(y), h0(z))
r(x, y, z)

∣
∣
∣
∣ < χ′

c(|z − x|).

Therefore, the conjugacy h0 is (uaa).

A generating set G of (Tn)n∈Z is a set of points a ∈ T l(a) with l(a) ∈ Z,
and with the property that, for every n ∈ Z, we have

Tn = cl
(
{w = Mn−1 ◦ · · · ◦ Ml(a)(a) : a ∈ G and l(a) ≤ n}

)
.

Theorem E.7. Let (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z be (uaa) Markov
families, and let (hn)n∈Z be a topological conjugacy family between
(Mn, Tn

Δ, An)n∈Z and (Nn, Pn
Γ , Bn)n∈Z. If, for every point a of a generating

set G, hl(a) is (aa) at a and the modulus of continuity does not depend upon
a, then (hn)n∈Z is an (uaa) conjugacy.

Proof. We are going to prove that the homeomorphism h0 : T 0 → P 0 is
(uaa). It follows, in a similar way, that hn is (uaa), for all n ∈ Z. Let (i, I) be
a chart in A0, and x, y, z ∈ I any three points such that c−1 ≤ r(x, y, z) ≤ c.
By construction of the set G, there is a sequence (wk)k∈Z of points wk =(
M−1 ◦ · · · ◦ Ml(ak)

)
(ak) ∈ I such that (i) ak ∈ G, (ii) i(x) < i(wk) < i(z),

and (iii) limwk = y. Take a sequence of charts (ik, I ′k) in Al(ak) such that
for some K > 0 and all k > K it has the following properties: (i) there are
points xk, yk, zk, ak ∈ I ′k whose images by M−1 ◦ · · · ◦ Ml(ak) are the points
x, y, z, wk ∈ I, respectively; (ii) the interval Ik ⊂ I ′k with endpoints xk and zk

contains the points yk and ak; (iii) Ik is sent injectively by M−1◦· · ·◦Ml(ak) in
the interval with endpoints x and z. Since the Markov family (Mn, Tn

Δ, An)n∈Z

is (uaa), for k large enough, we get
∣
∣
∣
∣log

r(x,wk, z)
r(xk, ak, zk)

∣
∣
∣
∣ < χc(|z − x|). (E.12)
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M−1 ◦ . . . ◦ Ml(ak)

II ′k
xk ak yk zk x wk y z

hl(ak) h0

Uk U

x′
k a′

k z′k x′ w′ y′ z′

N−1 ◦ . . . ◦ Nl(ak)

Fig. E.3. The points in the ratios of the proof of Theorem E.7.

Set x′ = h0(x), y′ = h0(y), w′
k = h0(wk), z′ = h0(z) and x′

k = hl(ak)(xk),
a′

k = hl(ak)(ak), z′k = hl(ak)(zk) (see Figure E.3).
Let (u, U) ∈ B0 and (uk, Uk) ∈ Bl(ak) be charts such that h0(I) ⊂ U and

hl(ak)(Ik) ⊂ Uk. Since the Markov family (Nn, Pn
Γ , Bn)n∈Z is (uaa) and by

Lemma E.5, there exist constants d > 1 and 0 < α ≤ 1 such that
∣
∣
∣
∣log

r(x′, w′
k, z′)

r(x′
k, a′

k, z′k)

∣
∣
∣
∣ < χc (|z′ − x′|u) < χc (d(|z − x|i)α) . (E.13)

Since the conjugacy hl(ak) is (aa) at the point ak,
∣
∣
∣
∣log

r(x′
k, a′

k, z′k)
r(xk, ak, zk)

∣
∣
∣
∣ < χc (|zk − xk|) . (E.14)

Note that χc (|zk − xk|) converges to zero, when k tends to infinity. Therefore,
by (E.12), (E.13) and (E.14), there is a continuous function χ′

c : R
+
0 → R

+
0

satisfying χ′
c(0) = 0, and such that

∣
∣
∣
∣log

r(x′, w′
k, z′)

r(x,wk, z)

∣
∣
∣
∣ < χ′

c(|z − x|). (E.15)

By continuity of the ratios, we obtain

lim
k→∞

r(x′, w′
k, z′) = r(x′, y′, z′) and lim

k→∞
r(x,wk, z) = r(x, y, z). (E.16)

Therefore, by (E.15) and (E.16), we conclude
∣
∣
∣
∣log

r(x′, y′, z′)
r(x, y, z)

∣
∣
∣
∣ ≤ χ′

c(|z − x|),

and so h0 is (uaa).

A sub-sequence (wni)i∈Z is any sequence of points wni ∈ Tni (where
(ni)i∈Z is an increasing sequence of integers).
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Theorem E.8. Let (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z be (uaa) Markov
families, and let (hn)n∈Z be a topological conjugacy family between
(Mn, Tn

Δ, An)n∈Z and (Nn, Pn
Γ , Bn)n∈Z. If, for every point wni of a sub-

sequence (wni)i∈Z, hni is (uaa) at wni and the modulus of continuity does
not depend upon i, then (hn)n∈Z is an (uaa) conjugacy.

Proof. We are going to prove that the homeomorphism h0 : T 0 → P 0 is
(uaa). It follows, in a similar way, that hn is (uaa) for all n ∈ Z. Let (i, I) be
a chart in A0, and x, y, z ∈ I any three points such that c−1 ≤ r(x, y, z) ≤
c. By conditions (v) and (vii) of the definition of Markov partition, there
exists L > 0 such that for all n > L and all (n − L)-cylinders C, we have
(M−1 ◦ . . . ◦Mn)(C) = T 0. Hence, by Lemma E.4 there is nk sufficiently large
and there is a chart (ik, Ik) ∈ Ank

such that (i) wnk
∈ Ik; (ii) |Ik|ik

< |z−x|i;
(iii) (M−1 ◦ . . . ◦ Mnk

)(Ik) = I; and (iv) MIkI = M−1 ◦ . . . ◦ Mnk
: Ik → I is

a homeomorphism. Set xk = M−1
IkI(x), yk = M−1

IkI(y) and zk = M−1
IkI(z) (see

Figure E.4).

I

xk yk zk x y z

h0

Uk U

x′
k z′k x′ y′ z′

M−1 ◦ . . . ◦ Mnk

hnk

y′
k

N−1 ◦ . . . ◦ Nnk

Ik

Fig. E.4. The points in the ratios of the proof of Theorem E.8.

Since the Markov family (Mn, Tn
Δ, An)n∈Z is (uaa),

∣
∣
∣
∣log

r(x, y, z)
r(xk, yk, zk)

∣
∣
∣
∣ < χc(|z − x|). (E.17)

Set x′ = h0(x), y′ = h0(y) and z′ = h0(z) and x′
k = hnk

(xk), y′
k = hnk

(yk)
and z′k = hnk

(zk). Let (u, U) ∈ B0 and (uk, Uk) ∈ Bk be charts such that
h0(I) ⊂ U and hnk

(Ik) ⊂ Uk. Since the Markov family (Nn, Pn
Γ , Bn)n∈Z is

(uaa) and by Lemma E.5, there exist constants d > 1 and 0 < α ≤ 1 such
that

∣
∣
∣
∣log

r(x′, y′, z′)
r(x′

k, y′
k, z′k)

∣
∣
∣
∣ < χc(|z′ − x′|u) < χc (d(|z − x|i)α) . (E.18)
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Since the conjugacy hnk
is (uaa) at the point wnk

and |zk − xk|jk
< |z − x|i,

we have ∣
∣
∣
∣log

r(x′
k, y′

k, z′k)
r(xk, yk, zk)

∣
∣
∣
∣ < χc(|z − x|). (E.19)

Therefore, by (E.17), (E.18) and (E.19), there is a continuous function χ′
c :

R
+
0 → R

+
0 satisfying χ′

c(0) = 0, and such that
∣
∣
∣
∣log

r(x′, y′, z′)
r(x, y, z)

∣
∣
∣
∣ < χ′

c(|z − x|). (E.20)

Therefore, h0 is (uaa).

E.3 Canonical charts

Given an (uaa) Markov family (Mn, Tn
Δ, An)n∈Z, we define a canonical chart

(c0, J0) with J0 ⊂ T 0 containing a 1-cylinder as follows (see also [158] and
[175]).

Let I0, I−1, . . . be segments such that I0 ⊂ J0, Im ⊂ Tm, Mm|Im is a
homeomorphism onto its image and Mm(Im) = Im+1. Let Km : Im → J0 be
the homeomorphism given by Km = M−1 ◦ . . . ◦Mm|Im for every m < 0. Let
us denote by jl and jr the endpoints of J0. Take a chart (im, I ′m) ∈ Am such
that Im ⊂ I ′m. Let Lm : im(Im) → (0, 1) be the map determined uniquely by
Lm(K−1

m (jl)) = 0, Lm(K−1
m (jr)) = 1, and Lm has an affine extension to R.

Let dm : J0 → (0, 1) be the chart defined by dm = Lm ◦ im ◦K−1
m (see Figure

E.5). By Lemma E.9 below, the sequence (dm)m∈Z converges when m tends
to minus infinity. We define the canonical chart c0 : J0 → R as being this
limit c0 = limm→−∞ dm. The canonical charts (c0, J0) with J0 ⊂ T 0 form the
canonical atlas CA,0 on T 0. Similarly, for every n ∈ Z, we define the canonical
charts (cn, Jn) with Jn ⊂ Tn containing a 1-cylinder which form the canonical
atlas CA,n on Tn.

Lemma E.9. The canonical charts c0 : J0 → R are well-defined by

c0 = lim
m→−∞

dm.

The canonical charts (c0, J0) with J0 ⊂ T 0 form the canonical atlas CA,0 on
T 0. Similarly, for every n ∈ Z, we define the canonical charts (cn, Jn) with
Jn ⊂ Tn containing a 1-cylinder which form the canonical atlas CA,n on Tn.

Lemma E.10. (Mn, Tn
Δ, CA,n)n∈Z is an (uaa) Markov family, and it is (uaa)

conjugate to (Mn, Tn
Δ, An)n∈Z.

Proof of Lemmas E.9 and E.10. Let us begin proving that the canonical chart
(cA,0, J0) with J0 ⊂ T 0 is well-defined by cA,0 = limm→−∞ dA,m, where the
charts (dA,m, J0) are as introduced in §E.3. Let x, y, z be any three points in J0
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I0

Km

im Lm

Im im(Im)

0 1

Fig. E.5. The chart dm = Lm ◦ im ◦ K−1
m .

such that c−1 < rdA,0(x, y, z) < c. Since the Markov family (Mn, Tn
Δ, An)n∈Z

is (uaa), the ratios rdA,m
(x, y, z) converge to a unique limit r(x, y, z) when m

tends to minus infinity. Furthermore,
∣
∣
∣
∣log

rdA,0(x, y, z)
r(x, y, z)

∣
∣
∣
∣ < χc

(
|z − x|dA,0

)
. (E.21)

Thus, the ratio r(x, y, z) varies continuously with x, y and z, and there exists a
constant c1 > 1 such that c−1

1 < r(x, y, z) < c1. Let jl and jr be the endpoints
of the interval J0. For every point y ∈ J0, there is a sequence of pairwise
distinct points x0, . . . , xp, . . . , xq ∈ J0 such that x0 = jl, xp = y, xq = jr

and c−1 < rdA,0(xi, xi+1, xi+2) < c. Hence, writing r(jl, y, jr) in terms of the
ratios r(xi, xi+1, xi+2) we get that the ratio r(jl, y, jr) varies monotonically
and continuously with y ∈ J0. Thus,

cA,0(y) = lim
m→−∞

dA,m(y) = lim
m→−∞

1
1 + rdA,m

(jl, y, jr)
=

1
1 + r(jl, y, jr)

,

which implies that cA,0 is a bijection and topologically compatible with dA,0.
Hence, the canonical chart (cA,0, J0) is well-defined. Therefore, the set of
canonical charts (cA,0, J0) with J0 ⊂ T 0 form a topological atlas CA,0. More-
over, by inequality (E.21), the canonical charts (cA,0, J0) are (uaa) compatible
with the charts in A0. By a similar construction, for every n ∈ Z, we obtain
that the canonical charts in CA,n are (uaa) compatible with the charts in An,
and the modulus of continuity does not depend upon the charts considered
and upon n ∈ Z. Therefore, using that the Markov family (Mn, Tn

Δ, An)n∈Z is
(uaa), we get that the Markov family (Mn, Tn

Δ, CA,n)n∈Z is also (uaa).

E.4 Smooth bounds for Cr Markov families

For r = k+α, where k ∈ N and 0 < α ≤ 1, a function h : I → R defined on an
interval I is Cr if the kth derivative of h is α-Hölder continuous. We say that
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a function h : J → R defined on a set J ⊂ R is Cr if h has a Cr extension to
an interval I ⊃ J of R. An atlas A on a train-track TΔ is Cr if the overlap
map between any two charts in A is Cr and its Cr norm is bounded away
from infinity independently of the charts considered. A Cr Markov family
(Mn, Tn

Δ, An)n∈Z is a Markov family with the following properties:

(i) The atlases An are Cr, and locally the maps Mn with respect to any
pair of charts are Cr diffeomorphisms with Cr norm bounded away
from infinity independently of the charts considered and of n ∈ Z;

(ii) There exist constants c > 0 and λ > 1 such that, for all x ∈ Tn and
p ≥ 0, we have

∣
∣
∣
(
j ◦ Mn+p ◦ · · · ◦ Mn ◦ i−1

)′
(i(x))

∣
∣
∣ > cλp

where (i, I) ∈ An, (j, J) ∈ An+p+1 and there is an open segment
I ′ ⊂ I such that x ∈ I ′ and Mn+p ◦ · · · ◦ Mn(I ′) ⊂ J ;

(iii) The property (i) of the definition of (uaa) Markov family is also
satisfied.

A Markov map (M,TΔ, A) is Cr if there is a Cr Markov family (Mn, Tn
Δ, An)n∈Z

with Mn = M , Tn
Δ = TΔ and An = A for all n ∈ Z. Let I0, I−1, . . . be segments

such that I0 ⊂ J0, I−n ⊂ T−n, M−n|I−n is a homeomorphism onto its image
and M−n(I−n) = I−n+1. Take a chart (i−n, I ′−n) ∈ A−n such that I−n ⊂ I ′−n.
Let F−n be the inverse map of i−n+1 ◦ M−n ◦ i−n. Let f−n = F−n ◦ F−1.

Lemma E.11. Let F be a Ck+α Markov family. Then, for all r ∈ {1, . . . , k−
1},

dr ln dfn =
r−1∑

l=0

n−1∑

i=0

((
dr−l ln dF−(i+1) ◦ fi

)

(dfi)
r−l

Er
l

(
d ln dfi, . . . , d

l ln dfi

))
,

where Er
l is a polynomial of order l and the coefficients are independent of

n, i ≥ 0. For i = 0, we define the map fi equal to the identity map.

Proof. We will prove it by induction in the degree of smoothness r.
Case r = 1. By differentiation,

ln dfn =
n−1∑

i=0

ln dF−(i+1) ◦ fi.

Therefore,

d ln dfn =
n−1∑

i=0

(
d ln dF−(i+1) ◦ fi

)
dfi.

Thus, the formula is valid for r = 1, with E1
0 = 1.
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Induction step. Let us suppose by induction hypothesis that the formula is
valid for r and let us prove that it is valid for r + 1. First, we differentiate
separately the three terms of the formula in Lemma E.11.

The derivative of the first term is

d
(
dr−l ln dF−(i+1) ◦ fi

)
=

(
dr+1−l ln dF−(i+1) ◦ fi

)
dfi.

The derivative of the second term is

d
(
(dfi)

r−l
)

= (r − l) (dfi)
r−l (d ln dfi) .

The derivative of the third term is

dEr
l

(
d ln dfi, . . . , d

l ln dfi

)
= F r

l

(
d ln dfi, . . . , d

l+1 ln dfi

)
,

where F r
l has degree l and coefficients independent of i and n. We define the

polynomial

Gr
l+1(x1, . . . , xl+1) = F r

l (x1, . . . , xl+1) + (r − l)x1E
r
l (x1, . . . , xl).

The polynomial Gr
l+1 has degree l + 1 and the coefficients are independent of

i and n. Therefore,

dr+1 ln dfn =
r−1∑

l=0

n−1∑

i=0

((
dr+1−l ln dF−(i+1) ◦ fi

)

(dfi)
r+1−l

Er
l

(
d ln dfi, . . . , d

l ln dfi

))

+
r−1∑

l=0

n−1∑

i=0

((
dr−l ln dF−(i+1) ◦ fi

)

(dfi)
r−l

Gr
l+1

(
d ln dfi, . . . , d

l+1 ln dfi

))
.

Replacing l + 1 by l in the second term, we have

Er+1
0 (x1, . . . , xl+1) = Er

0(x1, . . . , xl) = 1.

Define Er
r = 0. For l = 1, . . . , r, Er+1

l (x1, . . . , xl) is equal to

F r
l−1(x1, . . . , xl) + (r − l + 1)x1E

r
l−1(x1, . . . , xl−1) + Er

l (x1, . . . , xl).

Lemma E.12. Let F be a Ck+α Markov family. Then, for all x, y ∈ CF0 ,
∣
∣
∣
∣ln

dfn(y)
dfn(x)

∣
∣
∣
∣ ≤ c|x − y|β ,

where β = α if k = 1, or β = 1 if k > 1. Moreover,

dfn(y) ∈ exp(±c3)dfn(x).
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Proof. By property (i) and (ii) of a Ck+α Markov family, for all x, y ∈ CF0 ,
there is zx,y ∈ CF0 such that

∣
∣
∣
∣ln

dfn(y)
dfn(x)

∣
∣
∣
∣ ≤

n−1∑

i=0

(∣∣ln
∣
∣dF−(i+1) ◦ fi(y)

∣
∣ − ln

∣
∣dF−(i+1) ◦ fi(x)

∣
∣
∣
∣)

≤ c1

n−1∑

i=0

|fi(y) − fi(x)|β ≤ c1

n−1∑

i=0

(dfi(zx,y))β |y − x|β

≤ c|y − x|β ≤ c3,

for some constant c3 > 0. Therefore,

dfn(y) ∈ exp(±c3)dfn(x).

Lemma E.13. Let F be a Ck+α Markov family. Then,

‖ ln dfn‖Ck−1+α ≤ bk.

Proof. The case k = 1 is proved by Lemma E.12. For k ≥ 2, we will prove by
induction in r that dr ln dfn is bounded in the C0 norm, independent of n, for
all r = 1, . . . , k − 1. After, we prove that dk−1 ln dfn is α-Hölder continuous
with constant independent of n.
Case r = 1. By Lemma E.12 and as k ≥ 2,

∣
∣
∣
∣ln

dfn(y)
dfn(x)

∣
∣
∣
∣ ≤ c|x − y|.

Therefore, d ln dfn is bounded in the C0 norm, independent of n.
Induction step. By induction hypotheses, we suppose that the maps d ln dfn,
. . . , dr−1 ln dfn are bounded in the C0 norm, independent of n. We will prove
that d ln dfn is bounded in the C0 norm, independent of n.

By Lemma E.11,

dr ln dfn =
r−1∑

l=0

n−1∑

i=0

((
dr−l ln dF−(i+1) ◦ fi

)

(dfi)
r−l

Er
l

(
d ln dfn, . . . , dl ln dfn

))
,

where the coefficients of the polynomial Er
l are independent of n and i, for all

r = 1, . . . , k − 1.
By property (i) of a Ck+α Markov family, there is b > 0 such that∣

∣dF−(i+1)

∣
∣ > b. Since the first r+1 derivatives of the map F−(i+1) are bounded

independent of i, ∣
∣dr−l ln dF−(i+1) ◦ fi

∣
∣ ≤ br,l, (E.22)
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for all l = 0, . . . , r − 1, i = 0, . . . , n − 1 and n ∈ N.
By property (ii) of a Ck+α Markov family F ,

∣
∣
∣
∣
∣

n−1∑

i=o

(dfi)
r−l

∣
∣
∣
∣
∣
≤ br, (E.23)

for all l = 0, . . . , r − 1, i = 0, . . . , n − 1 and n ∈ N.
The induction hypotheses implies

∣
∣Er

l

(
d ln dfi, . . . , d

l ln dfi

)∣∣ ≤ br,l, (E.24)

for all l = 0, . . . , r − 1, i = 0, . . . , n − 1 and n ∈ N.
By Lemma E.11 and inequalities (E.22), (E.23) and (E.24), we have that

|dr ln dfn| ≤ br.

Let us prove that the map dk−1 ln dfn is α-Hölder continuous with constant
independent of n. The map dk−1−l ln dF−(i+1) is α-Hölder continuous for l = 0
and it is Lipschitz for l = 1, . . . , k−2. By property (i) of a Ck+α Markov family,
α-Hölder (resp. Lipschitz) constant is independent of i ≥ 0, i.e

∥
∥dk−1−l ln dF−(i+1)

∥
∥

Cα or CLipschitz ≤ c,

for some constant c > 0. Thus, the map dk−1−l ln F−(i+1) ◦ fi is Lipschitz
if l > 0, or α-Hölder continuous if l = 0. Therefore, the Lipschitz (resp. α-
Hölder) constant of the map dk−1−l lnF−(i+1)◦fi converges exponentially fast
to zero, when i tends to infinity.

The map (dfi)
(k−1−l) is Lipschitz, where the Lipschitz constant converges

exponentially fast to zero, when i tends to infinity because it has bounded
nonlinearity and it is exponentially contracting.

The map
Ek−1

l

(
d ln dfi, . . . , d

l ln dfi

)

is Lipschitz with constant independent of i because it is an l-product of maps
bounded in the C1 norm, independently of i, as proved by induction.

Therefore, the map
(
dk−1−l ln dF−(i+1) ◦ fi

)
(dfi)

k−1−l
Ek−1

l

(
d ln dfi, . . . , d

l ln dfi

)

is a product of α-Hölder and Lipschitz maps with constants bounded indepen-
dent of i = 0, . . . , n and n ∈ N. The map (dfi)

(k−1−l) converges exponentially
fast to zero in the CLipschitz norm, when i tends to infinity. Therefore, the
product of the three maps above is α-Hölder continuous, where the α-Hölder
constant converges exponentially fast to zero, when i tends to infinity. There-
fore, the map dk−1 ln dfn is α-Hölder continuous.
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E.4.1 Arzelà-Ascoli Theorem

A subset of a topological space is called conditionally compact, if its closure
is compact in its relative topology.

Theorem E.14. Arzelà-Ascoli. If S is a compact set, then a set in the space
of continuous functions with domain S is conditionally compact if, and only
if, it is bounded and equicontinuous.

We say that the map f is bounded in the Ck+α−
norm, if, for all 0 < ε < α,

f is bounded in the Ck+ε norm. A sequence (fn)n≥0 converge in the Ck+α−

norm, if, for all 0 < ε < α, the sequence (fn)n≥0 converge in the Ck+ε norm.

Lemma E.15. Let (fn)n≥0 be a sequence of Ck+α smooth functions fn de-
fined in an interval I = [a, c], where k > 0 and α ∈ (0, 1]. If ‖fn‖Ck+α ≤ b, for
all n ≥ 0, then there is a subsequence (fni)i≥0 converging to a Ck+α smooth
function f in the Ck+α−

norm.

Corollary E.16. The set of all functions f ∈ Ck+α defined in an interval I
such that ‖f‖Ck+α ≤ b is a compact set with respect to the Ck+α−ε norm, for
all small ε > 0.

Proof of Lemma E.15 . As the sequence of maps fn is bounded in the Ck+α

norm, we have that
∣
∣dkfn(x) − dkfn(y)

∣
∣ ≤ b|x − y|α,

for all n ≥ 0. Therefore,
(
dkfn

)
n≥0

is an equicontinuous family of functions.
By the Arzela-Ascoli theorem, there is a subsequence

(
dkfni

)
i≥0

converging
to a function h in the C0 norm. In other words, there is a sequence (li)i≥0

converging to zero such that
∣
∣dkfni − h

∣
∣ ≤ li.

As the function h is continuous, it is integrable. Let us show that the sequence(
dk−mfni

)
i≥0

converges to m-times the integral of h in the C0 norm, for all
m = 1, . . . , k.

∣
∣
∣
∣d

k−mfni −
∫ x

a

. . .

∫ x

a

h

∣
∣
∣
∣ ≤

∣
∣
∣
∣

∫ x

a

. . .

∫ x

a

(
dkfni − h

)
∣
∣
∣
∣ ≤ li|c − a|m.

Therefore, the sequence (fni)i≥0 converges to k-times the integral of h in the
Ck norm.

Let us prove that the subsequence (fni)i≥0 converges in the Ck+ε norm
to k-times the integral of h, for all ε < α. Define the map H = Hm,j =
dkfnm − dkfnj . As the subsequence (fni)i≥0 is contained in a Banach space
with respect to the Ck+ε norm, we have to prove that
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|H(y) − H(x)|
|y − x|ε

tends to zero, when j tends to infinity, for all m ≥ j.
If |x − y| > lj , then

|H(y) − H(x)|
|y − x|ε ≤ |H(y)|

|y − x|ε +
|H(x)|
|y − x|ε ≤ 4lj

(lj)ε
≤ 4(lj)1−ε.

If |x − y| ≤ lj , then

|H(y) − H(x)|
|y − x|ε ≤

∣
∣dkfnm(x) − dkfnm(y)

∣
∣ +

∣
∣dkfnj (x) − dkfnj (y)

∣
∣

|y − x|ε

≤ 2b||y − x|α
|y − x|ε ≤ 2b(lj)α−ε.

Therefore, the sequence of functions (fni)i≥0 converges to a function f in the
Ck+ε norm.

The function f is Ck+ε, because
∣
∣dkf(x) − dkf(y)

∣
∣ ≤

∣
∣dkf(x) − dkfni(x)

∣
∣ +

∣
∣dkfni(x) − dkfni(y)

∣
∣

+
∣
∣dkfni(y) − dkf(y)

∣
∣

≤ 2li + c|x − y|α,

and as the sequence (li)i∈N tends to zero, when i tends to infinity, we obtain
that

∣
∣dkf(x) − dkf(y)

∣
∣ ≤ c|x − y|α.

E.5 Smooth conjugacies

The Cr Markov families (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z are Cr con-
jugate if there is a family (hn)n∈Z of Cr diffeomorphisms hn : Tn → Pn such
that hn+1 ◦ Mn = Nn ◦ hn, and the Cr norms of the maps hn and h−1

n are
bounded away from infinity independently of n ∈ Z.

Lemma E.17. Let (Mn, Tn
Δ, An)n∈Z be a Ck+δ Markov family, where k ∈ N

and δ > 0. Let (CA,n)n∈Z be the family of canonical atlas determined by
the family (An)n∈Z. Then (Mn, Tn

Δ, CA,n)n∈Z is a Ck+δ Markov family, and
(Mn, Tn

Δ, CA,n)n∈Z is Ck+δ conjugate to (Mn, Tn
Δ, An)n∈Z.

Proof. We are going to prove that the canonical charts (cn, Jn) with Jn ⊂
Tn are Ck+δ compatible with the charts contained in An. Furthermore, the
overlap maps have Ck+δ norm bounded away from infinity, independently of
the charts considered, and of n ∈ Z. Let (c0, J0) be the canonical chart in
CA,0 defined by c0 = limm→−∞ dm, where the charts (dm, J0) are given by
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dm = Lm ◦ im ◦ K−1
m , and the maps Lm, im and Km are as introduced in

§E.3. The map dm ◦ i−1
0 is Ck+δ and it is the composition of a contraction

im ◦K−1
m ◦ i−1

0 followed by an expansion Lm. By Lemma E.13, the Ck+δ norm
of the maps dm ◦ i−1

0 is uniformly bounded. Hence, by Lemma E.15, there is a
subsequence of maps dml

◦ i−1
0 converging in the Ck+δ−ε norm to a Ck+δ map

ψ. Moreover, the Ck+δ norm of ψ is bounded away from infinity independently
of the charts (c0, J0) and (dm, J0) considered. By Lemma E.9, the map ψ is
equal to c0 ◦ i−1

0 , where c0 is the canonical chart. By the same argument, the
map (dm◦i−1

0 )−1 has a subsequence converging in the Ck+δ−ε norm to a Ck+δ

map φ, and the Ck+δ norm of φ is bounded away from infinity, independently
of the charts (c0, J0) and (dm, J0) considered. By Lemma E.9, the map φ is
equal to ψ−1 = (c0◦i−1

0 )−1. Thus, the chart c0 is Ck+δ compatible with i0, and
the norm of the overlap map φ is bounded away from infinity, independently
of the charts c0 and i0 considered. Similarly, we obtain that the charts (cn, Jn)
with Jn ⊂ Tn are Ck+δ compatible with the charts contained in An and the
norm of the overlap maps is bounded away from infinity, independently of the
charts considered and of n ∈ Z. Therefore, using that (Mn, Tn

Δ, An)n∈Z is a
Ck+δ Markov family, we obtain that (Mn, Tn

Δ, CA,n)n∈Z is also a Ck+δ Markov
family, and that (Mn, Tn

Δ, CA,n)n∈Z is Ck+δ conjugate to (Mn, Tn
Δ, An)n∈Z.

Proposition E.18. The Markov family (Mn, Tn
Δ, CA,n)n∈Z attains the max-

imum possible smoothness in the (uaa) conjugacy class of the Markov family
(Mn, Tn

Δ, An)n∈Z. Moreover, the family (CA,n)n∈Z is canonical in the follow-
ing sence: if (Mn, Tn

Δ, An)n∈Z and (Nn, Pn
Γ , Bn)n∈Z are (uaa) conjugate by a

conjugacy family (hn)n∈Z then, for every chart (cA,n, JA,n) ∈ CA,n, there is a
chart (cB,n, JB,n) ∈ CB,n with JB,n = hn(JA,n) such that

rcA,n
(x, y, z) = rcB,n

(hn(x), hn(y), hn(z))

for all distinct points x, y, z ∈ JA,n, or equivalently cB,n ◦ hn ◦ c−1
A,n has an

affine extension to the reals.

Proof. Let (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z be (uaa) Markov families
which are (uaa) conjugated by (hn)n∈Z. Let (cA,0, JA,0) with JA,0 ⊂ T 0 be a
canonical chart contained in CA,0 defined by

cA,0 = lim
m→−∞

LA,m ◦ iA,m ◦ K−1
A,m

where LA,m is an affine map, (iA,m, I ′A,m) is a chart contained in Am, and
KA,m = M−1 ◦ . . . ◦ Mm is as defined in §E.3. Similarly, let (cB,0, JB,0) with
JB,0 = h0(JA,0) be a canonical chart contained in CB,0 defined by

cB,0 = lim
m→−∞

LB,m ◦ iB,m ◦ K−1
B,m

where LB,m is an affine map, (iB,m, I ′B,m) is a chart contained in Bm,
and KB,m = N−1 ◦ . . . ◦ Nm is as defined in §E.3. For all distinct points
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x, y, z ∈ JA,0, let us denote K−1
A,m(x), K−1

A,m(y) and K−1
A,m(z) by xm, ym and

zm, respectively. By construction of the charts cA,0 and cB,0, we have that

rcA,0(x, y, z) = lim
m→−∞

riA,m
(xm, ym, zm) (E.25)

and

rcB,0(h0(x), h0(y), h0(z)) = lim
m→−∞

riB,m
(hm (xm) , hm (ym) , hm (zm)) .

(E.26)
Since the family (hn)n∈Z is (uaa), there is χc : R

+
0 → R

+
0 satisfying χc(0) = 0,

and such that
∣
∣
∣
∣log

riB,m
(hm (xm) , hm (ym) , hm (zm))

riA,m
(xm, ym, zm)

∣
∣
∣
∣ < χc

(
|zm − xm|iA,m

)
. (E.27)

Putting together (E.25), (E.26) and (E.27), we get

rcA,0(x, y, z) = rcB,0(h0(x), h0(y), h0(z)),

and so cB,0 ◦ h0 ◦ c−1
A,0 has an affine extension to the reals. Similarly, for

every n ∈ Z and for all canonical charts (cA,n, JA,n) with JA,n ⊂ Tn and
(cB,n, JB,n) with JB,n = hn(JA,n), we obtain that cB,n ◦ hn ◦ c−1

A,n has an
affine extension to the reals. Hence, for all distinct points x, y, z ∈ JA,n,
rcA,n

(x, y, z) = rcB,n
(hn(x), hn(y), hn(z)). Let us suppose that the Markov

family (Nn, Pn
Γ , Bn)n∈Z is Cr, for r > 1. By Lemma E.17, the Markov family

(Nn, Pn
Γ , CB,n)n∈Z is Cs, for s ≥ r. Since the maps cB,n ◦ hn ◦ c−1

A,n are affine,
we obtain that the Markov family (Mn, Tn

Δ, CA,n)n∈Z is also Cs. Therefore,
(Mn, Tn

Δ, CA,n)n∈Z attains the maximum possible smoothness in the (uaa)
conjugacy class of (Mn, Tn

Δ, An)n∈Z.

Theorem E.19. Let (Mn, Tn
Δ, An)n∈Z and (Nn, Pn

Γ , Bn)n∈Z be Cr Markov
families and let (hn)n∈Z be a topological conjugacy between (Mn, Tn

Δ, An)n∈Z

and (Nn, Pn
Γ , Bn)n∈Z. If (hn)n∈Z is (uaa) then (Mn, Tn

Δ, An)n∈Z and
(Nn, Pn

Γ , Bn)n∈Z are Cr conjugate.

Proof. By Proposition E.18, the Markov families (Mn, Tn
Δ, CA,n)n∈Z and

(Nn, Pn
Γ , CB,n)n∈Z are at least Cr and the conjugacy family between them

is as smooth as the Markov families. By Lemma E.17, the Markov families
(Mn, Tn

Δ, An)n∈Z and (Mn, Tn
Δ, CA,n)n∈Z are Cr conjugate, and the Markov

families (Nn, Pn
Γ , Bn)n∈Z and (Nn, Pn

Γ , CB,n)n∈Z are Cr conjugate. Therefore,
(Mn, Tn

Δ, An)n∈Z and (Nn, Pn
Γ , Bn)n∈Z are Cr conjugate.
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E.6 Further literature

The results for Markov maps presented in Appendix D have a natural ex-
tension to Markov families. The results presented in this Appendix have a
natural extension to non uniformly expanding multimodal maps as presented
in Alves, Pinheiro and Pinto [6]. This chapter is based in Bedford and Fisher
[13], Ferreira and Pinto [38], Pinto [150] and Pinto and Rand [169].
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for hyperbolic basic sets. I. Ergodic theory and related topics, III, Güstrow,
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Hölder scaling, 287
leaf ratio, 264
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pre-solenoid, 292, 303
ratio, 22
realized solenoid, 38

boundary condition for a, 39
cylinder-gap condition for a, 41
matching condition for a, 38

scaling, 40, 287
solenoid, 266, 298

matching condition for a, 266, 298
turntable condition for a, 298

stable solenoid, 37
unstable solenoid, 37
weighted scaling, 75

matching condition for a, 75

gap, 239
ι-leaf primary, 5
m-, 315
n-, 279
1-, 286
mother of an n-, 5
primary, 37

gaps
subset of, 283

grid
bounded geometry property of a, 203

grid intervals, 201

holonomies
complete set of ι-, 56
complete set of stable, 171
stable primitive, 171

holonomy
basic stable, 6
basic unstable, 6

holonomy injection, 100
homeomorphism

(d, ε) uniformly asymptotically affine
condition of an, 215

(d, k) quasisymmetric condition of an,
204

asymptotically affine, 315
modulus of continuity of an, 315
quasisymmetric, 204
ratio distortion of an, 315
uniformly asymptotically affine, 315

interval
(B, M) grid of a closed, 201
symmetric grid of an, 203

intervals
ratio between, 202
tiling, 267

isometry, 184
isomorphism, 189

Jacobian
weighted, 75

journey, 279–281
compatible, 282

junction, 46, 171
junction arcs

set of, 143

leaf, 263
local, 263

adjacent, 263
leaves, 273

twinned pair of u-, 68
limit

solenoid, 198
line

1-, 286
segment straight, 185
semi-straight, 184
straight, 184

lines
angle between semi-straight, 185

manifold
Cr pseudo-, 194
local stable, 2
local unstable, 2
tangent fiber bundle of a Cr, 195

map
C1+α Markov, 152

C1+α−
smooth, 302

m pseudo-differentiable, 191



350 Index

m-multilinear, 190
parallel transport of an, 190

(uaa) Markov, 316
(stable) Markov, 172
add 1, 265
arc exchange, 144, 172
arc rotation, 170
chart overlap, 17
cocycle-gap, 111, 115
contact, 246
expanding circle, 261
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153
coordinate, 193
Hölder weight, 75
rigid arc exchange, 165

tent map
C1+, 300

tent maps, 300
termini, 281
theorem

Arzelà-Ascoli’s, 330

tiling, 177
d-adic, 267
exponentially fast d-adic, 267
golden, 178
golden rigid, 182

timetable conversion, 282
topological solenoid, 263
train-track, 143, 162, 313

Cr structure, 282
C1+ atlas on a, 162
C1+ structure on a, 47
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(uaa) atlas on, 314
atlas on, 314
basic holonomy pseudo-group of a, 48
basic stable exchange pseudo-group
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chart, 313
chart in, 144
chart in a, 162
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gap, 48, 127
holonomy pseudo-group on a, 48
Markov partition on, 314
no gap, 127
no-gap, 48
open arc in a, 162
open arc of the, 143
stable, 170
stable exchange pseudo-group on, 173
topological atlas on a, 162
topological atlas on the, 144

train-tracks, 45
C1+ compatible, 47

transversal, 263
tree, 235

n-cylinder of a, 235
limit set of a, 235
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scaling, 286
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turntable, 280, 282
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