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Preface

The study of hyperbolic systems is a core theme of modern dynamics. On
surfaces the theory of the fine scale structure of hyperbolic invariant sets and
their measures can be described in a very complete and elegant way, and is
the subject of this book, largely self-contained, rigorously and clearly written.
It covers the most important aspects of the subject and is based on several
scientific works of the leading research workers in this field.

This book fills a gap in the literature of dynamics. We highly recommend
it for any Ph.D student interested in this area. The authors are well-known
experts in smooth dynamical systems and ergodic theory.

Now we give a more detailed description of the contents:

Chapter 1. The Introduction is a description of the main concepts in hyper-
bolic dynamics that are used throughout the book. These are due to Bowen,
Hirsch, Mané, Palis, Pugh, Ruelle, Shub, Sinai, Smale and others. Stable and
unstable manifolds are shown to be C" foliated. This result is very useful in a
number of contexts. The existence of smooth orthogonal charts is also proved.
This chapter includes proofs of extensions to hyperbolic diffeomorphisms of
some results of Mané for Anosov maps.

Chapter 2. All the smooth conjugacy classes of a given topological model
are classified using Pinto’s and Rand’s HR structures. The affine structures of
Ghys and Sullivan on stable and unstable leaves of Anosov diffeomorphisms
are generalized.

Chapter 3. A pair of stable and unstable solenoid functions is associated
to each HR structure. These pairs form a moduli space with good topologi-
cal properties which are easily described. The scaling and solenoid functions
introduced by Cui, Feigenbaum, Fisher, Gardiner, Jiang, Pinto, Quas, Rand
and Sullivan, give a deeper understanding of the smooth structures of one and
two dimensional dynamical systems.

Chapter 4. The concept of self-renormalizable structures is introduced.
With this concept one can prove an equivalence between two-dimensional hy-
perbolic sets and pairs of one-dimensional dynamical systems that are renor-
malizable (see also Chapter 12). Two C'* hyperbolic diffeomorphisms that
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are smoothly conjugate at a point are shown to be smoothly conjugate. This
extends some results of de Faria and Sullivan from one-dimensional dynamics
to two-dimensional dynamics.

Chapter 5. A rigidity result is proved: if the holonomies are smooth enough,
then the hyperbolic diffeomorphism is smoothly conjugate to an affine model.
This chapter extends to hyperbolic diffeomorphisms some of the results of
Avez, Flaminio, Ghys, Hurder and Katok for Anosov diffeomorphisms.

Chapter 6. An elementary proof is given for the existence and uniqueness of
Gibbs states for Holder weight systems following pioneering works of Bowen,
Paterson, Ruelle, Sinai and Sullivan.

Chapter 7. The measure scaling functions that correspond to the Gibbs
measure potentials are introduced.

Chapter refsmeasures. Measure solenoid and measure ratio functions are
introduced. They determine which Gibbs measures are realizable by C'* hy-
perbolic diffeomorphisms and by C'* self-renormalizable structures.

Chapter 9. The cocycle-gap pairs that allow the construction of all C'*
hyperbolic diffeomorphisms realizing a Gibbs measure are introduced.

Chapter 10. A geometric measure for hyperbolic dynamical systems is
defined. The explicit construction of all hyperbolic diffeomorphisms with such
a geometric measure is described, using the cocycle-gap pairs. The results of
this chapter are related to Cawley’s cohomology classes on the torus.

Chapter 11. An eigenvalue formula for hyperbolic sets on surfaces with
an invariant measure absolutely continuous with respect to the Hausdorff
measure is proved. This extends to hyperbolic diffeomorphisms the Liv§ic-
Sinai eigenvalue formula for Anosov diffeomorphisms preserving a measure
absolutely continuous with respect to Lebesgue measure. Also given here is
an extension to hyperbolic diffeomorphisms of the results of De la Llave, Marco
and Moriyon on the eigenvalues for Anosov diffeomorphisms.

Chapter 12. A one-to-one correspondence is established between C'* arc
exchange systems that are C''* fixed points of renormalization and C'* hyper-
bolic diffeomorphisms that admit an invariant measure absolutely continuous
with respect to the Hausdorff measure. This chapter is related to the work of
Ghys, Penner, Rozzy, Sullivan and Thurston. Further, there are connections
with the theorems of Arnold, Herman and Yoccoz on the rigidity of circle
diffeomorphisms and Denjoy’s Theorem. These connections are similar to the
ones between Harrison’s conjecture and the investigations of Kra, Norton and
Schmeling.

Chapter 13. Pinto’s golden tilings of the real line are constructed (see
Pinto’s and Sullivan’s d-adic tilings of the real line in the Appendix C). These
golden tilings are in one-to-one correspondence with smooth conjugacy classes
of golden diffeomorphisms of the circle that are fixed points of renormalization,
and also with smooth conjugacy classes of Anosov diffeomorphisms with an in-
variant measure absolutely continuous with respect to the Lebesgue measure.
The observation of Ghys and Sullivan that Anosov diffeomorphisms on the
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torus determine circle diffeomorphisms having an associated renormalization
operator is used.

Chapter 14. Thurston’s pseudo-Anosov affine maps appear as periodic
points of the geodesic Teichmiiller flow. The works of Masur, Penner, Thurston
and Veech show a strong link between affine interval exchange maps and
pseudo-Anosov affine maps. Pinto’s and Rand’s pseudo-smooth structures
near the singularities are constructed so that the pseudo-Anosov maps are
smooth and have the property that the stable and unstable foliations are
uniformly contracted and expanded by the pseudo-Anosov dynamics. Classi-
cal results for hyperbolic dynamics such as Bochi-Mané and Viana’s duality
extend to these pseudo-smooth structures. Blow-ups of these pseudo-Anosov
diffeomorphisms are related to Pujals’ non-uniformly hyperbolic diffeomor-
phisms.

Appendices. Various concepts and results of Pinto, Rand and Sullivan for
one-dimensional dynamics are extended to two-dimensions. Ratio and cross-
ratio distortions for diffeomorphisms of the real line are discussed, in the spirit
of de Melo and van Strien’s book.

Rio de Janeiro, Brazil Jacob Palis
July 2008 Enrique R. Pujals
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1

Introduction

We study the laminations by stable and unstable manifolds associated with
a C't hyperbolic diffeomorphism. We show that the holonomies between the
1-dimensional leaves are C1+2, for some 0 < a < 1, and that the holonomies
vary Holder continuously with respect to the domain and target leaves. Hence,
the laminations by stable and unstable manifolds are C''* foliated. This result
is very useful in a number of contexts and it is used in all of the following
chapters of the book. In general terms, it allows one to reduce many ques-
tions about 2-dimensional dynamics to questions about 1-dimensional dynam-
ics.

We say that (f, A) is a C*F hyperbolic diffeomorphism if it has the following
properties:

(i) f: M — M is a C'*@ diffeomorphism of a compact surface M with
respect to a C*+ structure Cy on M, for some a > 0.

(ii) A is a hyperbolic invariant subset of M such that f|A is topologically
transitive and A has a local product structure.

We allow both the case where A = M and the case where A is a proper subset
of M. If A= M, then f is Anosov and M is a torus (see Franks [41], Manning
[74] and Newhouse [103]). Examples where A is a proper subset of M include
the Smale horseshoes and the codimension one attractors such as the Plykin
and derived-Anosov attractors.

1.1 Stable and unstable leaves

In this section and the rest of the introduction, we present some basic concepts
and results in the research area of hyperbolic dynamics.

Definition 1 An invariant set A C M is hyperbolic for the map f : M — M,
if there is a continuous splitting decomposition T,M = E$ & EY, with x € A,
and there exist constants ¢ > 0 and 0 < A < 1 such that:
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(i) Df(x)Es = E]Sc(x) and Df(z)EY = E;ﬁ(x); and
(i) |IDfMEZ| < cA™ and [[Df7"[EZ|| < cA™,

forallx € A and n € N.

Let d be a metric on M, and let A C M be a hyperbolic set. For = € A,
we denote the local stable and unstable manifolds through x, respectively, by

Wo(z,e) ={y e M :d(f"(x), f"(y)) <e, for all n > 0}

and
W¥(z,e)={yeM:d(f (), f"(y) <e, foralln >0}.

By Hirsch and Pugh [48], there exist constants ¢ > 0,¢c>0and 0 < A < 1
such that

(a) d(f™(y), f*(x)) < cA™, for all y € W#(z,e) and n > 0;
(b) d(f~"(y), /" (x)) < A", for all y € W(z,¢) and n > 0;
(c) T,W?o(x,e) = E2 and T,W"(zx,e) = EY.

Furthermore, if f is C", then W*(z,¢) and W*(x,¢) are C" embedded discs
forming a CY lamination.

Let f, = fift=wor f, = f~!if 1 = s. By the Stable Manifold Theorem
(see Hirsch and Pugh [48]), the sets W*(x,¢) are respectively contained in the
stable and unstable immersed manifolds

W)= J £ (W (f7"(@),0))

n>0

which are the image of a C1™7 immersion k, , : R — M, where we use ¢ to
denote an element of the set {s,u} of the stable and unstable superscripts
and ¢’ to denote the element of {s,u} that is not ¢. An open (resp. closed) full
t-leaf segment I is defined as a subset of W*(x) of the form &, (1) where I
is a non-empty open (resp. closed) subinterval in R. An open (resp. closed)
t-leaf segment is the intersection with A of an open (resp. closed) full ¢-leaf
segment such that the intersection contains at least two distinct points. If
the intersection is exactly two points we call this closed t-leaf segment an
t-leaf gap. A full t-leaf segment is either an open or closed full (-leaf segment.
An i-leaf segment is either an open or closed t-leaf segment. The endpoints
of a full t-leaf segment are the points &, ;(u) and &, o(v) where v and v are
the endpoints of I;. The endpoints of an t-leaf segment I are the points of
the minimal closed full (-leaf segment containing I. The interior of an t-leaf
segment [ is the complement of its boundary. In particular, an ¢-leaf segment
I has empty interior if, and only if, it is an ¢-leaf gap. A map ¢ : I — R
is an t-leaf chart of an t-leaf segment I if has an extension cg : I — R to
a full t-leaf segment I'p with the following properties: I C Ig and cg is a
homeomorphism onto its image.
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1.2 Marking

If A is a hyperbolic invariant set of a diffeomorphism f : M — M, for
0 < & < gg there is § = d(¢) > 0 such that, for all points w,z € A with
d(w, z) < 0, W¥(w, e) and W#(z,¢) intersect in a unique point that we denote
by [w, z]. The hyperbolic set A has a local product structure, if [w, z] € A. Fur-
thermore, the following properties are satisfied: (i) [w, z] varies continuously
with w, z € A; (ii) the bracket map is continuous on a d-uniform neighbour-
hood of the diagonal in A x A; and (iii) whenever both sides are defined
f([w, z]) = [f(w), f(2)]. Note that the bracket map does not really depend on
¢ provided it is sufficiently small.

Let us underline that it is a standing hypothesis that all the hyperbolic
sets considered here have such a local product structure.

A rectangle R is a subset of A which is (i) closed under the bracket i.e
x,y € R implies [z,y] € R, and (ii) proper i.e. is the closure of its interior in
A. This definition imposes that a rectangle has always to be proper which is
more restrictive than the usual one which only insists on the closure condition.

If /° and ¢* are respectively stable and unstable leaf segments intersecting
in a single point, then we denote by [¢€%, £*] the set consisting of all points of
the form [w, z] with w € ¢* and z € £*. We note that if the stable and unstable
leaf segments £ and ¢’ are closed, then the set [¢,¢'] is a rectangle. Conversely
in this 2-dimensional situations, any rectangle R has a product structure in
the following sense: for each = € R there are closed stable and unstable leaf
segments of A, £*(x,R) C W?(x) and ¢£“(z,R) C W*(x) such that R =
[¢°(z, R), £“(x, R)]. The leaf segments ¢*(x, R) and ¢“(z, R) are called stable
and unstable spanning leaf segments for R (see Figure 1.1). For ¢ € {s,u},
we denote by 9¢‘(x, R) the set consisting of the endpoints of ¢“(x, R), and
we denote by intl*(z, R) the set ¢*(z,R) \ d¢"(x, R). The interior of R is
given by intR = [intf*(z, R),intl*(x, R)], and the boundary of R is given by
OR = [00%(z, R), 0" (x, R)|U[¢*(z, R), 0¢*(x, R)].

I=0(x,R)

X

Fig. 1.1. A rectangle.
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A Markov partition of f is a collection R = {Ry,..., Ri} of rectangles
such that (i) A ¢ U, Ri; (i) R\ R; = OR; IR, for all i and j; (iii) if
z € int R; and fz € int R;, then

(a) f(65(x, R;)) C €(fx, Rj) and f~1(¢“(fz,R;)) C 0*(z, R;)
(b) f(ﬂ“(x, Rl)) n Rj = E“(fx, RJ) and ffl(fs(fam RJ)) mRz = és((E,Ri)

The last condition means that f(R;) goes across R; just once. In fact, it
follows from condition (a) providing the rectangles R; are chosen sufficiently
small (see Mané [73]). The rectangles making up the Markov partition are
called Markov rectangles.

A Markov partition R of f satisfies the disjointness property, if:

(i) if 0 < 655 < 1 and 0 < 07, < 1, then the stable and unstable leaf
boundaries of any two Markov rectangles do not intersect.

(i) if 0 < é¢, < 1 and &y, = 1, then the ¢/-leaf boundaries of any two
Markov rectangles do not intersect except, possibly, at their endpoints.

For simplicity of our exposition, we will just consider Markov partitions sat-
isfying the disjointness property.

Let us give the definition of an infinite two-sided subshift of finite type ©.
The elements of ©® = @4 are all infinite two-sided words w = ... w_jwowy . ..
in the symbols 1,...,k such that A,.,,, = 1, for all i € Z. Here A = (A;j)
is any matrix with entries 0 and 1 such that A™ has all entries positive for
some n > 1. We write w "R w' if w; = w}; for every j = —ni,...,ng. The
metric d on @ is given by d(w,w’) = 27™ if n > 0 is the largest such that
w "W Together with this metric © is a compact metric space. The two-
sided shift map 7 : ©® — 6 is the mapping which sends w = ... w_jwowy ...
to v =...v_109v1 ... where v; = w;11 for every j € Z.

The properties of the Markov partition R = {Ry,..., Ry} of f imply
the existence of a unique two-sided subshift 7 of finite type ©® = @4 and a
continuous surjection ¢ : © — A such that (a) foi=1io7 and (b) i(©;) = R;
for every j = 1,...,k. We call such a map i : @ — A a marking of a C'*
hyperbolic diffeomorphism (f, A).

Hence, a C'* hyperbolic diffeomorphism (f, A) admits always a marking
which is not necessarily unique. For a proof, see Bowen [17], Newhouse and
Palis [104] and Sinai [200].

1.3 Metric

For v = s or u, an v-leaf primary cylinder of a Markov rectangle R is a spanning
t-leaf segment of R. For n > 1, an t-leaf n-cylinder of R is an t-leaf segment
I such that

(i) fI is an (-leaf primary cylinder of a Markov rectangle M;
(ii) fm (ﬁbl(:ﬂ, R)) C M for every x € I.



1.4 Interval notation 5

For n > 2, an t-leaf n-gap G of R is an -leaf gap {x,y} in a Markov rectangle
R such that n is the smallest integer such that both leaves f[“lébl (z,R) and
ff_lﬂbl(;% R) are contained in +/-boundaries of Markov rectangles; An ¢-leaf
primary gap G is the image f,G’ by f, of an -leaf 2-gap G’.

We note that an ¢-leaf segment I of a Markov rectangle R can be simul-
taneously an ni-cylinder, (n; + 1)-cylinder, ..., no-cylinder of R if f™ (1),
frti(I), ..., fm2(I) are all spanning t-leaf segments. Furthermore, if I is an
t-leaf segment contained in the common boundary of two Markov rectangles
R; and R;, then I can be an n;-cylinder of R; and an np-cylinder of R; with
ny distinet of ng. If G = {z,y} is an t-gap of R contained in the interior of
R, then there is a unique n such that G is an n-gap. However, if G = {z,y}
is contained in the common boundary of two Markov rectangles R; and R;,
then G can be an ni-gap of R; and an nap-gap of R; with n; distinct of ns.
Since the number of Markov rectangles Ry,..., Ry is finite, there is C' > 1
such that, in all the above cases for cylinders and gaps we have |ny —n;| < C.

We say that a leaf segment K is the i-th mother of an n-cylinder or an
n-gap J of Rif J C K and K is a leaf (n — i)-cylinder of R. We denote K by
miJ.

By the properties of a Markov partition, the smallest full t-leaf K con-
taining a leaf n-cylinder K of a Markov rectangle R is equal to the union
of all smallest full ¢-leaves containing either a leaf (n 4 j)-cylinder or a leaf
(n+1i)-gap of R, with ¢ € {1,...,7}, contained in K.

We say that a rectangle R is an (ng,n,)-rectangle if there is € R such
that, for ¢ = s and u, the spanning leaf segments ¢*(z, R) are either an t-leaf
n,-cylinder or the union of two such cylinders with a common endpoint.

The reason for allowing the possibility of the spanning leaf segments being
inside two touching cylinders is to allow us to regard geometrically very small
rectangles intersecting a common boundary of two Markov rectangles to be
small in the sense of having ns and n,, large.

If 2,y € A and = # y, then d,(x,y) = 27™ where n is the biggest integer
such that both z and y are contained in an (ns, n,)-rectangle with ny > n and
Ny > n. Similarly, if T and J are t-leaf segments, then d4 (I, J) = 27™ where
n, =1 and n, is the biggest integer such that both I and J are contained in
an (ng,n, )-rectangle.

1.4 Interval notation

We also use the notation of interval arithmetic for some inequalities where:

(i) if I and J are intervals, then I + J, I.J and I/J have the obvious
meaning as intervals,

(i) if I = {x}, then we often denote I by x, and

(ii) I £ e denotes the interval consisting of those = such that |z —y| < e
for all y € I.
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By ¢(n) € 1 £ O(™) we mean that there exists a constant ¢ > 0 depending

only upon explicitly mentioned quantities such that for all n > 0, 1 — ev™ <

¢(n) <1+ cv™. By ¢(n) = O(v™) we mean that there exists a constant ¢ > 1

depending only upon explicitly mentioned quantities such that for all n > 0,
clvm < 6(n) < e,

1.5 Basic holonomies

Suppose that = and y are two points inside any rectangle R of A. Let £(z, R)
and {(y, R) be two stable leaf segments respectively containing = and y and
inside R. We define the basic stable holonomy 0 : {(x, R) — £(y, R) by 0(w) =
[w, y] (see Figure 1.2). The basic stable holonomies generate the pseudo-group
of all stable holonomies. Similarly we define the basic unstable holonomies.
We say that a basic holonomy 6 : ¢(x,R) — {(y,R) is C", if it has a C”
diffeomorphic extension 6 : #(z, R) — {(y, R) from the full leaf segment (x, R)
containing £(z, R) to the full leaf segment /(y, R) containing £(y, R).

h(w)=[w.y]

I J

Fig. 1.2. A basic stable holonomy from I to J.

1.6 Foliated atlas

In this section when we refer to a C" object r is allowed to take the values
k + o where k is a positive integer and 0 < o < 1. Two ¢-leaf charts ¢ and
j are C" compatible if whenever U is an open subset of an i-leaf segment
contained in the domains of i and j, then joi~!:4(U) — j(U) extends to a
C" diffeomorphism of the real line. Such maps are called chart overlap maps.
A bounded C" t-lamination atlas A* is a set of such charts which (a) cover A,
(b) are pairwise C" compatible, and (c) the chart overlap maps are uniformly
bounded in the C™ norm.

Let A* be a bounded C'*® ;-lamination atlas, with0 < a < 1.Ifi: T - R
is a chart in A* defined on the leaf segment I and K is a leaf segment in I,
then we define |K|; to be the length of the minimal closed interval containing
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i(K). Since the atlas is bounded, if j : J — R is another chart in A* defined
on the leaf segment J which contains K, then the ratio between the lengths
|K|; and |K|; is universally bounded away from 0 and oco. If K’ C I J is
another such segment, then we can define the ratio r;(K : K') = |K|;/|K’|;.
Although this ratio depends upon i, the ratio is exponentially determined in
the sense that if T is the smallest segment containing both K and K’, then

ri(K:K')e(1£0(|T1®)ri (K : K') .

This follows from the C'*® smoothness of the overlap maps and Taylor’s
Theorem.

A C" lamination atlas A* has bounded geometry (i) if f is a C" diffeo-
morphism with C™ norm uniformly bounded in this atlas; (ii) if for all pairs
1y, I of i-leaf n-cylinders or t-leaf n-gaps with a common point, we have that
r;(I; : I3) is uniformly bounded away from 0 and oo with the bounds be-
ing independent of i, I, Is and n; and (iii) for all endpoints « and y of an
wleaf n-cylinder or t-leaf n-gap I, we have that |I|; < O ((d4(w,y))”) and

da(z,y) <O (|I|f), for some 0 < 8 < 1, independent of i, I and n.

Definition 2 A C" bounded lamination atlas A* is C" foliated (i) if A" has
bounded geometry; and (i) if the basic holonomies are C" and have a C" norm
uniformly bounded in this atlas, except possibly for the dependence upon the
rectangles defining the basic holonomy. A bounded lamination atlas A* is C'+
foliated if A" is C" foliated for some r > 1.

The following result relates smoothness of the holonomy with ratio dis-
tortion and will be used several times. It follows directly from Theorem B.28
(see also Theorem 3 in Pinto and Rand [159]).

Lemma 1.1. Suppose that 0 : I — J is a basic t-holonomy for the rectangle
Randi:I —Randj:J — R are in A*. The holonomy 0 : I — J is C1 7,
for every 0 < B < «, with respect to the charts of the lamination atlas A" if,
and only if, for every 0 < B < a and for all I, I, C I with I a leaf n-cylinder
and Iy a leaf n-cylinder or a leaf n-gap, we have

ri(0(1h) : 0(12))

lo
S Ti(lg :Il)

<0(iR)P). (1)
whenever K is an t-leaf segment containing I, and Is, and where the constant
of proportionality in the O term depends only upon the choice of i, j and the
rectangle R. Moreover, there exist some constants 0 < (8,1 < «a and some
affine map a : R — R such that

ljofoil—a| <O ((dA(I , J))B) (1.2)

if, and only if, there exist some constants 0 < [B,v < 1 such that, for all Iy
and Iy as above, we have
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ri(0(1) : 0(12))

il ) <O ((dalL,1))5v™). (1.3)

For L C R, by |L| we mean the Euclidean length of the minimal interval in R
containing L.

1.7 Foliated atlas .A*(g, p)

Let g € T7(f,A) and p = p, be a C'T Riemannian metric on the manifold
containing A. The ¢-lamination atlas A*(g, p) determined by p is the set of all
maps ¢ : I — R where I = AN I with I a full ileaf segment, such that e
extends to an isometry between the induced Riemannian metric on I and the
Euclidean metric on the reals. We call the maps e € A*(g, p) the t-lamination
charts. If I is an t-leaf segment (or a full ¢-leaf segment), then by |I| = |I|,
we mean the length in the Riemannian metric p of the minimal full (-leaf
containing I.

Fix a bounded atlas for the C'*7 structure on M. Suppose that I, J and K
are full (-leaf segments with I, J C K and that in some chart i of the atlas, K
has the form y = u(z) with € (x,21) and u/(z) = 0, for some = € (g, x1).
Let I' = {(x,0) : 2, < x < z} } and {(z,0) : 2 < & < x{} be, respectively, the
projection of i(I) and i(J) onto the r-axis, and let I"” = i~1(I’) (see Figure
1.3). Let ||2(1)]| and ||i(J)]|| be, respectively, the Euclidean distances between
the endpoints of i(I) and i(J).

Lemma 1.2. There exists 0 < a < 1 such that
I

7] € LEOUKT),
1 € L£O(KI® >>'jj—'| (1.4
L] € (1+ O(K|%) DI (1.5)

1] ldeall

The constants of proportionality depend only upon the atlas, p and the C1 7
norm of u, and o depends only upon the atlas.

Proof. Since p is C'17, we can assume that in each chart of the atlas it can
be written in the form g11dz? + gi2dzdy + gaody?, where the g;; are C7 with
uniformly bounded C”7 norm. Then, integrating p along y = u(z) and y = 0,
and using that |«| is uniformly bounded, we get

], |I |6(1:|:O|K| )V 11 (o) |2 — xp] -

Similarly for J. Hence, (1.4) follows from combining these results. O

It follows from Lemma 1.1 and Lemma 1.2 (4) that the charts of the stable
manifold are C'* compatible with the charts in A*(g, p).
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YA

o o o
To ) )z z{ @

Fig. 1.3. The images of I and J by ¢ and their projections in the horizontal axis.

Lemma 1.3. Fiz a bounded atlas for the C**7 structure on M. Suppose that
I1,J and K are full t-leaf segments with I,J C K. Then,

1 il
[7] (I
where i is any chart in the atlas that contains K in its domain. The con-

stants of proportionality depend only upon the atlas p and the bounded atlas
considered.

€ (1£O0(K[))

Proof. Consider a chart i whose domain contains K. After composing i with a
rotation and a translation, if necessary, we obtain that if K is sufficiently small,
then (K) is of the form y = u(x) with x € (29, 21) and u(zg) = 0 = u(xy),
where the C'*7 norm of u is uniformly bounded. The result then follows
directly from Lemma 1.2. [J

We present a version of the naive distortion lemma that we shall use.
We shall consider the case where g is C'*7 and the full u-leaf segments are
1-dimensional. The case where the full s-leaf segments are 1-dimensional is
analogous.

Lemma 1.4. For all u-leaf segments I and J with a common endpoint and
for all n > 0, we have

—1
’1 Ig

i
0g ———— <O(TulJd]), 1.6

where the constant of proportionality in the O term depends only upon the
choice of the Riemannian metric p.

Proof. Let I and J be the minimal full u-leaf segments such that I = InA
and J = J N A. Also, let k, : g7"(I UJ) — R be an isometry between the
Riemannian metric on the full u-leaf segments and the Euclidean metric on
the reals.

The maps g, : kn o g (I UJ) — knpq 0 g~ DI U.J) defined by g, =
kny109~ Yok, are C'*7 and have C'* norm uniformly bounded for all n > 0.
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Hence, by the Mean Value Theorem and by the hyperbolicity of A for g, we
get

lg (1) J|‘ = y
log o1 < 37 [log L (x;) — log }(v:)]
‘ g~ ()] 1] Z

<o(ITuJgp),

where x; € ki o g~*(I) and y; € k; 0 g~ (J). O
We also need the following geometrical result.

Lemma 1.5. The lamination atlas A"(g,p) has bounded geometry in the
sense that

(i) for all pairs I, I of u-leaf n-cylinders or u-leaf n-gaps with a com-
mon point, we have |I1|/|Is| uniformly bounded away from 0 and oo,
with the bounds being independent of i, I, Is and n;

(ii) for all endpoints x and y of an u-leaf n-cylinder or u-leaf n-gap
I, we have |I| < O ((da(z,y))?) and da(z,y) < O (|I|P), for some
0 < B < 1 which is independent of i, I and n.

Proof. By the continuity of the stable and unstable bundles (see Section 6 in
Hirsch and Pugh [48]) the length |I| of the leaf segments varies continuously
with the endpoints. Thus, by the compactness of A, the results follow for all
pairs I1, Is of u-leaf 1-cylinders or u-leaf 1-gaps with a common point. Hence,
by Lemma 1.4, we obtain the result for all pairs Iy, I3 of u-leaf n-cylinders or
u-leaf n-gaps with a common point and for all n > 1. O

1.8 Straightened graph-like charts

A chart i : U — R? in the smooth structure on M is called graph-like, if
each full u-leaf segment and each full s-leaf segment in U are, respectively,
the graph of a C'* function over the z-axis and over the y-axis. Let u(x) and
v(y) be, respectively, C1* functions whose graphs are the images by i of the
stable and unstable leaves passing through the point i71(0,0). Given such a
chart and « € U, by changing the coordinates by the local diffeomorphism of
the form (x,y) — (v — u(y),y — v(z)), we obtain a new chart j : U — R? for
which the images of the stable and unstable leaves through z are respectively
contained in the y and z axes. We call such charts straightened graph-like
charts. Hence, for simplicity, one can choose an atlas of the smooth structure
on M consisting only of straightened graph-like charts.

Consider a basic holonomy 6 : I — J between the u-leaf segments I
and J. Suppose that the domains of the lamination charts i,5 € A%(g, p),
respectively, contain I and J, and suppose moreover that there is = € I such
that i(z) = j 0 6(x). Let ds(I,J) be as in §1.3.
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Theorem 1.6. There exists 0 < « < 1 such that all the t-basic holonomies
are C'T. Furthermore, there are 0 < a,B <1 such that, for all 6 as above,
there is a diffeomorphic extension 6 of jofo0i~ ! to R such that

10 —idlcree < O ((da(L, 1)) (1.7)

where the constant of proportionality in the O term depends only upon the
choice of i, j and the rectangle R.

From Lemma 1.5 and Theorem 1.6, we obtain the following result.
Corollary 1.7. The lamination atlas A*(g,p) is C1* foliated.

Proof of Theorem 1.6. Fix a C'*7 Riemannian metric p and a finite atlas G
for M consisting of straightened graph-like charts. For a leaf-segment I, by
|I| we mean the length |I], in the Riemannian metric as defined above.

Let I, Is C Iy be u-leaf n-cylinders or u-leaf n-gaps with a common point
and I = I; UI,. By Lemma 1.5, there are constants 0 < @ < « < 1 such that,
for 0 <i <mn,

OW"™") < [F{(I)] | f (I2)] < O(a" 7). (1.8)

Therefore, |fi(I)] < O(a™~?), for 0 < i < n.
Let [z] denote the integer part of z € R, and let 0 < ¢ < 1. By Lemma
1.4, we have

|L] [fIr (1))

8 L] | fra fﬂ 1)

<o(|fra-ln|’) < o@m). (1)

Inequality (1.9) is also satisfied if we replace the leaf segment I; by the leaf
segment 6(7;). Thus,

L] 1612
[I2| |0(11)]

|| [0 Ol6(1)))
|f n(l—e) | |f[n(1*5)](0(_[1))|

For j € {1,2}, fI"(0=9l(;) and f"(=2)(9(1;)) are [en]-cylinders contained
in a rectangle R’ whose spanning s-leaf segments are contained in either an
[n(1 — &)]-cylinder or the union of two of them with a common endpoint.
Let us consider a straightened graph-like chart i : U — R? whose domain
contains the rectangle R'. Let u : (a,b) — R be the map whose graph contains
the image under i of the full unstable leaf segment containing fM(1—<) (Z;),
and let (a;,u(a;)) and (b;,u(b;)) be the images under ¢ of the endpoints of
fln(=e)] (I;). By changing the coordinates by a local diffeomorphism of the
form (z,y) — (z,y—u(x)), we obtain a partially straightened graph-like chart
k: U — R? for which the image of f["=9)(I;) under k is contained in the
horizontal axes. Let v : (¢,d) — R be the map for which the graph is the
image under k of the stable or unstable manifold containing f"(=2)(6(1;)),

€ (1+0(a®™)) (1.10)
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Gy 274 %

f[n(l -¢)]

I
|

f[n(l -8)]

[n(1 - €)]-cylinder
[n(1 - €)]-cylinder

|
|
L — —

f[n(l -8)] f[n(l -8)]

I b

Fig. 1.4. This figure shows the various u leaf-segments in R’.
and let (¢j,v(c;)) and (d;,v(d;)) be the images under i of the endpoints of

fir=al(9(1;)) (bee Figure 1.4). If in this chart the Riemannian metric is given
by ds? = gnd:r + 2g12dxdy + g11dy?, then

|9z = / (gu1(z,0))! d,
’f["(l_s)] ’ —/ (g11(z,v(x)) + 2g12(z, v(x))v'(2)
+ gaa(z, 1)(91:))1/(36)2)1/2 dx.

By C'*7 smoothness of the Riemannian metric, we obtain

911 (2,0) = gu1 (=, v(z))[ < O (Jo(@)[").

By the Hélder continuity of the stable and unstable bundles (see Section 6 in
Hirsch and Pugh [48]), there exists 0 < n < « such that |v'(z)| < O([v(z)|").
Let L, be the 1-dimensional submanifold with endpoints contained in the leaf
segments f"1=(T) and f"(1=9)(4(I)), such that the image under k of one
of its endpoints is (z,v(x)), and such that L, is contained in a full s-leaf
segment (see Figure 1.5).

By hyperbolicity of A for f, there exists 0 < A < 1 such that

a5 = ¢ < [1(a5,0) = (5, 0(e))| | € O L, ) < 0 (A"079))
b — ;] < 11(5,0) = (45, v(dy))]| < O(Lq ) <O (A"-9), and
|v(x)\" <0 (/\nn(lfe)> ) (111)

Thus, for j € {1,2} and taking w = A" < 1, we have
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k(f [n(l - 8)] eIJ)

k(f [n(l - 8)] IJ))

Fig. 1.5. The leaves f"(*=9)1(1) and fMC==))(g(1)).

[ - o] <0 (2-2) . (12)

Let v > 0 be such that w” = 1. By inequality (1.8), |f[”(1*5)] (I;)| = O(w™*).

Therefore,

I =0(1;))|
| flrC=l(1;)]

Choose 0 < e < 1 such that 0 < g = max{a®?,w!'~¢(1*")} < 1. By inequalities
(1.11) and (1.13), we obtain

1] 6(5)]
'1°g|fz| 6]

Since this is true for all n > 0, and for every I that is an u-leaf n-cylinder
and every Iy that is either an u-leaf n-cylinder or an u-leaf n-gap and has one
common endpoint with I, it follows by Proposition 1.1 that the holonomy
0 : Iy — Jyis CA, for some B = B(i) > 0 that depends only upon .

Now we prove that the holonomy 6 : Iy — Jy varies Holder continuously
with respect to Iy, Jy. As for our proof of inequality (1.12), we deduce that
there exists 0 < e; < 1 such that ||I;| — |6(1;)]] < O ((da(Is,Jg))*"), for
j € {1,2}. Now, we choose 7 small enough so that 0 < p = 2 ¢~ < 1. If
da(Ip, Jg) < O(n™), then, as in inequality (1.13),

0(I; s ney
how S < 0 ((datro a0 0

log <0 (w"<1—€<1+”>>) . (1.13)

< OW™). (1.14)

;| 67) <0 ((@alls, 7)) . (115)

Therefore,

o 2122

(L) 1] < 0 ((dallo, Ja)) % ") -
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Let €5 > 0 be such that u = n?2. If ds(Iy, Jg) > O(n™), then, by inequality
(1.14),

‘10 @ |9(12)| <0 ((dA(I@,J@))Ez u%) .

g
2] 6(11)]
Therefore, by Proposition 1.1, there is an affine map a : R — R such that

lljofoi™ —al|cira < O((da(Ip, Jp))=2).

By inequality (1.15) and since there is a point x such that jo 8 oi~!(z) = z,
we get from last inequality that a is O((da(Ip, Jp))®?)-close to the identity in
the C'*%norm, for some e3 > 0, and so inequality (1.7) follows. [J

Consider a straightened graph-like chart i : U — R? and a rectangle R
contained in U and containing i~1(0,0). For y € R with (0,y) in the image of
R under i, let I, = £(i~*(0,y), R). Let 7 : R? — R be the projection into the
first coordinate.

Lemma 1.8. Let j : I, — R be in A%(g,p). There exists 0 < a < 1 such that
the function T oio j~! has a C1T* diffeomorphic extension to R. The C1+*
norm of the extension is bounded above by a quantity that depends only upon
i, R and p.

Proof. Let Iy, I, C I, be u-leaf n-cylinders or u-leaf n-gaps with a common
point and I = I; Uly. Let I, = woi(I) and let I ,, = moi(Iy) for k € {1,2}.
Since |I;| = O(|I|), we obtain by (1.8) that there exist 0 < ¢ < o < 1 such
that

O™) < |I,] < O(a™). (1.16)

The image of the full u-leaf segment fy with fy NA = I, under 4 is a graph of
the form (z,v,(x)), where v, is C'™7. Letting aj and by be the endpoints of
Ir i, we find that

bk ’ roo82\1/2
k| = / (911(2, v(x)) + 2g12(, v(2))0" (2) + goo(z, v(2))0' (2)?) " da.
Since vy, is C17, we obtain
vy (w) — vy (2)] < O(|Ix7) < O(a™), (1.17)

for all w,z € I,. By the Holder continuity of the Riemannian metric, there
exists 0 < 1 < 1 such that

|95.1(w) = g;1(2)| < O(|[z[") < O(a™), (1.18)

for all w,z € I;. Let v = max{a?,a"}. By (1.17) and (1.18), and taking ¢
such that |I1| = ¢|Ir 1], we obtain

|Io] = t| Iz 2|(1 £ O")).
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Hence,

‘1 ol Mzl | ) (1.19)

g
(2| I 2|
and so, by Proposition 1.1, the overlap map moioj ! has a C'*¢ diffeomorphic

extension to R with C'* norm bounded above by a quantity that depends
only upon ¢, R and p. J

i(6(iY,0), R)

(z,0) \(éy(m),O) i(Io)

Fig. 1.6. The map éy,y/.

Fig. 1.7. The construction of the map éy.

Let i : I, — R? be given by i(§) = (z(£),z(x(£))), where z : R — R
is a function, and consider a basic holonomy 6, , : I, — I, in R, where
I, = £(i7*(0,y), R) and I, = £(i~1(0,4'), R). Let 0, , : woi (I,) C R — R be
given by éyy/(x) =moiol,, oi t(z,z(z)) (see Figure 1.6). Let 0, : Iy — I,
in R be given by 6, = 6,/ , and éy = éy/,y, with ¢ = 0 (see Figure 1.7).

Lemma 1.9. There are 0 < o, § < 1 such that the maps 6, and 8, have
C* diffeomorphic extensions 6, and 0,,,., respectively, to R. Furthermore,

Héy — 6y <0 (‘y—y/|ﬁ) (1.20)

Cl+o¢
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and

(8 —id]| ., <O(y-v1), (1.21)

Cl+o¢

where the constant of proportionality in the O term depends only upon the
choice of i and upon the rectangle R.

Proof. Let I,I; C I, be i-leaf n-cylinders or u-leaf n-gaps with a common
point and I = I; UI. Let I, = woi(I), J = (1) and J, = 7w oi(J). For
ke {1,2}, let I; ), = mwoi(ly), Jy = 0(I;) and Jr = woi(Jg). By (1.14),
there exists 0 < v < 1 such that

[11] | /2]
log i —+—=| < O@W").
‘ g|1-2\|=]1| <O
Thus, by (1.19), we obtain
|Iﬂ' 1||Jﬂ'2|
lo : = <OW). 1.22
pou e | <00 (1:22)

Therefore, by Proposition 1.1, the map éyyy/ has a C1*¢ diffeomorphic exten-
sion to R.

Let L, be the 1-dimensional submanifold contained in a full s-leaf segment
with minimal length and with endpoints z € I, and 0, ,/(z) € I,,. By the
hyperbolicity of A for f, there exists 0 < €1 < 1 such that

[moi(x) —moiolyy(x)] < O(L:) <O(ly—y'|).
Thus, for k € {1, 2},

Tl = 1Tl < O (ly = ') - (1.23)

Let 9 be as in (1.16). Choose 77 small enough such that 0 < 7 = /2~ < 1.
If |y — y'| < O(n™), then, by (1.16) and (1.23), we obtain

‘]Tl' n —-n n
log {7 < 0 (ly = /P2 o) < 0 (i =y ).
Therefore,
‘Jfr 1| |I772 / 2
o : =<0 ( — |7/ T") .
‘ ® TLeal 172l Iy -l

Let g5 > 0 be such that v = n?2. If |y — /| > O(n™), then, by inequality
(1.22), we obtain

|J7r,1| |I7r,2|
|J7r,2| |I7T,1|

Therefore, by Proposition 1.1, there is an affine map a : R — R and there
exists a constant 0 < a < 1 such that

‘log < O(Iy—y’\%””)-
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by —al| . <OUy=yI7).

Clto

Since éy,y/(O) = 0 and by (1.24), there exists €3 > 0 such that a is
O (ly — y'|#)-close to the identity in the C*** norm. Therefore,

and so inequality (1.21) holds. Since 6, ,» = 6, o 5;1 and the C1T® norm of

0., —id

N < O(ly_y/|ﬂ)7

cit

0, is uniformly bounded, we have that

o=~ =) ..
<0 (Héyw/ —id Cl4a éy’ Cl+a>
<0 (Héy,y’ - id’ Cl+">

<0 (Iy - y/\ﬁ) :

1.9 Orthogonal atlas

An orthogonal chart (i,U) on A is an embedding i : U — R? of an open subset
U of A that embeds every leaf segment in U into a horizontal or vertical arc
of R (say stable leaf segments into horizontals and unstable leaf segments into
verticals). Two such charts (i1,U;) and (2, Usz) on A are C” compatible if the
chart overlap map iz oiy* iy (U (Us) — i2(Uy (Uz) is C” in the sense that
it extends to a C" diffeomorphism of a neighbourhood of i1 (U; (\Uz) in R?
onto a neighbourhood of i (U; (Uz) in R

Definition 3 A C" orthogonal atlas O on A is a set of orthogonal charts
that cover A and are C" compatible with each other. Such an atlas is said to
be bounded, if its overlap maps have a uniformly bounded C" norm, with the
bound depending only upon the atlas O.

Let (f,A) be a C** hyperbolic diffeomorphism. Since A is compact, any
atlas contains a bounded atlas. Let i : R — R? be defined by i(w) =
(is([w, 2]), i ([z,w])), where is : £°(z,R) — R and i, : £°(2,R) — R are
C'*tH charts given by the Stable Manifold Theorem.

Proposition 1.10. The orthogonal chart i : R — R? is C'TH compatible
with Sy, i.e, for every chart j € Sy, the overlap map jo i~ has a o+t
diffeomorphic extension to an open neighbourhood of R?.
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Corollary 1.11. Every C** hyperbolic diffeomorphism (f, A) has a finite C**
orthogonal atlas Oy that is C' compatible with the C*TH structure Sy.

Proof of Proposition 1.10. Take a straightened graph-like chart (j,V’) € S
such that (i) j(z) = 0; and (ii) j o i~ ! is the identity along the leaf segments
(%(z,R) and (“(z,R). Thus, j 0oi~1(0) = 0. Let K = i(R), and the map
u : K — R? be defined by u = j o i~'. We are going to prove that u has
a C1* extension @ : R? — R? and that the derivative di(0) of % at 0 is an
isomorphism. Thus, there is a small open set V' C V' containing z such that
VN A=V (R and such that i|j(V) is a C1* diffeomorphism onto its image.
Hence, (v =a"'04,V) is a chart C'* compatible with the structure Sy and
v[(VNA) = i|(VR). To prove that u has a C'* extension @ : R? — R?
we start by finding the natural candidates 0, u(z,y) and Oyu(z,y) to be the
derivatives 0,4 (z, y) and 9ya(z,y) of the extension @ at the points (z,y) € K.

y A
0025 (i (2,0)))  A(I3)
— vl
A 7N\ '
0,s(x) @ (1)

Fig. 1.8. The map éz,b.

Let 7, : R — R and 7, : R? — R be the projections onto the z- and y-axis,
respectively. For every (0,y) € K, consider the s-spanning leaf segments I in
R of the form (z,vy s(z)) for x € m50i([;) in this chart, and, for every (z,0) €
K, consider the u-spanning leaf segments I} in R of the form (v..(y),y) for
y € my, 04(I%) in this chart, where v, s and v, , are C'* functions. Consider
the basic holonomies ., : I5 — I* in R, and let 6., : 7, 0i(I§) C R — R be
defined by 0. ,(z) = 7, 0i06., 0i ' (z,0) (see Figure 1.8). Hence,

u(@y) = (B,.5(@). vy (B,0(2)) )
= (e (0ra)) 00a®))

By Lemma 1.9, the maps éy’s and éwu have C1t21 extensions éy,s and ému
that vary Holder continuously with y and z, respectively, for some 0 < a; < 1.
Thus, we define

O, y) = (0, .(@), 050 (Fys(@)) 0 (@) )
Oyu(e,y) = (Vhu (o ®)) 0r). 0, ))
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Since 6, , and v, , are C'F, for every y € m, 0 i (€*(z, R)), dyu(x,y) varies

Holder continuously with z € 75 0 i (¢5(2, R)). Since the C1*t%1 extensions
éy’s and ému vary Holder continuously with y and x, and by the Holder
continuity of the stable and unstable bundles (see §6 in Hirsch and Pugh
[48]), for every x € 7504 (£%(2, R)), Oru(z,y) varies Holder continuously with
y € my 01 (f%(z,R)). Therefore, d,u(z,y) varies Holder continuously with
(z,y) € K. Similarly, we obtain that dyu(z,y) varies Hélder continuously
with (z,y) € K.

By the Whitney Extension Lemma (see Abraham and Robbin [1]), the map
u has a C' extension @ with d,a(z, y) = d,u(z,y) and dyu(x,y) = dyu(z,y),
if

U (2, ), (@ + oy + B I < O (Il (e B[

for some a > 0, where
U((z,y), («',y") = u@,y) — u(z,y) — Ou(z,y) (2" — z) — Oyu(z,y)(y' —y).

Since 0, and v, , are C'*, for all y € 7, o4 (£*(z, R)), we have that the

maps uy : T 0 i (£5(z, R)) — R? defined by u,(z) = (9%5(:0), Vy.s <9ys(az))>
are C1to1 for some a; > 0. Since ému and v, are C'*, for all z € 750
i (£*(z,R)), we have that the maps u, : m, o i (£2(z, R)) — R? defined by
uz(y) = (vw’u (égju(y)) ,éwu(y)) are C1t1 for some «; > 0. Therefore,

u(x 4 he,y + hy) —u(z,y) = Uy+h, (x4 hy) — Uy+h, () + ua(y + hy) — Uz (y)
€ Oyu(x,y + hy)hg + Oyu(z,y)hy
£ O (|[(ha, hy) [ T1)

Since O,u(zx,y) varies Holder continuously with (z,y) € K, there exists 0 <
o < o such that

U((x, y), (33 +he,y + hy)) € axu(xa Y+ hy)hx - acu(ma y)hx
£ O ([[(hay hy)||'F7)
C 20 (||(ha, hy)|['+) -

1.10 Further literature

There are a number of results about smoothness of the holonomies of Anosov
diffeomorphisms. Anosov used the fact that the holonomies of C? Anosov dif-
feomorphisms have a Holder continuous Jacobian to show that, when such
maps preserve Lebesgue measure, they are ergodic. In the case of codimen-
sion 1 Anosov systems, one can use this Jacobian to show that the holonomies
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are C1% for some o > 0 (see Exercise 3.1 of Chapter III of Mané [73]). For
more general hyperbolic sets, a number of papers address the question of the
regularity of the invariant foliations via the regularity of their tangent dis-
tributions. As explained in Pugh, Shub and Wilkinson [177], this is not the
same as regularity of holonomies. In Schmeling and Siegmund-Schultze [197]
it is proved that the holonomies associated with hyperbolic sets are Holder
continuous. The paper Pugh, Shub and Wilkinson [177] contains a very inter-
esting discussion of different notions of smooth foliation, and gives necessary
and sufficient conditions for a C'*® foliation in terms of the smoothness of
both the leaves and holonomies plus the variation in the holonomies from leaf
to leaf. This chapter is based on Pinto and Rand [164].
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HR structures

We study the flexibility of smooth hyperbolic dynamics on surfaces. By the
flexibility of a given topological model of hyperbolic dynamics we mean the
extent of different smooth realizations of this model. We construct moduli
spaces for hyperbolic sets of diffeomorphisms on surfaces which will be used
in other chapters, for instance, to study the rigidity of diffeomorphisms on
surfaces, and also to construct all smooth hyperbolic systems with an invariant
Hausdorff measure.

2.1 Conjugacies

Let (f, A) be a C'* hyperbolic diffeomorphism. Somewhat unusually we also
desire to highlight the C'* structure on M in which f is a diffeomorphism. By
a C'* structure on M we mean a maximal set of charts with open domains in
M such that the union of their domains cover M and whenever U is an open
subset contained in the domains of any two of these charts ¢ and j, then the
overlap map joi~!:i(U) — j(U) is C*T@, where a > 0 depends on i, j and
U. We note that by compactness of M, given such a C'* structure on M,
there is an atlas consisting of a finite set of these charts which cover M and
for which the overlap maps are C'T® compatible and uniformly bounded in
the C'™* norm, where a > 0 just depends upon the atlas. We denote by Cy
the C'* structure on M in which f is a diffeomorphism. Usually one is not
concerned with this as, given two such structures, there is a homeomorphism
of M sending one onto the other and thus, from this point of view, all such
structures can be identified. For our discussion it will be important to maintain
the identity of the different smooth structures on M.

We say that amap h : Ay — A, is a topological conjugacy between two C1T
hyperbolic diffeomorphisms (f, A;) and (g, Ay) if there is a homeomorphism
h: Ay — Ay with the following properties:

(i) goh(x) =ho f(x) for every z € Ay.
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(ii) The pull-back of the i-leaf segments of g by h are (-leaf segments of
I

Definition 4 Let 7(f,A) be the set of all C'* hyperbolic diffeomorphisms
(g,Aq) such that (g, Ag) and (f, A) are topologically conjugate by h.

Hence, if i : © — Ay is a marking for (f, Af), (9, A44) € T(f, A), the map
hoi:©® — Ay is a marking for (g, A,), where h : Ay — Ay is the topological
conjygacy between (f, As) and (g, 4,).

We say that a topological conjugacy h : Ay — Ay is a Lipschitz conjugacy if
h has a bi-Lipschitz homeomorphic extension to an open neighbourhood of A
in the surface M (with respect to the C'T structures Cy and Cy, respectively).

Similarly, we say that a topological conjugacy h : Ay — A, is a C'*
conjugacy if h has a C'T® diffeomorphic extension to an open neighbourhood
of Ay in the surface M, for some o > 0.

Our approach is to fix a C'T hyperbolic diffeomorphism (f, A) and consider
C'* hyperbolic diffeomorphism (g1, A4, ) topologically conjugate to (f, A).
The topological conjugacy h : A — A, between f and g; extends to a homeo-
morphism H defined on a neighbourhood of A. Then, we obtain the new C!*-
realization (go, Ag,) of f defined as follows: (i) the map go = H ' o gy o H;
(i) the basic set is Ay, = H'A,,; (iii) the C'T structure Cy, is given by
the pull-back (H),C,, of the C** structure C,,. From (i) and (ii), we get
that Ay, = A and go|A = f. From (iii), we get that g is C'* conjugated to
g1. Hence, to study the conjugacy classes of C't hyperbolic diffeomorphisms
(f,A) of f, we can just consider the C''* hyperbolic diffeomorphisms (g, 4,)
with A, = A and g|A = f|A.

2.2 HR - Holder ratios

A HR structure associates an affine structure to each stable and unstable leaf
segment in such a way that these vary Holder continuously with the leaf and
are invariant under f. (The abbreviation HR stands for Holder ratios).

An affine structure on a stable or unstable leaf is equivalent to a ratio
function r(I : J) which can be thought of as prescribing the ratio of the size
of two leaf segments I and J in the same stable or unstable leaf. A ratio
function r(I : J) is positive (we recall that each leaf segment has at least two
distinct points) and continuous in the endpoints of I and J. Moreover,

r(I:J)=r(J: )" and r(LUIL:K)=7:K)+r(I:K), (2.1)
provided I; and Iy intersect in at most one of their endpoints.

Definition 5 We say that r is an t-ratio function if (i) for all i-leaf segments
K, r(I :J) defines a ratio function on K, where I and J are leaf segments
contained in K; (i) v is invariant under f, that is r(I : J) = r(f(I) : f(J)),
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for all t-leaf segments; and (iii) for every basic t-holonomy 0 : I — J between
the leaf segment I and the leaf segment J defined with respect to a rectangle
R and for every v-leaf segment Iy C I and every i-leaf segment or gap I C I,

r(0(1y) : 6(11))

lo
& T’(IO : Il)

< O((dA(L J))6)7 (2'2)

where € € (0,1) depends upon r and the constant of proportionality also de-
pends upon R, but not on the segments considered.

Definition 6 A HR structure on A, invariant by f, is a pair (r®,r%) consist-
ing of a stable and an unstable ratio function.

2.3 Foliated atlas A(r)
Given an t-ratio function r, we define the embeddings e : I — R by

6(1‘) = r(é({,a:),é(f,R)), (23)

where £ is an endpoint of the -leaf segment I, R is a Markov rectangle con-
taining ¢ (not necessarily containing I) and £(&, z) is the t-leaf segment with
endpoints z and £. We denote the set of all these embeddings e by A(r).

The embeddings e in A(r) have overlap maps with affine extensions. There-
fore, the atlas A(r) extends to a C1T® lamination structure £(r). In Propo-
sition 2.1, it is proved that the atlas .A(r) has a bounded geometry, and, in
Proposition 2.3, it is proved that in this the basic holonomies are C'#, for
some 0 < B < 1. Thus, this lamination structure is C'*-foliated. Moreover, it
is a unique structure compatible with r in the sense that it and r induce the
same C'* structures on leaf segments.

Proposition 2.1. If 7 is an t-ratio function, then A(r) is a C** bounded
atlas with bounded geometry.

Proof. Suppose that I and J are either both ¢-leaf n-cylinders or else that
one of them is and the other is an t-leaf n-gap. In addition, suppose that they
have a common endpoint. Consider the set of ratios (I : J). By compactness
and continuity, when we restrict n to be 1, the set .S of such ratios is bounded
away from 0 and co. However, since r is f-invariant, all other such ratios
r(I : J) are in this set S. This also implies that, for all endpoints = and y of
an leaf n-cylinder or t-leaf n-gap I, we have that |I|; < O ((da(z,y))”) and

da(z,y) <O (|I|5), for some 0 < 3 < 1 independent of ¢, I and R. [

Lemma 2.2. Let v be an t-ratio function. There exists 0 < o < 1 such that,
for every basic holonomy 0 : I — J defined with respect to the rectangle R,
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T‘(@(Il) : 9(_[2))
’I"(Il : Ig)
for all i-leaf segments I, I C K in I. Here, for |K| one takes r(K : £(£, R))
which is its length measured in a chart of the bounded atlas A(r), where £ €
K. The constant « depends only upon r and the constant of proportionality

depends only upon r and R.

log < O((da(I, ))IK])") (2.4)

Proof. Take the largest n such that the (-leaf segments I; and I are contained
in the union of two n-cylinders with a common endpoint. By inequality (2.2)
and since the ratio functions are f-invariant, we have

r(0(h) : 0(12) | _ ‘log r(f7"0(0h)) - £,7"(0(12)))
(I 1) r(fo" (L)« fo" (1)
< O ((dalf;" (D, £7IN)") -
By bounded geometry, there exist 0 < v < 1 and 0 < 8 <1 such that
da(f7" (1), £77()) < O(da(l, J)v")
< O (da(l, )| K|%) .

log

O

Proposition 2.3. The lamination atlas A(r) is C*T*-foliated, for some 0 <
a < 1. Moreover, there exists 0 < § < 1 such that if 0 : I — J is an ¢-
basic holonomy defined with respect to the rectangle R, then, for all segments

L, LbCcK inl,

O i)
3(0(L2)) i(1y)
wherei: I — R and j : J — R are in A(r). The constant of proportionality

in the O term depends only upon the choice of A(r) and upon the rectangle
R.

Proof. By Proposition 2.1, A(r) is a C'** bounded atlas. Inequality (2.5)
follows from Lemma 2.2, and so, by Proposition 1.1, the holonomies are C''*+*
smooth, for some 0 < o < 1. Therefore, £(r) is a C'T@-foliated lamination
structure. [J

< 0 ((datr, 1)) |KI7). (235)

Combining Proposition 1.1 and Proposition 2.3, we get the following result.

Proposition 2.4. Let 6 : I — J be a basic holonomy between v-leaf segments
in a rectangle R. There is 0 < 1 < 1 such that the holonomy 0 is C1*"
with respect to the charts in A(r*). Furthermore, there is 0 < < 1 with the
property that for all chartsi: I — R and j : J — R in A(r") there is an affine
map a: R — R such that jofoi~t has a C* diffeomorphic extension 6 and

16 = allern < O ((da(I, )"),

where n and 3 depend upon r* and the constant of proportionality also depends
upon R.
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2.4 Invariants

For every g € T(f, A) we will determine a unique HR structure associated to
g as follows. Let A'(g,p) be the C1** foliated lamination atlases associated
with ¢ and with a C'*7 Riemannian metric p on M (see §1.6 and §1.7).
Recall that for an t-leaf segment I, by |I| = |I|, we mean the length in the
Riemannian metric p of the minimal full «-leaf segment containing I.

Lemma 2.5. For all v-leaf segments I and J with a common endpoint and
for all n > 0, the following limit exists:
I

rp(1:J) = lim ;s

A ) < gy tEC I (2.6)

where the constant of proportionality in the O term depends only upon the
choice of the Riemannian metric p. Furthermore, (r5,73) is a HR structure
associated to g.

Lemma 2.6. Suppose that instead of using equation (2.6) to define the ratios
r(I:J) we use the Euclidean distances so that

e )
D= i G

where || (f(1)) || and ||i (f*(J))]|| are as in Lemma 1.2. Then, (rs,r¥) =
(rf),r;j).
Proof. Lemma 2.6 follows from putting together Lemmas 1.3 and 2.5. O

Combining Proposition 1.1 and Proposition 2.3, we get the following
lemma.

Lemma 2.7. The overlap map ey o e;l between a chart ey € A(g,p) and a
chart ex € A(ry) has a C* diffeomorphic extension to the reals. Therefore,
the atlases A(g, p) and A(ry) determine the same C'" foliated 1-lamination.
In particular, for all short leaf segments K and all leaf segments I and J
contained in it, we obtain that

r(I:J) = lim LDy _

- T (2.7)
n=oe g (), n=oe lgin ()i,

where i, is any chart in A(ry) containing the segment g;;(K) in its domain.

Lemma 2.8. Let g € T(f, A). There is a unique HR structure HR, = (g, y)
on A such that the C'* stable and unstable foliated lamination atlases Aj and

Ay induced by g have the following property:

(*) A map i : I — R defined on an i-leaf segment I is C1t* compatible with
all j € A(ry) if, and only if, it is C'* compatible with all j € A,
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Furthermore, (r5,r4) = (r5,r4), for any C'™7 Riemannian metric p.

Proof of Lemma 2.5. Let us start proving that rj, is an ¢-ratio function. By

construction (see (2.6)), we obtain that 7/, is continuous, satisfies (2.1) and is
invariant under f. So, it is enough to prove that r, satisfies (2.2).

Let 8 : I — J be an (-basic holonomy. Let n be the integer part of
(logda(I,J)) /(21og2). Let 6 : f7™(I) — f"(J) be the i-basic holonomy
given by é(x) = f, "o 8o f'(z). By the f-invariance of 7, for all i-leaf
segments I, Is C K in I, we have that

rwug:MQ»IZIOT(ﬂﬁ”Uﬂ%§ULWb»)
’I"(Il : IQ) r (fL_n(Il) : fL_n([g))

‘log (2.8)

By (2.6) and bounded geometry, there exists 0 < 3; < 1 such that

log 7 (é (f7™(1)) : (fj"(IZ)))

Similarly, we have

/),
‘f;n(b)’p
By Theorem 1.6, the basic ¢-holonomies satisfy (1.2) and so (1.3), with

respect to the charts in the lamination atlas A‘(g, p). Hence, for some 0 <
Bs < 1, we have

i (é(h)) ‘p |fb_"(12)|p 3 3 N
o )| | =0 (U0 )

log (é (f7"(I2)) : é(ff"(]l))) <0 (dA(I : J)Wl/z) . (2.10)

<0 (dA(I : J)BZ/z), (2.11)

where the constant of proportionality in the O term depends upon the rect-
angle R.
Applying (2.9), (2.10) and (2.11) to (2.8), we obtain

r(6(1) : 0(12))

lo
& T(Il ZIQ)

)SO@MJW%

where 3 = min{y/1/2,32/2}. Thus, r, satisfies (2.2), and so is an -ratio
function. OJ
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Proof of Lemma 2.7 Let us prove that the overlap map between the charts
i: I — Rin A(ry) and the charts j : I — R in A*(g, p) are C'* compatible.
By (2.6), for all t-leaf segments I7, I, C K in I, we have

‘1 (1] |12,
[L2]; |11
Hence, the overlap map (or identity map) between the charts ¢ and j satisfies

(1.1), taking in (1.1) the holonomy 6 equal to the identity map, and so the
overlap map has a C'* extension to R. [J

I
= ‘logr(ll : IQ):Iip <O (K])).
p

Proof of Lemma 2.8: Let us take ry = r},, for some chosen C'* Riemannian
metric p. As observed in §1.7, the charts in Aj are C'* compatible with
the charts in A‘(g, p). Hence, by Lemma 2.7, A(r},) satisfies (*). Now, the
uniqueness of the HR structure follows from the f-invariance of rj and 7y,
because two HR structures that are compatible with the lamination structures
have arbitrarily close ratios on sufficiently small segments, and therefore, since

the ratios are f-invariant, they must be the same. (]

Lemma 2.9. Let g1,92 € T(f,A). If g1 is a C'* conjugated to gs, then

(Tfsh ? T;) = (T22 ’ ng )

Proof. Suppose that g; and g are C'*7 conjugated. By conjugating go with
the conjugacy, we obtain a new diffeomorphism gq that has the same invariant
set A as g1 and for which ¢1]|4 = go|A. Moreover, the HR structures of gy and
g2 are the same, since the conjugacy maps the full (-leaf segments of g to
the full i-leaf segments of go, i.e (ry,,7y,) = (rg,, 7y, ). Hence, it is enough
to show that (r5 .7y ) = (rg,,ry,). In particular, this means that K is an
t-leaf segment for ¢; if, and only if, it is one for go. Since gy and g; are C'*
conjugated, they admit a common C'* atlas A. (We note that the minimal
full leaf segments Ky and K; containing K for g; and go do not have to
coincide). However, by Lemma 2.6 and Lemma 2.8, r; = r¢ = ry, where r{ is
the ratio obtained using the chart e € A. Therefore, the (-ratio functions are

the same for g; and g, and hence that they induce the same HR structures.

O

2.5 HR Orthogonal atlas

Let (r®,r7*) be a HR orthogonal structure on A. For every rectangle R
and r € R, we define a unique HR rectangle chart i = i, g : R — R
as follows. For every y € ¢°(z,R), let is(y) = xr®(°(z,y) : £°(z, R))
where the plus sign is chosen if y is positively oriented with respect to x,
and the minus sign otherwise. Define similarly i,,. The chart ¢ is given by
i(2) = (is([z,2]),iu([x, 2])) € R% The HR atlas associated to (r*,r%) is the
set of all HR rectangle charts constructed as above and covering A.
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Lemma 2.10. Let (r®,7") be a HR orthogonal structure on A. The HR atlas
associated to (r®,r") is a C** orthogonal atlas with the following properties:
(i) the image by iy r of the i-leaf segments passing through x determines the
same affine structure on these leaf segments as the one given by the HR struc-
ture; and (ii) the map if(z) ¢(ry© [ © z;% has an affine extension to R2.

Proof. By construction, the HR rectangle charts satisfy property (i). Since
the HR structure determines an affine structure along leaf segments that is
kept invariant by f, for every x € A, the map iy, r(ryo fo Z;E has an affine
extension to R2. Since a HR structure determines a unique affine structure on
all leaf segments and since, by Proposition 2.3, the basic holonomies for this
are C'** | for some « > 0, the overlap map between any two canonical charts
i, and 4, has a C'" extension (not necessarily unique). O

Proposition 2.11. Let g € T(f,A) with associated structure Sy, and let
O(r®,r*) denote the HR orthogonal atlas associated to (r®,r*). The atlas
O(rs,r%) is CY*H compatible with the structure Sy, i.e for every charts
i € O(r*,r") and j € S,, the overlap map joi~' has a C'TH diffeomor-
phic extension to an open set of R2.

Proof. Let i, g : R — R? be a chart in O(r®,r*). By Lemma 2.8, i, g|¢*(z, R)
and i, g|0®(z, R) have extensions to the minimal full leaf segments containing
03(z, R) and ¢“(x, R), respectively, C1T# compatible with the C'*# charts
given by the Stable Manifold Theorem. Hence, by Proposition 1.10, for every
chart j € S;, the overlap map j oi~! has a C1*# diffeomorphic extension to
an open neighbourhood of R2. O

2.6 Complete invariant

By Lemma 2.9, if g; and gy are C'* conjugated, then they determine the
same HR structure on A. We are going to prove that if g; and go determine
the same HR structure on A, then g; and gy are C'* conjugated.

Lemma 2.12. Let g € T(f,A) and let h : A — A be a homeomorphism pre-
serving the order along the leaf segments. Let S and S’ be C'F structures on M
such that there are charts (u1,Ur),. .., (up,Up) € S and (v1, V1), ..., (vp, V) €
S’ with the following properties:

(i) A C Upoy Ugs
(ii) For every q = 1,...,p, there is a C'* diffeomorphism hy : U, — V,
between S and S’ that extends h|(ANUy).

Then, h : A — A extends to a C'* diffeomorphism defined on an open set of
M.
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R(c1) R(c;)
R(s)

G } § } 9

I 1

Fig. 2.1. The corner and side rectangles.

Proof. Let us just introduce some useful notions for the proof of this lemma.
Recall that a rectangle R,, is an (Ng, N, )- Markov rectangle if, for all x € R,,,
the spanning t-leaf segments ¢*(x, R,,) are t-leaf N,-cylinders. Let us consider
the set of all (N, N)-Markov rectangles R,,, for some fixed N > 1. A corner ¢
is an endpoint of a spanning stable leaf segment and of a spanning unstable
leaf segment contained in the boundary of an (N, N)-Markov rectangle R,,.
An t-partial side s is a closed (-leaf segment whose endpoints are corners and
such that ints does not contain any corner. Let Cy be the set of all such
corners and Sy be the set of all such s-partial sides and u-partial sides. For
all corners ¢ € Cy and for all partial sides s € Sy, there are corner rectangles
R(c) and side rectangles R(s) with the following properties (see Figure 2.1):

(i) c € R(c);
(ii) If ¢; and ¢y are corners of the -partial side s, then s C R(c1) |J R(s) U R(c2)
and the ¢/-boundary of R(s) is contained in R(cy) | R(c2);
(iii) The rectangles R(c) are pairwise disjoint, for all ¢ € C;
(iv) The rectangles R(s) are pairwise disjoint, for all s € Sy.

We will consider separately the cases where (i) both the stable and unstable
leaf segments are one-dimensional topological manifolds (the Anosov case);
(ii) both the stable and unstable leaf segments are Cantor sets (e.g. Smale
horseshoes); (iii) the stable leaf segments are Cantor sets and the unstable
leaf segments are one-dimensional topological manifolds (attractors); and (iv)
the stable leaf segments are one-dimensional topological manifolds and the
unstable leaf segments are Cantor sets (repellers).

Case (i). In this case A = M, and so, by the hypotheses of this lemma,
h:M — M is a C'* diffeomorphism.

Case (ii). Since A is compact and a Cantor set, there is a finite set {R,, :
1 <n < m} of pairwise disjoint rectangles with the following properties: (i)
U, R, D 4; (ii) for each rectangle R, there are charts (un,U,) € S and
(Un, Vi) € 8 such that U, D R, and h has a C'* diffeomorphic extension
hy : U, — V,. Take pairwise disjoint open sets U/ C U, such that R, C U},
and the sets V) = h,,(U},) are also pairwise disjoint. The map
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CS
5\

i U

defined by fAL|U7’1 = h, is a C'* diffeomorphic extension of the conjugacy
h:A— A

n=1

Case (iii). Since A is compact, there exists N large enough such that, for every
(N, N)-Markov rectangle R, there are charts (u,,U,) € S and (v,,V,,) € §’

such that
Un D (RnU ( U R(s)> U ( U R(c)>>
SESNNRy ceCNNRy,

and h has a C'T diffeomorphic extension h, : U, — V,. For every corner
¢ € Cn, we choose an (N, N)-Markov rectangle R, containing ¢, and an
open set U(c) D R(c) with the following properties:

(i) For every (N, N)-Markov rectangle R,, containing c,
U(c) CUpn and V(c) = hpey(U(c)) C Vins
(ii) The sets U(c) are pairwise disjoint, for all ¢ € Cy; and
(ili) The sets V(c) = hy,(e)(U(c)) are also pairwise disjoint, for all ¢ € Cy.
We define the C''* diffeomorphic extension

c: JUue—- U vie

ceCn ceCn

of A (AN (UcecN U(c))) by he|U(c) = hp(e)|U(c). Similarly, for every partial
side s € Sy, we choose an (N, N)-Markov rectangle R, containing s, and
an open set U(s) D R(s) with the following properties:

(i) For every (NN, N)-Markov rectangle R, containing s,
U(s) CUpn and V(s) = hys)(U(s)) C Vin;
(ii) The sets U(s) are pairwise disjoint, for all s € Sy;
(iii) The sets V(s) = hy(s)(U(s)) are also pairwise disjoint, for all s € Sy.
We define the C'* diffeomorphic extension

U vs)— | vis)

SESN SESN

of Al (AN (Uses U(5))) by hslU(s) = hns)|U(s). Let s € Sy be a partial
side with endpoints ¢; and c3. We define

Hy 2 upn()(U(5)) = vp(s)(V(8)) and  He, : up(s)(U(cr)) — vns)(V(er))



2.6 Complete invariant 31

by
Hy = vy 0hso u;(ls) and H¢, = vy)hco un(ls)

for k € {1,2}. We choose open sets U'(s), U'(c1), U'(c2), U"(s) and sets
U"(c1) and U”(c2) with the following properties:

) U's) = U'(cr) U (er) UU" () YU (e2) U U (c2);
) sU'(s) = s U(s);

(iii) U'(e1) YU (e1) C U(eq) and U'(c2) JU" (e2) C U(ca);
(iv) U"(c1) Cc U(s) and U"(c2) C U(s); and

(v) Uer)NU"(s) =0 and U’ (c2) U (s) = 0.

CVHHGder s B Un(5)(U'(s)) C

Now, using bump functions, there is a
R? — R? with the following properties:
(1) Hilun(s)(U"(s)) = Ha;

(i) Hlupn(s)(U'(ck)) = He,, for all k € {1,2}; and

(iil) Hy(z) = Up(s) © ho un(s)( z), for all z € uy ) (U'(s) (N A).

Using the facts that Hy and H,, coincide on uy,, (U'(s)(\U(ck) () A) and that
R(s) is compact, there is an open set U(s) C U’(s) such that sNU(s) =
sﬂ U’(s) and such that H, restricted to un(s)( (s)) is injective. Set V(s) =

Up(s )oH ou(U(s)). Letting, for every ¢ € Cy, U(c) and V (c) be the open sets
defined by

0(c) = U(e)\ <U<c>ﬂ< U U<s>>> and 7 (c) = he (U(c)) ,

sESN

(
(

/

we obtain that the map

s ( U mc>) U( U ms)) - ( U m) U( U ms))
ceCn SESN ceCn SESN
defined by

h(z) v;(ls) oH,o Un(s)(2), forall z € U cs, U(s)
z) =
he(2), for all z € U.cc, Ulc)

is a C't diffeomorphic extension of

Jenf(yrauly )

For any (N, N)-Markov rectangle R,,, letting

Un< U 0<cz>>U< U 0(57;)),

cER,NCN sER,NSN
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we have that OR,, C U,. We take open sets U,, with pairwise disjoint closures

and such that U, U U, D R,. Using bump functions, there is a C'* injective
map

I:In D Up (U}LUﬁn) Cc R? - R?
with the following properties:
(i) Ho(2) = vn 0 hous (2), for all z € u, (U \ (5n mﬁn)
(i) H,(2) = vp 0 hy ou; (2), for all z € u, ((}n\ ((:]nﬂf]n)), and
(iii) H,(z) = vn 0 hou; (2), for all z € u, (Aﬂ (l:]n UUn)>

Using the fact that v, o ho u, ! and v, o h, ou, ! coincide on wu, (/1 N U, )

there is an open set U, C U U U containing R,, such that H,, restricted to
Up (Un> is injective. Set Vn =, Lo H o Uy, (U ) Therefore, the map

i o, — U
R, R,

defined by ) . -
h(z) = v, o H, ou,(z), for all z € Uy,

is a C1* diffeomorphism with iz\/l = h, which ends the proof of this case.

Case (iv) The proof follows in a similar way to the case (iii). O

Lemma 2.13. Let 1,92 € T(f, A). The maps g1 and go are C'* conjugated
if, and only if, they determine the same HR structures on A.

Proof. Since the HR structures induced by g; and g are the same, for every
z € A and every rectangle R containing z, we have that the orthogonal charts
i : R — R? defined by the HR structure are also the same for g; and g». By
Proposition 2.11, for every z € A, there is an open set W of M and there is
an orthogonal chart i : R — R? with the following properties:

(i) WNER=WN4
(i) i[(WNA) extends to a chart (u, W) that is C'* compatible with the
structure Sy, ; and
(iii) | (W A) extends to a chart (v, W) that is C'* compatible with the
structure S, .

Hence, the map vou™' : u(W) — v(W) is a C1* diffeomorphism that extends
the topological conjugacy between g; and go restricted to R, given by the
identity map id : R — R. Hence, taking a finite set of rectangles that cover
A, by Lemma 2.12, the topological conjugacy between g; and g, has a C'+
diffeomorphic extension to an open set of M. [
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2.7 Moduli space

Given a HR structure (r*, %), we are going to construct a corresponding C1*
structure S(r®,r*). Let {Ry,..., R,} be a Markov partition for f. For every
Markov rectangle R,,, we take a rectangle R,, D R,, that contains a small
neighbourhood of R,, with respect to the distance d,. We construct an or-

thogonal chart 4,, : R, — R? as in Lemma 2.10. Let Ay, ¢ : im (Rm N Rk> —
ik (Rmﬂﬁk) be the map defined by hy, x(z) = i o iy, '(z). By Lemma

2.10, there is a C't diffeomorphic extension Hpgk : Ungk — Ugm of hpy i
that sends vertical lines into vertical lines and horizontal lines into horizontal
lines. Let us denote by S, the rectangle in R? whose boundary contains the
image under i,, of the boundary of R,,. For every pair of Markov rectangles
R,, and Ry that intersect in a partial side I, = Ry, () Ry, let Jp,, and
Jk.m be the smallest line segments containing, respectively, the sets i, (I k)
and i (L k). Hence, Jim = Hp g (Jm i) Let M =" _, Sy /{Hm i} be the
disjoint union of the squares S,, where we identify two points = € J,, ; and
Yy € Jgm if Hym(z) = y. Hence, M is a topological surface possibly with
boundary. By taking appropriate extensions E,, of the rectangles S, and us-
ing the maps H,,  to determine the identifications along the boundaries, we
get a surface M= LI" _ Em/{Hpm.} without boundary. The surface M has a
natural smooth structure Syr that we now describe: if a point z is contained
in the interior of F,,, then we take a small open neighbourhood U, of z con-
tained in F,, and we define a chart u, : U, — R? as being the inclusion of
U.NE into R2. Otherwise z is contained in a boundary of two or three or
four sets E,,,, ..., Ep, that we order such that the maps I, mys -5 Iy ms
are well-defined. In this case we take a small open neighbourhood U, of z and
we define the chart u, : U, — R? as follows:

(i) un| (U, Ey) is the inclusion of U, N E,, into R?; and
(i) un| (U-NEj) = Hmp_yymy © - © Hypyomy oy, for j € {1,...,n — 1},

Since the maps Hyyy mys-- -3 Hm,_y,m, and Hy, n, are smooth, we obtain
that the set of all these charts form a C'* structure S(r*,r*) on M.

We will also denote by A its embedding into M. A rectangle is also the
embedding of a rectangle into M. By Lemma 2.10 and by construction of the
maps H,, j, for every z € A and for every rectangle R, the orthogonal chart
i, : R, — R? has an extension v, whose restriction to an open set V, of z is
a chart C'* compatible with the structure S(r®,r%).

We state a proposition due to Journé [64] that we will use in the proof of
the Theorem 5.7.

Proposition 2.14. If f is a continuous function in an open set V. C R?
that is C" along the leaves of two transverse foliations with uniformly smooth
leaves, then f is C".
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Lemma 2.15. Given an HR structure (r®,r") on A, there is g € T(f, A) such
that (rs o, g) = (r°,r%).

Proof. For every z € A, there is a rectangle R, and a chart (u,,U,) € S(r®, r*)
with the following properties:

(i) z€ R.NU, and R,NU, = AN U,; and
(i) u.|(ANU.) = i.| (R.NU.), where i, : U, — R? is an orthogonal chart
as constructed in §2.5.

Hence, the map ug(;yo fou; 4 (R Nft Rf(z))) has an affine diffeomorphic
extension F, : R? — R2 Taking U, = u.(U.) N F;* (ups) (Up))) and V. =
F, (U}), we obtain that the map

foruZ (UL — “_(1z)

defined by u 'oF.ouy(,) isa C'* diffeomorphic extension of f| (A u; ! (UY))
with respect to the C'* structure S(r*,r%). Thus, by compactness of A and
by Lemma 2.12, the map f : A — A has a C'* diffeomorphic extension
g to an open set Ups of M with respect to the structure S(r®,r*). Let X
be the horizontal axis in R? and X" be the vertical axis in R2. For every
2z € A, we have that T,M = E$@ EY, where E! = du,(z)"1(X"). Since
u. (¢ (2, R:) N U.) C X*, we obtain that d¢(z) (E7) = Ej ). Now, we take a
C'T Riemannian metric p on M compatible with the C** structure S(r®, r*).
By bounded geometry of the atlases A(r®) and A(r*) associated with the HR
structure (r®,r"), there exist constants C' > 0 and A > 1 with the following
properties:

(i) [dp~"(z)v%], = CA"™ |v®] , for all v* € EZ; and
(ii) [dg"(2)v"], = CA™ [v*],, for all v™ € EY.

Therefore, ¢ is a C'* hyperbolic diffeomorphism in 7(f, A). By the Stable
Manifold Theorem, for every z € A, there are stable and unstable C** full leaf
segments passing through z. For every triple (y, z,w) of points in ¢(z, R.),
let ¢(y, z) be the t-leaf segment with endpoints y and z and ¢“(z,w) be the
t-leaf segment with endpoints z and w. Applying Lemma 1.2, we obtain that

£ oo
e, | <O U@k,

where 0 < a < 1 and the constant of proportionality are uniform on z €
A. Therefore, the HR structure determined by ¢ is equal to the initial HR
structure (r°,r*). O

Putting together Lemmas 2.8, 2.13 and 2.15, we obtain the following the-
orem.

V)

log TL(KL(ya Z)? (2, w))

Theorem 2.16. The map g — (1 Tgs g) determines a one-to-one correspon-
dence between C*t conjugacy classes of g € T(f, A) and HR structures

Glors (Tg’ rg)
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A structure S, of a C" hyperbolic diffeomorphism g € 7(f, A) is holonom-
ically optimal, if it maximizes the smoothness of the holonomies amongst the
systems in the C'* conjugacy class of g.

Theorem 2.17. (i) The C'* structure S(r®,r*) is the holonomically optimal
representative of its C't conjugacy class.

(ii) If g1 and go are C" Anosov diffeomorphisms, with r > 1, determining
the same HR structure, then they are C" conjugated.

Proof. Let g € T(f,A). Let ¢, : I — [0,1] be defined as dy ,, o di 5, where
dy I — f7™(I)is given by f ", and da,, = A 0y, where 4,, : f,"(I) = R
is contained in a bounded C" lamination atlas with bounded geometry Aj
induced by ¢, and ) is the affine map of R that sends the endpoints of 4,,(f, ™ 1)
into 0 and 1. Using (2.6), we obtain that ¢ = lim ¢, is a chart of the form given
in (2.3) with respect to 7* (up to scale) and ¢ is C** compatible with the charts

in Aj. Since the atlas Aj, has bounded geometry, the function d ;, 0 dy,, 07y !

is the composition of an exponential contraction i, ody , 07y Lin the C" norm
followed by a linear map A. Hence, there exists C' > 0 such that the C" norm
of dgn 0ody 0 ial is bounded by C, for all n > 0. Thus, by Arzela-Ascoli’s
Theorem, we obtain that the sequence da , o dy p, © z'gl converges in the C"~¢
norm to a C" map d with C” norm also bounded by C. Hence, ¢ = d o ial
is C" compatible with the charts in A%, and so A(r*) is a C" atlas. Thus, if
the ¢-basic holonomies 8 : I — J are C°, for some 1 < s < r, with respect to
the charts in A%, then the basic holonomies are also C* with respect to the
charts in A(r*). Since by Lemma 2.8 the charts in A(r*) do not depend upon
the C"' hyperbolic realizations ¢ that are C'* compatible with ¢, we obtain
that the basic holonomies attain, with respect to the atlas A(r*), at least the
maximum smoothness of the basic holonomies with respect to any atlas A;
induced by these realizations .

By construction of the structure Syr in Lemma 2.15, the smoothness of
the hyperbolic representative in this structure and the smoothness of the
basic holonomies in this structure are equal to the smoothness of the basic
holonomies with respect to the atlases A(r®) and A(r"), which ends the proof
of part (i) of this theorem.

Let ¢ and ¢ be two C" Anosov diffeomorphisms that are C'* conjugated,
and let Ay and Aj, be, respectively, C" atlases induced by ¢ and ¢. By
Lemma 2.8, ¢ and v determine the same pair of ratio functions (r*,r%). As
before, the charts in A(r*) are C" compatible with the charts in Aj and
Ai/n and the overlap maps have C” uniformly bounded norm. Therefore, the
conjugacy between ¢ and v is C" along the stable and unstable leaves of the
transverse stable and unstable foliations with uniformly smooth leaves. Hence,
by Proposition 2.14 due to Journé [64], the conjugacy is C”, which ends the
proof of part (ii) of this theorem. O
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2.8 Further literature

Sullivan and Ghys [44] defined affine structures on leaves for Anosov diffeo-
morphisms. Pinto, Rand and Sullivan developed a similar notion to HR struc-
tures for 1-dimensional expanding dynamics (see [158, 175, 230]). For Anosov
diffeomorphisms of the torus that are C2, the eigenvalue spectrum is also
known to be a complete invariant of smooth conjugacy (see De la Llave [70],
De la Llave, Marco and Moriyon [71], and Marco and Moriyon [75, 76]), but
for hyperbolic systems on surface other than Anosov systems the eigenvalue
spectra is only a complete invariant of Lipschitz conjugacy. A moduli space
for Anosov diffeomorphisms of tori has been constructed by Cawley [21]. This
is in terms of cohomology classes of Holder cocycles defined on the torus. Its
effectiveness for Anosov systems relies on the fact that the Lipshitz and C'+
theories coincide. This chapter is based on Pinto and Rand [163].
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Solenoid functions

We present the definition of stable and wunstable solenoid functions, and
introduce the set PS(f) of all pairs of solenoid functions. To each HR struc-
ture we associate a pair (o°,0") of solenoid functions corresponding to the
stable and unstable laminations of A, where the solenoid functions o° and
o' are the restrictions of the ratio functions r* and r*, respectively, to sets
determined by a Markov partition of f. Since these solenoid function pairs
form a nice space with a simply characterized completion, they provide a
good moduli space for C'* conjugacy classes of hyperbolic diffeomorphisms.
For example, in the classical case of Smale horseshoes, the moduli space is
the set of all pairs of positive Holder continuous functions with the domain

{0, 1}V,

3.1 Realized solenoid functions

We are going to give an explicit construction of the solenoid functions for each
hyperbolic diffeomorphism g € 7(f, A).

Definition 7 Let sol* denote the set of all ordered pairs (I,J) of i-leaf seg-
ments with the following properties:

(i) The intersection of I and J consists of a single endpoint.

(i1) If 6,y =1, then I and J are primary c-leaf cylinders.

(111) If 0 < &, 5 < 1, then f,(I) is an t-leaf 2-cylinder of a Markov
rectangle R and f,(J) is an t-leaf 2-gap also contained in the same
Markov rectangle R.

(See section 1.2 for the definitions of leaf cylinders and gaps). Pairs (I, J)
where both are primary cylinders are called leaf-leaf pairs. Pairs (I, .J) where
J is a gap are called leaf-gap pairs and in this case we refer to J as a primary
gap. The set sol" has a very nice topological structure. If §,, ; = 1 then the
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set sol" is isomorphic to a finite union of intervals, and if 6,/ y < 1 then the
set sol is isomorphic to an embedded Cantor set on the real line.
We define a pseudo-metric dgope : sol* x sol* — R™ on the set sol* by

dsore (1, J),(I',J") = max{da (I, I'),da (J,J')}.

Definition 8 Let g € T(f, A). We call the restriction of an t-ratio function
74 to sol’ a realized solenoid function o, i.e for every (I,.J) € sol’,

- gr (Dl _ . lgr (Dl
o (I:J) = lim ———C8 = lim (3.1)
n=oe |gn ()], oo |gin ()]

in

Equality (3.1) follows from equality (2.7). By construction, the restriction
of an «-ratio function to sol* gives an Holder continuous function satisfying the
matching condition, the boundary condition and the cylinder-gap condition
as we now describe.

3.2 Holder continuity
The Holder continuity of realized solenoid functions means that for ¢t = (1, J)
and t' = (I, J’) in sol, ’02(75) - ag(t’)} < O ((dsore (¢,¢))™), for some a > 0.

The Holder continuity of o and the compactness of its domain imply that oy
is bounded away from zero and infinity.

3.3 Matching condition

Let (I,J) € sol* be leaf-leaf pair and suppose that we have leaf-leaf pairs
(Io, I1), (I1, 1), . ..y (In—2, In—1) € sol"

such that f,(I) = U;_, I; and f,(J) = U=, I;. Then,

k—1 k—1 j
- n—1 - n—1 j '
[f.(J)] Zj:k ‘Ij| Zj:k 2:1 il /[ Zi-1]

Hence, noting that g|A4 = f|A, the realized solenoid function o, must satisfy

the following matching condition (see Figure 3.1), for all such leaf segments:

k‘7 j L
1+ ijll g:l Ug(Ii : Iifl)
e ey o4 (T Iia)

og(l:J)= (3.2)
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Gy (L)
I - A J
fly,  f,  fI,  fl;  fly
~ ~ ~ ~ v

0,(gl)) Osgily  Osglnly) Oq(I3.14)

Fig. 3.1. The f-matching condition for stable leaf segments.

3.4 Boundary condition

If the stable and unstable leaf segments have Hausdorff dimension equal to 1,
then leaf segments I in the boundaries of Markov rectangles can sometimes be
written as the union of primary cylinders in more than one way. This gives rise
to the existence of a boundary condition that the realized solenoid functions
have to satisfy as we now explain.

If J is another leaf segment adjacent to the leaf segment I, then the value
of |I|/|J] must be the same whichever decomposition we use. If we write
J=1Iy=Kpand I as |J~, I; and U?Zl K; where the I; and K are primary
cylinders with I; # K, for all 7 and j, then the above two ratios are

S LM Sy UK
211 L] 1] ‘EU K|
=1 j5=1

i=1j=1

Thus, noting that g|A = f|A, a realized solenoid function o, must satisfy the

following boundary condition (see Figure 3.2), for all such leaf segments:

ZHU; (I] Zijl):ZHO'; (KJ ZKjfl). (33)

i=1j=1 i=1j=1

Gog(pd))  Oy(lply)
A A

Iy [ ‘ I

Ko K]‘ K, ‘K3

~_F @~ ~

Gs,g (KO’KI) Gs,g (Kl ’KZ) Gs,g (K2 ’KS)

Fig. 3.2. The boundary condition for stable leaf segments.



40 3 Solenoid functions

3.5 Scaling function

If the t-leaf segments have Hausdorff dimension less than one and the ¢/-leaf
segments have Hausdorff dimension equal to 1, then a primary cylinder I in
the -boundary of a Markov rectangle can also be written as the union of gaps
and cylinders of other Markov rectangles. This gives rise to the existence of a
cylinder-gap condition that the ¢-realized solenoid functions have to satisfy.

Before defining the cylinder-gap condition, we will introduce the scaling
function that will be useful to express the cylinder-gap condition, and also the
bounded equivalence classes of solenoid functions (see Definitions 10) and the
(9, P)-bounded solenoid equivalence classes of a Gibbs measure (see Definition
27).

Let scl® be the set of all pairs (K, J) of t-leaf segments with the following
properties:

(i) K is a leaf ny-cylinder or an ni-gap segment for some ny > 1;
(ii) J is a leaf no-cylinder or an no-gap segment for some ny > 1;
(iii) m™ 1K and m™2~1J are the same primary cylinder.

Lemma 3.1. For every function o* : sol' — RT, we present a unique exten-
sion st of o' to scl'. Furthermore, if o' is the restriction of a ratio function
r‘|sol’ to sol’, then s* = r*|scl".

Remark 3.2. We call s* : scl* — RT the scaling function determined by the
solenoid function o* : sol* — R™.

Proof of Lemma 3.1. Let us construct the t-scaling function s : scl* — R™ from
an t-solenoid function o. Let us proceed to construct the t-scaling function
s : scl' — RT from an t-solenoid function o. Suppose that J is an t-leaf
n-cylinder or n-gap. Then, there are pairs

(107 Il), (Ihfg), ey (Il,h Il) € sol*

such that mJ = U] 0 "U(I;) and J = £ (1), for some 0 < s < [. Let us
denote f7~*(I;) by I 5 for every 0 < s < l. Then,

l / s— 1J+1 I |

J z +1
Z— 1+ZH 1 it 7
:0 S j=0i=s Z j=s+1i=s

where the first sum above is empty if s = 0, and the second sum above is
empty if s = 1. Therefore, we define the extension s, from o4 to the pairs

(md,J) b

s—1j+1

(mJJ *1+ZH09 i— 1, Z HO'g H—l’

7j=01=s Jj=s+11i=s
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where the first sum above is empty if s = 0, and the second sum above is
empty if s = 1. For every (K, J) € scl’, there is a primary leaf segment I such
that m™ K = I = m™2J, for some mq > 1 and mo > 1. Then,

K|y _lm/J] m/ K|
/] _ElmjflJIH ImI K|

Therefore, we define the extension s to (K, J) by

mi m2
s(K,J) = H s(m? J,m? 1) H s(m P K,m?K).
Jj=1 j=1

Hence, we have constructed a scaling function s from o on the set scl* such
that if o is the restriction of a ratio function ry|sol* to sol’, then s = r}[scl".
O

3.6 Cylinder-gap condition

Let (I, K) be a leaf-gap pair such that the primary cylinder I is the :-boundary
of a Markov rectangle R;. Then, the primary cylinder I intersects another
Markov rectangle Ry giving rise to the existence of a cylinder-gap condition
that the realized solenoid functions have to satisfy as we proceed to explain.
Take the smallest [ > 0 such that f, (I)Uf% (K) is contained in the intersection
of the boundaries of two Markov rectangles M7 and Ms. Let M7 be the Markov
rectangle with the property that M; N f}(R;) is a rectangle with non-empty
interior (and so My N f!,(Rz) also has non-empty interior). Then, for some
positive n, there are distinct n-cylinder and leaf gap segments Ji,...,Jn
contained in a primary cylinder of M5 such that ff, (K) = J,, and the smallest
full i-leaf segment containing f% (1) is equal to the union U;’;lji’ where J; is
the smallest full (-leaf segment containing .J;. Therefore, we have that

Dl
=

Hence, noting that g|A = f[A, a realized solenoid function o, must satisfy the
cylinder-gap condition (see Figure 3.3), for all such leaf segments:

m—1
SILE) = s (i, Jm)
=1

where s is the scaling function determined by the solenoid function oy.

3.7 Solenoid functions

Now, we are ready to present the definition of an ¢-solenoid function.
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R

2 1 o m-1 m
RZ

Fig. 3.3. The cylinder-gap condition for ¢-leaf segments.

Definition 9 An Hélder continuous function o : sol* — R7T is an t-solenoid
function, if o* satisfies the following conditions:

(i) If 6, = 1 the matching condition. Furthermore, if s 5 = 6y, f = 1,
the boundary condition;
(i) If 0,5 < 1 and 0,y =1, the cylinder-gap condition.

We denote by PS(f) the set of pairs (0%, 0%) of stable and unstable
solenoid functions.

Lemma 3.3. The map r* — r*|sol” gives a one-to-one correspondence between
t-ratio functions and t-solenoid functions.

Proof. Every t-ratio function restricted to the set sol* determines an ¢-solenoid
function r*|sol‘. Now we prove the converse. Since the solenoid functions are
continuous and their domains are compact, they are bounded away from 0
and oco. By this boundedness and the f-matching condition of the solenoid
functions and by iterating the domains sol® and sol" of the solenoid functions
backward and forward by f, we determine the ratio functions r® and r* at
very small (and large) scales, such that f leaves the ratios invariant. Then,
using the boundedness again, we extend the ratio functions to all pairs of
small adjacent leaf segments by continuity. By the boundary condition and
the cylinder-gap condition of the solenoid functions, the ratio functions are
well determined at the boundaries of the Markov rectangles. Using the Holder
continuity of the solenoid function, we deduce inequality (2.2). O

The set PS(f) of all pairs (0°,0%) has a natural metric given by the
supremo. Combining Theorem 2.16 with Lemma 3.3, we obtain that the set
PS(f) forms a moduli space for the C1* conjugacy classes of C1* hyperbolic
diffeomorphisms g € T(f, A):

Theorem 3.4. The map g — (r;|sol”, ry[sol") determines a one-to-one corre-
spondence between C*+ conjugacy classes of g € T(f, A) and pairs of solenoid
functions in PS(f).

Definition 10 We say that any two t-solenoid functions o : sol* — RT and
o9 :sol' — RT are in the same bounded equivalence class, if the corresponding
scaling functions s1 : scl* — Rt and sy : scl' — R satisfy the following
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property: There exists a constant C' > 0 such that, for every t-leaf (i + 1)-
cylinder or (i + 1)-gap J,

[log s1(J,m"J) —log s2(J,m'J)| < C. (3.4)

In Lemma 10.9, we prove that two C'* hyperbolic diffeomorphisms g; and
ge are lippeomorphic conjugate if, and only if, the solenoid functions oy and

0,4, are in the same bounded equivalence class.

3.8 Further literature

The solenoid functions were first introduced in Pinto and Rand [158, 163]
inspired in the scaling functions introduced by E. Faria [28], Feigenbaum [31,
32], Sullivan [230], Y. Jiang et al. [59] and Y. Jiang et al. [60]. The completion
of the image of ¢ is the set of pairs of continuous solenoid functions which
is a closed subset of a Banach space. They correspond to f-invariant affine
structures on the stable and unstable laminations for which the holonomies
are uniformly asymptotically affine (uaa) (see definition of (uaa) in Ferreira
[35], Ferreira and Pinto [36] and Sullivan [231]). This chapter is based on Pinto
and Rand [163].
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Self-renormalizable structures

We present a construction of C'* stable and unstable self-renormalizable
structures living in 1-dimensional spaces called train-tracks. The train-tracks
are a form of optimal local leaf-quotient space of the stable and unstable lam-
inations of A. Locally, these train-tracks are just the quotient space of stable
or unstable leaves within a Markov rectangle, but globally the identification
of leaves common to two more than one rectangle gives a non-trivial structure
and introduces junctions. They are characterised by being the compact quo-
tient on which the Markov map induced by the action of f is continuous with
the minimal number of identifications. A smooth structure on the stable or un-
stable leaves of A induces a smooth structure on the corresponding train-tracks
and wice-versa. Then we use the fact that the holonomies of codimension one
hyperbolic systems are C'* to see that the holonomies induce C''* mappings
of train-tracks. Together with the Markov maps, give rise to what we call C+
self-renormalizable structures. We prove then the existence of a one-to-one
correspondence between stable and unstable pairs of C1* self-renormalizable
structures and C'* conjugacy classes of hyperbolic diffeomorphisms. We use
this result to prove that given C'*# hyperbolic diffeomorphisms f and g that
are topologically conjugate, if the topological conjugacy is differentiable at a
point x € Ay and the derivative at = has non-zero determinant, then h admits
a C1TH extension to an open neighbourhood of Ay.

4.1 Train-tracks

Roughly speaking, train-tracks are the optimal leaf-quotient spaces on which
the stable and unstable Markov maps induced by the action of f on leaf
segments are local homeomorphisms.

For each Markov rectangle R, let t}; be the set of //-segments of R. Thus
by the local product structure one can identify t%; with any spanning ¢-leaf
segment ¢*(x, R) of R. We form the space B* by taking the disjoint union
||zer t (union over all Markov rectangles R of the Markov partition R) and
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identifying two points I € t and J € tY, if either (i) the ¢/-leaf segments I
and J are «/-boundaries of Markov rectangles and their intersection contains
at leat a point which is not an endpoint of I or J, or (ii) there is a sequence
I=1,...,I, = J such that all I;, I;;1 are both identified in the sense of (i).
This space is called the ¢-train-track and is denoted B*.

Let 7. : | Jger B — B* be the natural projection sending x € R to the
point in B* represented by EL'(J:,R). A topologically regular point I in B* is
a point with a unique preimage under 7wg. (that is the pre-image of I is not
a union of distinct «/-boundaries of Markov rectangles). If a point has more
than one preimage by 7g., then we call it a junction. Since there are only
a finite number of ¢-boundaries of Markov rectangles, there are only finitely
many junctions (see Figure 4.1).

RS ——

Fig. 4.1. This figure illustrates a (unstable) train-track for the Anosov map g¢ :
R?\ (Zv x Zw) — R?\ (Zv x Zw) defined by g(x,y) = (z + y,y). The rectangles A
and B are the Markov rectangles and the vertical arrows show paths along unstable
manifolds from A to A and from B to A. The train-track is represented by the pair
of circles and the curves below it show the smooth paths through the junction of
the two circles which arise from the smooth paths between the rectangles A and
B along unstable manifolds. Note that there is no smooth path from B to B even
though in this representation of the train-track it looks as though there ought to be.
This is because there is no unstable manifold running directly from the rectangle B
to itself.

Let dp. be the metric on B* defined as follows: if £, € B¢, dg.(&§,7n) =
dA(577I)~
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4.2 Charts

We say that It is a train-track segment, if there is an (-leaf segment I, not
intersecting t-boundaries of Markov rectangles, such that mpg.|I is an injection
and mg.(I) = Ir. Let A be an (-lamination atlas (take for instance A equal
to A*(f,p) or to A(r%)). The chart i : I — R in A determines a train-track
chart ip : It — R for Iy given by ip =0 ﬂ'g}. We denote by B the set of all
train-track charts for all train-track segments determined by A.

Two train-track charts (ir, I7) and (jr, Jr) on the train-track B¢ are C1+
compatible, if the overlap map jr o i;l sip(Ir N Jyp) — jr(Ir N Jr) has a
O™ extension. A C'*t atlas B is a set of C'T compatible charts with the
following property: For every short train-track segment Kp there is a chart
(ir,I7) € B such that Kr C Iy7. A O structure S on B* is a maximal
set of C'* compatible charts with a given atlas B on B‘. We say that two
C'* structures S and S’ are in the same Lipschitz equivalence class, if, for
every chart e; in § and every chart ey in &', the overlap map e o e5 ! has a
bi-Lipschitz extension.

Given any train-track charts ip : It — R and jpr : Jr — Rin B, the overlap
map jr o i;l sip(Ir N Jr) — jr(Ir N Jr) is equal to jr o i;l =jofoil,
where i =i omg. : I — R and j = jr omg. : J — R are charts in A, and

0:i Yir(IrNJr)) — i Gr(Ir N Jr))

is a basic t-holonomy. Let us denote by B‘(g,p) and B(ry) the train-track
atlases determined, respectively, by A‘(g, p) and A(r;) with g € T(f, A).

Lemma 4.1. The atlases B'(g,p) and B(r}) are C'F.

Proof. Since A“(g,p) and A(r;) are C'* foliated atlases, there exists 7 > 0
such that, for all train-track charts ir and jr in B‘(g,p) (or in B(r)), the
overlap maps jr o i}l = jofoi~! have C'*" diffeomorphic extensions with
a uniformly bound for their C'*" norm. Hence, B*(g, p) and B(ry) are cttn
atlases. [J

4.3 Markov maps

The Markov map m, : B — B* is the mapping induced by the action of f
on leaf segments, that it is defined as follows: If I € B*, m,(I) = . (f.({))
is the ¢/-leaf segment containing the f,-image of the ¢/-leaf segment I. This
map m, is a local homeomorphism because f, sends a short :-leaf segment
homeomorphically onto a short ¢-leaf segment.

Consider the Markov map m, on B* induced by the action of f on /-
leaves and described above. For n > 1, an n-cylinder is the projection into
B* of an i-leaf n-cylinder segment in A. Thus, each Markov rectangle in A
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projects in a unique primary t-leaf segment in B*. For n > 1, an n-gap of m,
is the projection into B* of a t-leaf n-gap in A. We say that B* is a no-gap
train-track if B* does not have gaps. Otherwise, we call B* a gap train-track.

Given a topological chart (e,U) on the train-track B* and a train-track
segment C' C U, we denote by |C|. the length of the smallest interval con-
taining e(C). We say that m, has bounded geometry in a C** atlas B if there
is k1 > 0 such that, for every n-cylinder C; and n-cylinder or n-gap Cs with
a common endpoint with C7, we have li;l < |C1]e/|Cale < K1, where the
lengths are measured in any chart (e, U) of the atlas such that C; UCy C U.

We note that if m, has bounded geometry in a C'* atlas B, then there are
ke > 0 and 0 < v < 1 such that |C|. < ko™ for every n-cylinder or n-gap C
and every e € 3. We say that the Markov map m, is expanding with respect
to an atlas B if there are ¢ > 0 and A > 1 such that, for every x € B* and
every n > 0,

(jomp o i_l)/ () > A",

where ¢ : I — R and j, : J — R are any charts in B such that x € I and
f™(x) € J,. We note that m, has bounded geometry in B if, and only if, m,
is expanding with respect to B.

Lemma 4.2. The Markov map m, is a C'T local diffeomorphism with bounded
geometry with respect to the atlases B(r") and B'(g, pg)-

Proof. Since f on A along leaves has affine extensions with respect to the
charts in A(r*) and the basic (-bolonomies have C'*" extensions we get that
the Markov maps m, also have C'*" extensions with respect to the charts
in B(r*) for some n > 0. Since A(r*) has bounded geometry, we obtain that
m, also has bounded geometry in B(r*). Since, for every g € T(f, A), the C**
lamination atlas A*(g, py) has bounded geometry we obtain that the Markov
map m, has C1*7 extensions with respect to the charts in B*(g, pg), for some
n > 0, and has bounded geometry. [J

4.4 Exchange pseudo-groups

The elements 6, = éfﬂ/ of the holonomy pseudo-group on B* are the mappings
defined as follows. Suppose that I and J are t-leaf segments and 6 : [ — J
a holonomy. Then, it follows from the definition of the train-track B* that
the map 6 : mg. (I) — 7p.(J) given by 0(np.(z)) = 7. (A(z)) is well-defined.
The collection of all such local mappings forms the basic holonomy pseudo-
group of B*. Note that if = is a junction of B*, then there may be segments
I and J containing z such that I N J = {z}. The image of I and J under the
holonomies will not agree in that they will map x differently.
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Fig. 4.2. A Markov partition for the Smale horseshoe f into two rectangles A and
B. A representation of the Markov maps ms : ©° — ©° and m, : O — O for
Smale horseshoes.

4.5 Markings

Recall, from §1.2, the definition of the two-sided shift 7 : © — © on the two
sided symbol space © and of the marking i : © — A.

Let O be the set of all words wgw; ... which extend to words ... wows ...
in @, and, similarly, let @° be the set of all words ...w_jwy which extend
to words ...w_iwp... in ©. Then, 7, : ©® — O and 7w, : @ — OF are the
natural projection given, respectively, by
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Fig. 4.3. A representation of the Markov maps ms : ©° — ©° and m,, : O — "
as maps of the interval for Anosov diffeomorphisms.

Ty (. W_wowy .. .) = Wowy . .. and  7e(...w_qwowy ...) = ... w_jwo .

An n-cylinder Oy, is equal to my(Owy.. w, ,) Where Oy w, , is a
(0,n — 1)-cylinder of ©, and an n-cylinder O (n_1ywo 1S €qual to
Ws(@wi(nil)_“wo) where O, _,).w, 15 a (n — 1,0)-cylinder of ©. Let
Ty : O — @" and 7, : ©° — O° be the corresponding one-sided shifts.

The Markov partition R = {Ri,..., Ry} for (f,A) induces a Markov
partition R* = {RY,..., R, } for the Markov map m, on the train-track B*.
The marking i : © — A determines unique markings i, : @ — B* and iy :
©° — B* such that iu(wowl .. ) = miZORzi and is(. . .U}_lwo) = ﬂizoRﬁi.
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We note that mg. o4 = i, o, . The map ¢, is continuous, onto B* and
semiconjugates the shift map on ©@* to the Markov map on B*. Defining ¢,&’ €
O to be equivalent (¢ ~ &) if i*(e) = i*(¢’), we get that the space O*/ ~ is
homeomorphic to the train-track B*.

4.6 Self-renormalizable structures

The Ot structure S, on B* is an ¢ self-renormalizable structure, if it has the
following properties:

(i) In this structure the Markov mapping m, is a local diffeomorphism
and has bounded geometry in some C'* atlas of this structure.

(ii) The elements of the basic holonomy pseudo-group are local diffeomor-
phisms in §,.

We say that B is a C'* self-renormalizable atlas, if B has bounded geom-
etry and extends to a C'T self-renormalizable structure. By definition, a C''*
self-renormalizable structure contains a C'* self-renormalizable atlas.

Lemma 4.3. A C'* foliated i-lamination atlas A induces a C** 1 self-
renormalizable atlas B on B* (and vice-versa).

Since A(r*) and A*(p) are C1* foliated -lamination atlases, we obtain that
the atlases B(r*) and B*(g, p) determine, respectively, C** self-renormalizable
structures S(r*) and S(g,¢) (see also lemmas 4.1 and 4.2).

Proof of lemma 4.3. The holonomies are C't with respect to the atlas A,
and so the charts in B are C'* compatible and the basic holonomy pseudo-
group of B* are local diffeomorphisms. Since A has bounded geometry, the
Markov mapping m, is a local diffeomorphism and also has bounded geometry
in B. Therefore, B is a C't self-renormalizable atlas and extends to a C'+
self-renormalizable structure S(B) on B*.

Lemma 4.4. The map r* — S(r*) determines a one-to-one correspondence
between t-ratio functions (or, equivalently, t-solenoid functions r*|sol") and
C'* self-renormalizable structures on B*.

Proof. Every ratio function r* determines a unique C'* self-renormalizable S.
Conversely, let us prove that a given C'* self-renormalizable structure S on
B* also determines a unique ratio function rs. Let B be a bounded atlas for
S. Consider a small leaf segment K and two leaf segments I and J contained
in K. Since the elements of the basic holonomy pseudo-group on B* are C''*
and the Markov map is also C'T and has bounded geometry, we obtain by
Taylor’s Theorem that the following limit exists
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) — T M
m. (I "“( 1+ O(m(B)[7) (4.1)

|7"L(

where the size of the leaf segments are measured in charts of the bounded atlas
B. Furthermore, by §2 and (4.1), the charts in B(r*) and the charts in B are
C' equivalent, and so determine the same C'* self-renormalizable structure.
UJ

4.7 Hyperbolic diffeomorphisms

Let g € T(f,A) and A(g, p) be the C**foliated ¢-lamination atlas determined
by the Riemannian metric p. As shown in §4.6, the atlas A(g, p) induces
a O self-renormalizable atlas B(g,p) on B* which generates a C'* self-
renormalizable structure S(g,¢).

Lemma 4.5. The mapping g — (S(g,s),S(g,u)) gives a 1-1 correspondence
between C1T conjugacy classes in T (f, A) and pairs (S(g,s),S(g,u)) of C1F
self-renormalizable structures. Furthermore, ry = rg(g s) and rg = rg(g W

Proof. By Lemma 4.4, the pair (S, S,,) determines a pair (rg|sol®, r&|sol") of
solenoid functions and vice-versa. By Theorem 3.4, the pair (r%|sol®, r%|sol")
determines a unique C'* conjugacy class of diffeomorphisms g € 7 (f, A)
which realize the pair (rg|sol®,r%|sol) and vice-versa (and so (S(g,s),
S(g,u)) = (Ss,Su)). Farthermore, by Lemma 3.3, we get rg = rg, ) and

u u
Tg = TS(gu)" O

4.8 Explosion of smoothness

The following result for C'* hyperbolic diffeomorphisms f and g topologically
conjugate by h shows that the smoothness of the conjugacy extends from a
point to a neighbourhood of the invariant set Ay.

Theorem 4.6. Let f and g be C1THOeT hynerbolic diffeomorphisms that are
topologically conjugate on their basic sets Ay and Ag. If the conjugacy is dif-
ferentiable at a point x € Ay, then f and g are ClHHslder conjugate with
non-zero determinant.

Proof. Given a Markov partition My = {Ry,..., Ry} of f, we consider the
Markov partition of g given by M, = {h(R1),...,h(R.,)}. The conjugacy
h: Ay — Ay determines the conjugacy s : B} — By between the Markov
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maps my¢,s and mg s, and the conjugacy 1, : B}% — By between the Markov
maps my,,, and mg, such that the following diagrams commute:

Ay g, Ay g,
lﬂf,s lﬂf,s and lﬂ'f,u lwm
s bs s u Yu u
Bf — Bg Bf — Bg

O

Since the conjugacy h is differentiable at a point = € A, the conjugacies 4
and 1, are differentiable at the points 77 s(x) and 77, (z) with respect to the
atlases B*(f, pf), B*(g,pq), B(f,ps) and B*(g, py) compatible with the C+
structure of the full leaf segments determined by the Stable Manifold Theorem.
By Alves et al. [6], the Markov maps my s and mgy , are C'* conjugate, and
the Markov maps my, and mg, are C't conjugate. Hence, in particular, the
charts in the atlas B*(f, ps) are C'* compatible with the charts in B*(g, py),
and the charts in the atlas B“(f, ps) are C'* compatible with the charts in
B“(g, pg). Therefore, by Lemma 4.5, the conjugacy h : Ay — A, has a C*+
extension to an open set of A;.

4.9 Further literature

Sullivan [231] stated the following rigidity theorem for a topological conju-
gacy between two expanding circle maps: if the conjugacy is differentiable at
a point, then the conjugacy is smooth everywhere. De Faria [28] proved a
stronger version of D. Sullivan’s result, showing that it is sufficient the conju-
gacy to be uniformly asymptotically affine (uaa) at a point to imply that the
conjugacy is smooth everywhere. In Ferreira and Pinto [38], a generalization
of these results to a larger class of one-dimensional expanding maps is pre-
sented. In Ferreira et al. [37], these results are extended to C'* hyperbolic dif-
feomorphisms. In Alves et al. [6], these results are extended to non-uniformly
one-dimensional expanding maps. This chapter is based on Ferreira and Pinto
[37], Pinto, Rand and Ferreira [173] and Pinto and Rand [168].
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Rigidity

In dynamics, rigidity occurs when simple topological and analytical conditions
on the model system imply that there is no flexibility and so there is a unique
smooth realization. One can paraphrase this by saying that the moduli space
for such systems is a singleton. For example, a famous result of this type due to
Arnol’d, Herman and Yoccoz is that a sufficiently smooth diffeomorphism of
the circle with an irrational rotation number satisfying the usual Diophantine
condition is C'* conjugate to a rigid rotation. The rigidity depends upon
both the analytical hypothesis concerning the smoothness and the topological
condition given by the rotation number, and if either are relaxed, then it fails.
The analytical part of the rigidity hypotheses for hyperbolic surface dynamics
will be a condition on the smoothness of the holonomies along stable and
unstable manifolds. Given a diffeomorphism f on a surface with a hyperbolic
invariant set A (with local product structure and with a dense orbit on A), we
show that if the holonomies are sufficiently smooth, then the diffeomorphism
f is rigid; i.e., there is a conjugacy on A between f and a hyperbolic affine
model which has a C'* extension to the surface.

5.1 Complete sets of holonomies

Before introducing the notion of a CHP" complete set of holonomies, we
define the C'™® regularities for diffeomorphisms, with 0 < o < 1.

Definition 11 Let h: I C R — J C R be a homeomorphism. For 0 < a < 1,
the homeomorphism h is C1:% if it is differentiable and, for all points x,y € I,

7' (y) = 1’ (2)] < xa(ly — =), (5.1)

where the positive function xp(t) is o(t%), that is lim;_.o xx(t)/t* = 0.
The map h : I — J is CYY if, for all points x,y € I,

g () +log ') ~ 210 (52 )| <l o). (52)
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where the positive function xp(t) is o(t), that is limy_oxe(t)/t = 0. The
functions xp are called the modulus of continuity of h.

In particular, for every 3 > a > 0, a C'*# diffeomorphism is C*®, and,
for every v > 0, a C?*7 diffeomorphism is C*''. We note that the regularity
C11 (also denoted by C1*#i9mund) of 5 diffeomorphism h used here is stronger
than the regularity C1TZi9mund (see de Melo and van Strien [99] and Pinto
and Sullivan [175]). The importance of these C1'® smoothness classes for a
homeomorphism h : I — J follows from the fact that if 0 < o < 1, then the
map h will distort ratios of lengths of short intervals in an interval K C I by
an amount that is o(]7]%), and if & = 1, the map h will distort the cross-ratios
of quadruples of points in an interval K C I by an amount that is o(|I|).

Let M be a Markov partition for f satisfying the disjointness property (see
§1.2). Suppose that M and N are Markov rectangles, and x € M and y € N.
We say that x and y are +- holonomically related if (i) there is an ¢/-leaf segment
' (,y) such that 9 (z,y) = {x,y}, and (i) € (x,y) C £~ (z, M) UL (y, N).
Let P* = P}, be the set of all pairs (M, N) such that there are points x € M
and y € N (-holonomically related.

For every Markov rectangle M € M, choose an (-spanning leaf segment
04, in M. Let ¢ = {¢4, : M € M]}. For every pair (M,N) € P*, there
are maximal leaf segments E{’M’N) C by, g(c;w,N) C /l% such that there is a
well-defined ¢-holonomy h% MN) E(DM, Ny E(CM’ N): We call such holonomies
Wi ny K?M, N~ E(CM w) the t-primitive holonomies associated to the Markov
partition M. The set H" = {h{,, v : 68\471\,) — K(CM,N); (M,N) € P'} is a
complete set of t-holonomies (see Figures 5.1 and 5.2).

For every leaf segment ¢4, € Z*, let @\4 be the smallest full (-leaf segment
containing ¢4, (see definition in §1.1). By the Stable Manifold Theorem, there
are C1*+ diffeomorphisms u, : £, — K4, C R.

Definition 12 A complete set of holonomies H* is CYHP" if for every holon-
omy th,N) : E?MW) — E(CIM,N) in H*, the map u'y o hEM,N) o (u,)~ ! and its
inverse have a CYHP" diffeomorphic extension to R such that the modulus of
continuity does not depend upon hEM Ny € H.

For many systems such as Anosov diffeomorphisms and codimension 1
attractors, there is only a finite number of holonomies in a complete set. In
this case the uniformity hypothesis in the modulus of continuity of Definition
12 is redundant. However, for Smale horseshoes, this is not the case (see Figure
5.2).

Definition 13 An hyperbolic affine model for f on A is an atlas A with the
following properties (see Figure 5.3):

(i) the union of the domains U of the charts i : U — R? of A (which
are open sets of M) cover A;
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Fig. 5.1. The complete set of holonomies H =

{h(A’A),h(A,B),h(B’A),h(_AlﬁA),hC;’Byh(_Bl’A)} for the Anosov map f

R?\ (Zv x Zw) — R?\ (Zv x Zw) defined by f(z,y) = (z + y,y) and
with Markov partition M = {A, B}.
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Fig. 5.2. The cardinality of the complete set of holonomies H = {h1, ho, hs,...} is
not finite.

FCC



58

stable
leaves

5 Rigidity

unstable
leaves

stable
leaves

affine extension

of

CR: — T CR

jloi

unstable
leaves

Fig. 5.3. Affine model for f.

(ii) any two charts i : U — R? and j : V — R? in A have overlap
maps joi~!:i(UNV) — R? with affine extensions to R?;

(iii) f is affine with respect to the charts in A;

(iv) A is a basic hyperbolic set;

(v) the images of the stable and unstable local leaves under the charts
in A are contained in horizontal and vertical lines; and

(vi) the basic holonomies have affine extensions to the stable and un-
stable leaves with respect to the charts in A.

5.2 C! diffeomorphisms

In Lemma 5.1 below, we will relate distinct regularities of smoothness of the
holonomies and of the diffeomorphism f with ratio and cross-ratio distortions
determined by the atlas A*(f, p). For a complete discussion on the relations
between smoothness of diffeomorphisms and cross-ratio distortions see de Melo
and van Strien [99] and Pinto and Sullivan [175].

Let h : J — K be either a holonomy 6 or f,, and let J and K be t-leaf
segments. Let Iy, I, I C J be leaf n-cylinders such that Iy is adjacent to Iy,
I; is adjacent to I and I = Io U I; U I,. Let A“({, p) be an ¢-lamination atlas
induced by a Riemannian metric p on the surface, and let |I'| = |I|,, for
every t-leaf segment I'. We define B(ly, I1,I3) and By(Iy, I, I2) as follows:
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_ L]
|Io||12]

_|h(@)][R(D)]

Bullo, o la) = e Inn))

B(lo, I, 1)

We define the cross-ratio distortion crdy ,(lo,I1,1I2) of h with respect to
A*({, p) by

crdh,p(IO,Il, 12) = IOg (1 + Bh(Io, 11712)) — IOg (1 + B(I(),Il, Ig)) .

We note that, for every € > 0, a C?*¢ diffeomorphism A is a C1! diffeomor-
phism (see de Melo and van Strien [99]).

Lemma 5.1. Let h: J CR — K C R be a CY' diffeomorphism with respect
to the atlas A(p). Then,

Crdh,p(IO7I17 ‘[2) < O(‘ID7

for allm > 1 and for all n-cylinders Iy, I, Is C J such that Iy is adjacent to
I, I is adjacent to Iy and I = Iy U 11 U I5.

Proof. By the theorem on page 294 of de Melo and van Strien [99], we get
|Br(lo, 11, I2) — B(lo, 11, I2)| < o(|I|B(Io, I1, I2)). (5.3)

Therefore,

|Crdh,p(10711, IQ)| =

By(1lg. I1,15) — B(lp, I1. I
log <1+ n(Lo, I1, I2) (Io, I, 2))
14 B(lo, 11, 1>)
|I|B(IO7II7I2)
< - T 7 < 1.
°(1+B(Io,11,12) < ollfh

5.3 CHHD® and cross-ratio distortions for ratio functions

Consider an (-ratio function r* and let § : K — K’ be a basic t-holonomy. We
will consider two distinct cases, (i) (presence of gaps) when the (-leaf segments
have gaps, and (ii) (absence of gaps) when the (-leaf segments do not have
gaps.

Case (i) (presence of gaps): The ratio distortion of 0 in I C K with respect
to a ratio function r* is defined by

r(0(Io) : 0(I1))
I) = sup log ——~0/ 7 1))
rd (6, I) Zl}}ol 8 I T
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where the supremum is over all pairs Iy, I; C I such that Ij is a leaf n-cylinder
and I, is either a leaf n-cylinder or a leaf n-gap that has a unique common
endpoint with Iy and n > 1.

Case (ii) (absence of gaps): Suppose that Jy, J; and Jy are distinct leaf n-
cylinders such that Jy and J; have a common endpoint, and J; and Jy also
have a common endpoint. Let J be the union of Jy, J; and J. Then, the
Poincaré length with respect to a ratio function r* is defined by

Pr(Jy 2 J) = log (1 + %) '

The cross-ratio distortion of 8 in I C K with respect to a ratio function r* is
defined by

ced(0,1) = sup Pr(0(J1):60(J)) — Pre(Jr: J),
Jo,J1,J2
where the supremum is taken over all such triples Jy, J1, Jo with the property
that J C I.

We observe that if rd(6,I) = 0, then 6 is affine on I, and if crd(9,I) = 0,
then € is Mobius with respect to the atlas A(r*) determined by r*. Here, for
simplicity of exposition, we give a slightly distinct definition of cross-ratio
distortion from the usual one (see de Melo and van Strien [99]); however, this
is equivalent for our purposes.

Definition 14 The ratio function r* has C1® distortion with respect to a
complete set of holonomies H*, if there is a modulus of continuity x with the
following properties:

(1) lim;_0 x(t)/t™ = 0, that is x(t) is o(t®);
it) For every : K — K' contained in H"* and for every i-leaf segment I C K,
i) F 0:K—K' imed in H" and f leaf ICK
let € be an endpoint of K and R be a Markov rectangle containing &.
(a) If o < 1, then the i-leaf segments have gaps and |rd(0,I)] <
¥ (1, (€, R))).
(b) If a = 1, then the t-leaf segments do not have gaps and |crd(0,I)| <
X (£, ).

The following lemma, gives the essential link between a C'*® complete set
of holonomies H* and C1+* distortion of * with respect to H*.

Lemma 5.2. Suppose that 0 < a,a’ < 1. Let (r§,r%) be the HR structure
determined by f on A. If r — 1 > max{«a, o’} and there is a complete set of
holonomies H* for f in which the stable holonomies are CY% and the unstable
holonomies are C1%" | then % has Che distortion and ¢ has Che" distortion
with respect to H".

Proof. Let § : K — K’ be a C® holonomy in the t-complete set of
holonomies. Let £ be an endpoint of K and R be a Markov rectangle con-
taining £. We will prove seperately the cases where (i) 0 < o < 1 and (ii)
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a = 1. For simplicity of notation, we will denote ' by r*. Let I C K be an
t-leaf segment. Using inequality (2.2), we obtain that

0(D)|, <O (r*(1,£(§, k) and ||, <O (r*(L,4(E R))) - (5.4)

Case (i). Let Iy, Iy be disjoint t-leaf segments contained in I C K such that
I, is a leaf n-cylinder and I is either a leaf n-cylinder or a leaf n-gap that
has a common endpoint with I;. From inequality (5.4), we get

r(0(1h) : (1)) . 0(1)], | 12|,
re(lh: I2) 0(12)], 111,

(1 +0 ((w(f,z(g,R)))B)) , (5.5)

where 3 = min{1,r — 1}. Since 6 is C1%, using the Mean Value Theorem we
get

Ol 2l (4 4o (r, 06, YY) 5.6
0(5,)], T4, € (L£o((r'(1,U&R)))Y)- (5.6)

Noting that a < 8 and putting (5.5) together with (5.6), we obtain

r(0(11) : (1))
TL(Il : IQ)

Therefore, for every ¢-lef segment I C K, we have |rd(0, I)| < o (r*(I,£(§, R))%).
Case (ii). Let Jy, J1 and Ja be leaf n-cylinders contained in an t-leaf segment
I C K such that Jy and J; have a common endpoint and J; and .Jo have also
a common endpoint. Let J be the union of Jy, J; and Js. Let

€ (1 £o((r'(1,L(&R)))Y))-

|J1‘p|=]|p
Py(Jy ¢ J) = log <1 4 1 Alellle ) (5.7)
g |JolplJ2],

Since f, is C™ with r > 2, from Lemma 5.1 and (5.4), we get

Py (f7 0 (R f7DCD)) = By (77 (1) £77()) € 20 (V"))
Co (V"1 (J,U(E, R))) -

Therefore,

(=) = Tim Pp(f"(h)  £7()
= B ) ) +
+Z (£ 2 D) = () 7))
€ By (f™() ¢ £77(0)) £ 0 (v (. (E. B))).

Thus, since 0 is C"!, and from Lemma 5.1, we get
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Pr(0(11) - () = Pre(Jy 2 ) = lim (B, (£,7"(0(11)) = £77(0())))—

Py(f7 (1) £7(T)))
((J) ) = Fp(Jr:J) £

0(J
+o ((r(J: €&, R))))
C Fo(r'(J,4(& R))) -

Therefore, for every t-leaf segment I C K, we have

lexd (6, 1)] < o(r* (I, £(&, R))-

5.4 Fundamental Rigidity Lemma

We use the following proposition in the proof of the Fundamental Rigidity
Lemma. It can be deduced from standard results about Gibbs states such as
those in Bowen [17], and it also follows from the results proved in §6.4 (see
also Pinto and Rand [162]).

Proposition 5.3. Let m, : B* — B* be a Markov map on a train-track B*, as
defined in §4.3. There is a unique m,-invariant probability measure p on B*
such that, if 6 is the Hausdorff dimension of B*, then there exists a constant
C > 1 satisfying

CTh </ <C,

for all n-cylinders I, for all n > 1 and for all train-track charts i € B(r").
It follows from this that the Hausdorff 6-measure H® is finite and positive on
B¢, and p is absolutely continuous (equivalent) with respect to H?.

Theorem 5.4 (Fundamental Rigidity Lemma). If the t-ratio function r*
has CYHP" distortion, then all basic holonomies are affine with respect to the
atlas A(r*), that is they leave r* invariant.

Proof. We shall prove Theorem 5.4 for the stable holonomies. The unstable
result is proved in the same way by replacing f by f~'.

Let 6 : I — I’ be a basic stable holonomy in the rectangle R, where I
and I’ are spanning stable leaves of R and R has the property that every
spanning stable and unstable leaf segment of R is either contained inside a
single primary cylinder or inside the union of two touching primary cylinders.
We shall prove that, since there is a complete set of holonomies with C'*-H#P*
distortion, 0 has an affine extension with respect to the charts in A(r®).

For every n > 1, the rectangle f™(R) is equal to U;-n:(g )M;L, where the
rectangles M = [JI, U] have the following properties (see Figure 5.4):

(i) For j equal to 0 and m(n), we have the following:
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Fig. 5.4. The rectangles R and f"(R).

(a) f*(I) = Jg and f"(I") = J}, -

(b)If J} is contained in a single Markov rectangle, then U is an
unstable spanning leaf of this Markov rectangle intersected with
7 (R).

(c)IfJ 7 is not contained in a Markov rectangle, then U} is the biggest
possible unstable leaf segment in f™(R) contained in the union of
the unstable boundaries of Markov rectangles and intersecting J7.

(ii) For j =1,...,m(n) — 1, one of the following holds.

(a) J}* is a spanning stable leaf segment of M} contained in a leaf
segment of the domain Z* of the complete set of holonomies H*,
and U7 is a spanning unstable leaf segment of the Markov rectangle
containing J7';

(b) J} is a stable leaf segment not contained in a single Markov rectan-
gle, and U is the biggest possible unstable leaf segment contained
in the union of the unstable boundaries of Markov rectangles and
intersecting J3'.

(iii) M} intersects M7, only along a common stable boundary, and

Mi"ﬁMj’-L:(ﬂif l7 —i| > 1.

63

Let Oy, be the set of j € {1,...,m(n) — 1} such that J and J}, are
contained in the domain Z*, and let O be equal to {0,...,m(n) — 1} \ ©2.
Since the number of Markov rectangles is finite, the cardinality of the set @

is uniformly bounded independent of n.
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Set I = f~"(J}'). Then, we can decompose ¢ as the composition 6, ,,—1 0

-+ 00,0, where 8, ; is the basic holonomy between I; and I;;; defined by
R. Now, consider the holonomies én’j = ffoby o f™": Jjﬂ — jﬂ_H and
observe that, since f is affine with respect to the HR structure, rd (6, ;, I]") =

rd (én,j, J") and crd (Hnyj,I}’) = crd (Gn,j, Jjn) Furthermore, if j € ©%, then

0,.,; belongs to the complete set of holonomies. Let us first consider the case
where HD?® < 1. By hypothesis, for every j € ©%, we have

> [ra (s 77) | = 3 X (r (1w BY))

jeoes jeo2

where z7 is an endpoint of Ji', R} is a Markov rectangle containing z7, the

J i J
positive function x is independent of § and x(¢) = o (tH D ) From inequality

(2.2), for every j € O, we get

D [ (0ngn L)< Y O(da (1, 140)")
jeoy, jeoy,
Therefore,

m—1

d(0, 1) < Y |rd (00, 1) |

=0
S Jrd (B 1)+ D Jed (6, 77)
jeoel jeos

Y O0(da (I 7)) + D x (r (I (27 Ry)))

jeos jeos

IA

IN

Now, we note that
(70 () < O (K
where KI' = mg(J}') is the projection of JI' into the train-track B® under

mgs and the size |[K7'| of K7 is measured in any chart of the bounded atlas
B(r®) of B*. Therefore,

d(0,1)] < > O (da (11, 174,)") + > R (|K7

jeob Jjeos

), (5.8)

where x is a positive function independent of 6 and x(¢t) = o (tH D ) In the
case where HD?® = 1, a similar argument gives

lexd(0, 1)) < Y O (da (I 17 0) ) + > Cix (|K7) (5.9)

jeod jeoL

where x is a positive function independent of 6 and x(¢t) = o(t). We now
show that the right-hand sides of (5.8) and (5.9) tend to zero as n tends to
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infinity and thus that the left-hand sides are zero. For every j € ©P, the
distance d 4 (I]”,I }’H) converges to zero when n tends to infinity, and, since

the cardinal of Y is uniformly bounded independently of n, we get

Z O (da (I}lvlfﬂ)a) —0 (5.10)

jeoy,

when n tends to infinity. Now, we are going to prove that Zje@g X (|K]" ’) also
converges to zero when n tends to infinity. Since R has the property that every
spanning stable leaf segment of R is either contained inside a single primary
cylinder or inside the union of two touching primary cylinders, we obtain that
the train-track segments K7’ can only intersect in endpoints, and moreover
each of them is either contained in an n-cylinder or two adjacent n-cylinders
of the Markov map ms on B?®. Hence, there is a continuous positive function
1 with 1(0) = 0 such that

Do x(ER]) <n@m) Yo lomfrr (5.11)

Jjeoy n—cyls

where the sum on the right-hand side is over all n-cylinders. By Proposition
5.3, there is an m,-invariant probability measure i and a positive constant Cy
such that
oo <y Yy op(cm) <Gy (5.12)
n—cyls n—cyls

Putting together (5.11) and (5.12), we get

> x (k7)) —o0 (5.13)

VISCH

when n tends to infinity. If HD® < 1, applying (5.10) and (5.13) to (5.8),
we get that rd(8,1) = 0. Therefore, 6 is affine on I, which completes the
proof for this case. If HD*® = 1, applying (5.10) and (5.11) to (5.9), we get
that crd(0,I) = 0. Therefore, 6 is Mdbius on I and extends to a Mdbius
homeomorphism of the global leaf, where the affine structures of the global
leaves are determined by the invariance of the affine structures under iteration
by f. Since a Mobius homeomorphism of R is an affine map, the holonomies
0 are affine. [J

5.5 Existence of affine models

In Lemma 5.5, (r®,r*) is any HR structure and not necessarily the HR struc-
ture determined by f.
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Lemma 5.5 (Existence of affine models). Ifr* has CVHP" distortion and
% has CYHD" distortion, then there is a hyperbolic affine model for g on A
such that g on A is topological conjugated to f on A and such that the HR
structures are the same (i.e. (I : J) =1y ((I) : ¢(J)), where i : A — A is
the conjugacy between f and g).

Proof. Let {Ry,..., R} be a Markov partition for f. For every Markov rect-
angle R,,, we take a rectangle M,, D R, that contains a small neigbour-
hood of R,, with respect to the distance d. We construct an ortogonal chart
im @ My — R? as follows. Choose an x € M,, and let e, : £5(x, M,,) — R
be in A(r®) and e, : £*(z, M;,) — R be in A(r*). The ortogonal chart 4,, on
M, is now given by i,,(2) = (es([z, 7)), eu([z, 2])) € R.

Let ¢mn @ im My My) — ix (M, (\M,) be the map defined by
Gmn(T) = im 04, (z). By Theorem 5.4, the stable and unstable holonomies
have affine extensions with respect to the charts in A(r®) and A(r*). Hence,
there is a unique affine extension @, ,, : R? — R2 of ®m.n. This extension
sends vertical lines into vertical lines and horizontal lines into horizontal lines.

Let us denote by S,, the rectangle in R? whose boundary contains the
image under i, of the boundary of R,,. For every pair of Markov rectangles
R,, and R,, that intersect in a partial side I, ,, = Ry () Rn, let Jp,, and
Jn,m be the smallest line segments containing respectively the sets iy, (L n)
and i, (I, n). We call Jy, ,, and Jy, 4 partial sides. Hence, Jy,.. = B(Jpm)-
Let M = |_|]:n:1 S /{Pm.n} be the disjoint union of the squares S, where we
identify two points © € Jp,, and y € Jpm if $pm(x) = y. Hence, M is a
topological surface possibly with boundary. By taking appropriate extensions
E,, of the rectangles S, and using the maps ®,, ,, to determine the identifica-
tions along the boundaries, we get a surface M = L]fnzl E./{®m n} without
boundary. The surface M has a natural affine atlas that we now describe: if
a point z is contained in the interior of F,,, then we take a small open neigh-
bourhood U, of z contained in E,,, and we define a chart u. : U, — R? as being
the inclusion of U, () E,, into R%. Otherwise z is contained in a boundary of
two, three or four sets E,,,, ..., Ey,, that we order such that the Jp,, i, , are
partial sides. In this case, for a small open neighbourhood U, of z we define
the chart u, : U, — R? as follows:

(i) u.| (U, Em,) is the inclusion of U, ) Ey,,, into R?;

(i) w.| (U2NEj) = Pry_rmp © -+ © Prnyomy oy, for j € {1,... k= 1}.
Since the maps @y, myy- -+ Prms_y,mi 0d Py, 1, are affine, we deduce that
the set of all these charts form an affine atlas S on M.

Let ¢ : A — A be the natural embedding of A into M, and f : A — A be
the map f = 1o f o1)~! conjugate to f.

For every z € A, we take charts v : U — R2 and v : V. — R in the
affine atlas S such that € U and f(z) € V. Since f along leaves and also
the holonomies have affine extensions with respect to the charts in A(r®) and
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A(r*), the map vo fou~! has a unique affine extension g, to R2. These affine
extensions determine a unique affine extension g of f to an open set of M.

The maps g, send horizontal lines into horizontal lines and vertical lines
into vertical lines. Furthermore, ggn(;) o ... o g, contracts horizontal lines
exponentially fast and expands vertical lines exponentially fast with respect
to any fixed finite set of charts in S covering M. Hence, g is hyperbolic on
A and the image under these charts of the stable and unstable leaves are
contained, respectively, in horizontal and vertical lines.

Since the holonomies have affine extensions with respect to the charts in
A(r®) and A(r"), they also have affine extensions along leaves with respect to
the charts in this affine atlas. By construction of the affine model for g on A,
we get that r(I : J) = rg(y(I) : ¢(J)). O

5.6 Proof of the hyperbolic and Anosov rigidity

Here we show how to use the Fundamental Rigidity Lemma and the existence
of affine models (Lemma 5.5) to prove the Hyperbolic Rigidity Theorem.

Theorem 5.6 (Hyperbolic rigidity). Let HD?® and HD" be, respectively,
the Hausdorff dimension of the intersection with A of the stable and unstable
leaves of f. If f is C", with r—1 > max{HD*®, HD"}, and there is a complete
set of holonomies for f in which the stable holonomies are CY"P° and the
unstable holonomies are CYHP" | then the map f on A is C*Y conjugate to
a hyperbolic affine model, for some 0 <~ < 1.

In assuming that f is C” with r — 1 > max{HD*, HD"} in the previous
theorem, we actually only use the fact that f is CHH#P" along i-leaves.

Proof of Theorem 5.6. By Lemma 2.8, f determines on A an HR structure
(r*,7*). By Lemma 5.2, * has C D" distortion. By Theorem 5.4, all the basic
t-holonomies are affine with respect to the atlas A(r*). Hence, by Lemma 5.5,
there is a diffeomorphism g with a hyperbolic basic set A and a hyperbolic
affine model for g on A such that there is a conjugacy between f and g such
that r(I : J) = ri((I) = ¢(J)). By Lemma 2.13, we get that f is C'*
conjugated to g. O

We use Theorem 5.6 to prove the following theorem which partially extends
the previous result mentioned above of Ghys [44].

Theorem 5.7 (Anosov rigidity). If f is a C" Anosov diffeomorphism on a
surface, with r > 2, and there is a complete set of holonomies for f in which
the stable and unstable holonomies are C1', then f is C" conjugate to an
affine model.
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We note that Theorem 5.7 also follows from the fact that the holonomies
and f are affine with respect to the atlases A(r®) and A(r*) (see the proof of
Theorem 5.6) and Corollary 3.3 in Ghys [44].

Proof of Theorem 5.7.1f f : M — M is a C" surface Anosov diffeomorphism,
then A = M. By Franks [40, 41], Manning [74] and Newhouse [103], there is
a unique hyperbolic toral automorphism f : M — M topologically conjugate
to f. By Theorem 5.6, there is a C'* conjugacy v : M — M between f and
f. By Lemma 2.8, we have that r(I : J) = r}(q/}([) :(J)). By a somewhat
standard blow-down-blow-up argument, we get that v is C" along stable and
unstable leaves (see de Melo and van Strien [99] and Pinto and Sullivan [175]).
Hence, by Proposition 2.14 due to Journé [64], ¢ is C™. O

5.7 Twin leaves for codimension 1 attractors

We introduce the notion of a twinned pair of leaves for a diffeomorphism f
of a surface with a basic set A. We prove that every proper codimension 1
attractor A contains a twinned pair of leaves.

Definition 15 A twinned pair of u-leaves (I, J) in a basic set A consists of a
pair of u-leaf segments I and J with the following properties (see Figure 5.5):

(i) an endpoint p of I and an endpoint q of J are periodic points under
[

(i) (1\ {ph) N (T \ {q}) = 0;

(ii1) for all z € T\ {p} there is a full s-leaf segment v, in the stable
manifold through z which has endpoints z and z' such that 2’ € J\{q}
and v, NA={z,72}.

1
Do 7 »q
Z, ’
Zn+1 7. & Zn+1
Z, ’
Zy % zn
z 7/2 Z,

Fig. 5.5. An illustration of twinned pair of u-leaves.

Tt follows from this that if a sequence z, € I\ {p} converges to p, then the
corresponding sequence z,, € J N, converges to g. Also, it follows that the
periodic points p and ¢ must have the same period. A twinned pair of s-leaves
in a basic set A is similarly defined.
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Remark 5.8. In the previous definition we allow the points p and ¢ to coincide.
However, if p is different from ¢, then there is no stable leaf containing both p
and ¢ (otherwise they would converge under iteration by f which is absurd).

The set A C M is an attractor for f if there is an open set U C M such
that A = N3, f*(U). We say that A is a proper codimension 1 attractor if A is
an attractor basic set, the Hausdorff dimension of the unstable leaf segments
is one, and the Hausdorff dimension of the stable leaf segments is strictly less
than one.

Theorem 5.9. If A is a proper codimension 1 attractor, then A contains a
twinned pair of u-leaves.

We call an unstable leaf ¢ an unstable free-leaf if there is a full s-leaf
segment I transversal to the leaf ¢ which is the union I1 U {p} U Iz of two
disjoint (non-empty) full s-leaf segments I; and I» such that I; and I have
a common endpoint p € £N A and I does not intersect A.

By Kollmer [66], the set £ of all unstable free-leaves is non-empty and
finite. Since the free-leaves are permuted by f, each one of these leaves ¢
contains a single periodic point P,. Furthermore, £ is equal to the union of
pairwise disjoint subsets L1, ..., £L; which are characterized by the following
property: the leaves of each set L, form the boundary of an open connected
set O,, in M which does not intersect the basic set A.

Remark 5.10. We observe that, by Ruas [43], f|A is topologically conjugate
to an Anosov or pseudo-Anosov map that has been unzipped along a finite
set of leaves. It is these unzipped leaves which form £. Each set £,, C L
corresponds to the unzipping a k-prong singularity where k is the number of
leaves contained in £,, (see Figure 5.6). The sets L,, of cardinality one and
two correspond respectively to umbilic singularities and regular points.

7y,y )
--------- y
P, Py
x o xx Ly
Lo r=r

Fig. 5.6. Examples of sets L,, with cardinality 1, 2 and 3.

Proof of Theorem 5.9. We claim that for each leaf ¢ € L,,, there are two leaves
0.0 € L,,, two points x € £ and y € £ on different sides of the periodic point
Py in £ and two points ' € ¢ and y' € £’ such that x and 2/, and y and 3’
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are the endpoints of two full s-leaf segments 7, ,» and vy, whose interiors
meet no unstable leaves of A. If the cardinality of L,, is greater or equal to
three, then ¢, ¢/ and ¢” are distinct leaves. If the cardinality of £,, is one,
then £ = ¢/ = ¢” and the claim just says that there are z and y in £ on either
side of P, with x and y joined by a full s-leaf segment v, , whose interior
meets no unstable leaves. If the cardinality of £, is two, then ¢/ = ¢" # ¢ and
x',y" € ¢ are on either side of the periodic point in ¢'. This claim follows from
the density of the unstable manifold in A and the local product structure as
we now describe. If z € £, then, for some n > 0, f™(x) lies inside of a small full
s-leaf segment  and, in ~, is contained between two points contained in A. We
can then find a non-trivial full s-leaf segment +' inside v which also contains
f™(x) so that to one side of f™(x) there is only a single point w # f™(z) in
~v"'N A. Let 4" denote the part of v between f™(z) and w. Then, f~"(v") is
a full s-leaf segment through x such that ' = f™(w) is the other endpoint of
f~™(#"). Since by construction f~"(+")\ {x, 2’} meets no unstable leaves of
A, f7™(%") is the required full s-leaf segment 7, ./, and ¢ is the stable leaf
passing through x’. One finds 3’ and ¢” by taking y on the other side of P,
in £ and proceeding in a similar fashion which ends the proof of the claim.
Let ¢(x) be an unstable leaf segment containing x and having P, as one of
its endpoints. Let ¢/(z') be the unstable leaf containing z’ such that there is
a local holonomy h : £(z) — ¢'(z') with h(z) = 2’ (and so h(4(x)) = ¢'(2)).
Then, the pair ({(x), ¢ (2')) form a twinned pair of leaves. O

5.8 Non-existence of affine models

The relevance of the existence of a twinned pair of leaves is that these basic
sets do not have affine models. Hence, if A is a proper codimension 1 attractor,
then there are no affine models for f on A.

Definition 16 A c-ratio function r is transversely affine, if r is invariant
under f, i.er(I:J)=r(f(I): f(J)), and r is invariant under holonomies h,
i.e. r(I:J)=r(h(I):h(J])).

Lemma 5.11. If A contains a twinned pair of t-leaves, then there is not a
transversely affine ' -ratio function r.

Proof. For simplicity of exposition we will consider the case . = v and ' = s.
The other case is similar by replacing f by f~! and stable by unstable, and
vice-versa. Let us suppose by contradiction that there is an affine model for f.
For arguments sake assume that the twinned pair leaves are unstable. Let the
full u-leaf segments I and J and the periodic pointspe INAandge JN A
be as in the definition of a twinned pair leaves. Let m be the common period
of the periodic points. Fix z € IN A and 2’ € JN A such that 2z and 2’ are
the endpoints of a full s-leaf segment which does not intersect A. Choose a ful
u-leaf segment K such that there is a holonomy h : JN A — KN A. For every
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n#llety, eINA vy, eJNAand y! € KN A be such that f™P(y,) = z,
F™(y) = 2" and h(y),) = y.! (see Figure 5.7). The ratio r(yn, y,, ¥ ) between

p q
y/
T "oy = h(y,,)
£ ()
/ n
A 4»2:774/ ——————— - h(z’)
I g g

Fig. 5.7. The nonexistence of transversely affine ratio function.

the length of the full u-leaf segment with endpoints y!/ and g/, and the length
of the full u-leaf segment with endpoints y/, and y,, when measured in a
chart of the affine atlas, is well-defined and does not depend upon the chart
considerd.

Since the holonomy is affine, the value of the ratio r(yn,y,,y,) does
not depend upon n # 1. Since f is also affine, 7(yn,y.,,y.) is equal to
r(z,2', f™(y!)). Therefore, the value of the ratio r(z,z’, f™P(y.)) does not
depend upon n # 1. But, by construction the sequence f™P(y!') converges to
z" which implies that the ratio r(z,z’, f™P(y)!)) converges to zero, which is
absurd. O

Theorem 5.12. If a basic set A contains a twinned pair of t-leaves, then there
are no affine models for f on A.

Proof. If there is an affine model for f on A, then r is a transversely affine
t-ratio function, which contradicts Lemma 5.11. [

5.9 Non-existence of uniformly C*HP" complete sets of

holonomies for codimension 1 attractors

For a Smale horseshoe there is an infinite number of holonomies in a complete
set. However, if there is only a finite number of holonomies in a complete set,
then the uniformity hypothesis on the modulus of continuity of hE MN) € H*
is redundant.

Lemma 5.13. For a proper codimension 1 attractor the stable complete set
of holonomies consists of a finite set of holonomies.
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However, there are cases where the complete set of holonomies is forced to be
infinite. This is the case for systems like the Smale horseshoe (see Figure 5.2).

Proof of Lemma 5.13. Since the u-leaf segments are manifolds, the number
of holonomies in the complete sets of s-holonomies is two times the minimal
number N of stable leaves which cover the s-boundaries of the rectangles con-
tained in the Markov partition with the property that the interior of each one
of these leaves is contained in at most two s-boundaries of Markov rectangles.
O

Theorem 5.14. Let A be a basic set for a C*T7 diffeomorphism f of a surface
with v > HD*. If A contains a twinned pair of ' -leaves, then the complete set
of t-holonomies H* is not CHHD",

Proof. By Lemma 5.2 and Theorem 5.4, if f is C'*7, with v > HD*, and the
complete set of t-holonomies is C1H#P" | then r is a transversely affine ¢-ratio
function. This contradicts Lemma 5.11. [

5.10 Further literature

For Anosov diffecomorphisms of the torus, the hyperbolic affine model is a
hyperbolic toral automorphism (see Franks [41], Manning [74] and Newhouse
[103]). In general, the topological conjugacy between such a system and the
corresponding hyperbolic affine model is only Hoélder continuous and need
not be any smoother. This is the case if there is a periodic orbit of f whose
eigenvalues differ from those of the hyperbolic affine model. For Anosov dif-
feomorphisms f of the torus, there are the following results, all of which have
the form that if a C* f has O™ foliations, then f is C*-rigid, that is f is C*
conjugate to the corresponding hyperbolic affine model:

(i) Area-preserving Anosov diffeomorphisms f with r = co are C*°-rigid
(Avez [11]).

(i) C* area-preserving Anosov diffeomorphisms f with r = 1+ o(t|logt|)
are C*~3-rigid (Hurder and Katok [50]).

(iii) O* area-preserving Anosov diffeomorphisms f with r > 2 are C"-rigid
(Flaminio and Katok [39]).

(iv) C* Anosov diffeomorphisms f (k > 2) with » > 1 + Lipshitz are
C*-rigid (Ghys [44]).

Coelho et al. [22] have also proved a rigidity result for comuting pairs of the
circle. This chapter is based on Pinto and Rand [165] and Pinto, Rand and
Ferreira [170].
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Gibbs measures

We give a novel and elementary proof of existence and uniqueness of Gibbs
states for Holder weight systems. A bonus of this approach is that it leads
directly to a decomposition of the measure as an integral of an explicitly
given canonical ratio function with respect to a measure dual to the Gibbs
state. The ratio decomposition is particularly useful in certain situations and
it is used to link certain Gibbs states with Hausdorff measures on basic sets
of C1* hyperbolic diffeomorphisms (cf. chapter 7).

6.1 Dual symbolic sets

Let us recall the definition of a one-sided subshift of finite type Y = 6% from
84.5. The elements of X' are all the infinite right-handed words w = wowy . ..
in the symbols 1,...,% such that for all i > 0, Ay,w,,, = 1. Here, A = (A;;)
is any matrix with entries o and 1 such that A™ has all entries positive for
some n > 1. We write w "' w’ if the two words w,w’ € X agree on their
first n entries. The metric d on X' is given by d(w,w’) = 27" if n > 0 is the
largest such that w "%’ w’. Together with this metric ¥ is a compact metric
space. The shift 7 : ) — Y is the mapping that sends wow; ... to wyws .. ..
It is a local homeomorphism.

An n-cylinder X,, w € X,, consists of all those words w’ € X such that
w A w' If C is an n-cylinder, then we define mC to be the (n — 1)-cylinder
containing C' and denote by n(C) the depth n of C. A 1-cylinder is also called
a primary cylinder.

Together with X we will consider the augmented space A that consists of
both the infinite right-handed words in X' and their finite subwords. Let Agy,
denote the subset of all finite words. Then, we can identity Ag, with the set
of all cylinders in X' via the association w < X,. This set has two natural
oriented tree structures:

(a) AR, in which all the oriented edges connect a cylinder C' to mC; and
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(b) AZ, in which all the oriented edges are from the cylinder C to 7C.

An admissible backward path in either of these trees is a finite or infinite
sequence {C}} of cylinders indexed by either j =0,...,nor j =0,1,... and
such that Cj is a primary cylinder and such that there is an oriented edge
from Cj to C;_; for all j > 0. The infinite paths in A} correspond to points
of 2.

Definition 17 The dual (X™)* of X% is the set of all infinite admissible back-
ward paths in AR, together with the metric defined as follows: d*({C;},{C}}) =
27" if Gy = Cf, for 0 < j <n and C, # C,,.

Note that one can identify the elements of (X*)* with those infinite left-
handed words ...wjwp in the symbols 1,..., k such that A, ., , = 1, which
leads to the following remark:

Remark 6.1. Via the association w < X7, there is a homeomorphism % :
(X")* — X° such that ¥7* = 759 and ¥Ym* = mg).

We note that for both X" and (X*)*, a cylinder is given by prescribing
a finite admissible backward path {C; ;-:01 (respectively in AF and in AF ),
and it is then equal to the set of all infinite admissible backward paths {D,}
such that D; = C; for 0 < j < n. Since this finite path is determined by
C,,—1 there is a one-to-one correspondence between the cylinders of X% and
(X™)*. Specifically, this is given as follows: if C' is an n-cylinder of X, then
the cylinder C* of (X™)* consists of all infinite admissible backward paths
{C5}52, in Af, such that C,,—1 = C. We also define duals to m and 7: if
Cc* = {Oj}?:_ol is an n-cylinder of (X™)*, then m*C* is the (n — 1)-cylinder
{rC; }?:_11 of (X*)* containing C*, and 7*C* is the (n—1)-cylinder {mC, };L:_ll
Note how these translate under duality:

m*C* = (rC)* and 7°C* = (mC)*. (6.1)

The dual set (©°)* of @° and the maps 7 and m} are constructed similarly
to the above ones. The set (©°)* can be identified with ©“, and the maps 77
and m} with the maps 7, and m,,, respectively.

6.2 Weighted scaling function and Jacobian

Now consider a function [ defined on Ag, and with the following properties:
there exists 0 < w < w’ < 1 such that if C' is an n-cylinder, then

OW") < 1(C) < OW™) (6.2)

and there exists 0 < v < 1 such that the following two equivalent conditions
hold:
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(i) If C is an n-cylinder with n > 0, then o;(C) = I(C)/l(mC) converges
exponentially along backward orbitsi.e. 0;(C) € (1 £ O@")) oy (7(C)).
(ii) If C is an n-cylinder with n > 0, then J;(C) = I(7C)/I(C ) converges
exponentially along nested sequences, i.e. J;(C) € (1 £ O(v™)) J;(mC).

We leave the proof of the equivalence to the reader, but note that it comes
from the relation
o (tC)  Ji(C)

a(C)  J(mC)’

It also follows from these conditions that the limits defining the following
functions o; and J; are reached exponentially fast and that consequently these
functions are Holder continuous: if £ = {C,,}22, € X*, where C), is an n-
cylinder and 7Cp 41 = Cy, and if & = [~ Dn, where D,, is an n-cylinder
with mD, 11 = D,,, then

o1(§) = lim 0y(Cy) and Ji(x) = lim J;(Dy).
Definition 18 Such a system of weights | is called a Holder weight system .
We call o, the weighted scaling function of I and J; the weighted Jacobian.
The Holder weighted scaling function is said to satisfy the matching condition
or to match, if, for all £ € (X™)*,

Y ae) =1 (6.3)

r(€)=¢

The matching condition is equivalent to the following: There exists 0 <
6 < 1such that Y 0;(C’) = 1+£0(6™) (sum over (n+1)-cylinders C’ contained
in C), for all n > 0 and all n-cylinders C.

Consider the sums Z = > - l(C)e™*", where the sum is over all n-
cylinders C. From (6.2), for s > 0 sufficiently large, Z” is bounded away
from infinity uniformly in n > 0. On the other hand, if s is sufficiently neg-
ative, then Z' diverges to oo as n — oo. Since if this divergence occurs for
a particular value of s then it occurs for all smaller values, there is a critical
value P given by P = inf{s : Z uniformly bounded in n}. This is called the
pressure of [. It corresponds to the usual definition (see Bowen [17]).

6.3 Weighted ratio structure

Before proceeding we need to introduce some notation. Consider a cylinder
C in X" and let C; denote the primary cylinder containing C'. If C), is an n-
cylinder such that 7"~1(C,,) = C1, then by C(C,,) we denote (7" |, )1 (C).

From (6.9), (6.10) and (6.11), we also get bounds for 7;(C : D) as presented
in the following remark.
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Remark 6.2. Suppose that C' is an m-cylinder contained in the n-cylinder D.
Then,

n(C:D)=0 (e*<m*n>P1(0) /z(D)) .
If [ satifies the matching condition, then P = 0 and, for some 0 < 6 < 1,

n(C: D) e (1+06™) %, (6.4)

whenever C' and D are contained in a common n-cylinder. Therefore, for all
§={&}20 € (),

0(6) = (&) = T U(&,)/Umén) and 11.(C) = Tim UC(E))/UE).

In these cases the limits are reached exponentially fast and o;(&) and r;¢(C)
are Holder in &.

6.4 Gibbs measure and its dual

Consider a Holder weight system [ with pressure P. We omit the proof of the
following lemma because it closely follows the proof of Lemma 3.1 of Paterson
[137].

Lemma 6.3. There is a positive decreasing continuous function k on [0, 00]
with the following properties:

(i) The sums Zs = 3 k(1(C))I(C)e~™C)* (sum over all cylinders C)
converge for s > P and diverge for s = P; and

(i1) For all € > 0, there exists yo(e) > 0 such that \¢ < k(Ay)/k(y) <
1, whenever A > 1 and 0 < Ay < yo().

Definition 19 Suppose that u is a T-invariant probability measure on X"
and v a Te-itnvariant probability measure on (X™)*. Then, the dual measures

w* and v*, respectively, to pu and v are the probability measures defined on
(X")* and X% by p*(C*) = p(C) and v*(C*) = v(C).

In the above definition, we use the fact that p* is a probability measure
(respectively, T.-invariant) if, and only if, p is 7-invariant (respectively, a
probability measure). Similarly for ». This is because 7C = D (respectively,
7.C* = D*) if, and only if, m,.C* = D* (respectively, mC = D).

Theorem 6.4. There exist a unique pair of Borel probability measures v on
X% and v* on (X%)* with the following property, for some 0 <0 < 1: If C is
an n-cylinder of X%,

v(tC)
v(C)

€ (1£0@w") Ji(C)e”, ”U(ZCC>) € (1+£0(0™) o, (C*)e"
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and if C and D are two cylinders, then v(C)/v(D) = r(C : D). Moreover,
the weights 1,,(C) = v(C) form a matching Holder weight system and oy, = 0.

If the weight function 1 satisfies the matching condition, then v* is T,-
inwvariant and its dual measure p satisfies the following equivalent conditions:

(i) If C and D are two cylinders contained in the same n-cylinder, then
u(D)/u(C) € (14 0(0™))1(D)/I1(C);
(i1) If C is an n-cylinder and & = (§;) € (X*)* has &, = C, then

p(C)/(mC) € (1+0(0")) 0u(&);

(#1) (Ratio decomposition) If C is an n-cylinder and Cy is the primary
cylinder containing C, then

WO = [ neCw ).

0
Here, u* is the dual measure to .

Moreover, for each of the conditions (i), (ii) and (iii), p is the unique measure
with the given property.

If J, is the Jacobian d(poT)/du and x = (), o Cn € X", where Cy, is an
n-cylinder with mCyy1 = Cy, then J,(z) = lim, o v*(m.C})/v*(CL). The
Jacobian J,(€) = d(v* o T)/dv*(€) is o, (€).

Remark 6.5. As part of the proof of the theorem, we will prove that if the
Holder weight system [ matches and if p is any 7-invariant probability measure
satisfying the ratio decomposition (iii), then, for all cylinders C of X",

Y e (C)p (DY) € (1 £ OW™)) u(O),

where the sum is over all n-cylinders D such that C' C 7"~ 1(D), and, for each
D, &p = {§;}3%, is an infinite backward path with the property that £, = D.

Proof of Theorem 6.4. Firstly, consider the sum Z, = 3", k(I(C))I(C)e™*"(),
where the sum is over all cylinders C' and k is the function given by Lemma
6.3. As we have seen above, Z; < oo for s > P, and Z; diverges if s = P. We
denote k(1(C))I(C) by I(C) and I(C)e=() by I,(C).

Note that the condition (ii) of Lemma 6.3 on k and the fact that
I(rC) = J,(C) - I(C) implies that, for all € > 0, if J;(C) > 1 then J;(C)~= <
E((rC))/k((C)) < 1,and if J;(C) < 1 then 1 < k(I(rC))/k((C)) < Ji(C)~¢,
provided max{l(C),l(7C)} < yo(e). Since J;(C) is bounded away from 0 and
oo uniformly in C, we deduce that, for all € > 0,

i

o~

(rC)
1(0)

€ (1+2)Jy(C), (6.5)

provided [(C) is sufficiently small. Similarly, we deduce that
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)

(mC)
()

e (1+e)o(0) Y, (6.6)

provided [(C) is sufﬁciontly small.

For s > P, let vs and v be the probablhty measures on A and A* defined
by vs = Zs = D ey, ! (0)5 and v = 7,7 Z&A* 15(C)d¢, where &, and
d¢ are, respectively, the Dirac measures at = and &.

Let A be the set of all infinite right-handed words in X* and their finite
subwords. Similarly to the dual (X*)* of X%, let the dual A* of A be the set
of all finite and infinite admissible backward paths in Af .

Since A and A* are compact metric spaces, there exist sequences s; > 0
and sf > 0 converging to P as i — oo so that the sequence v, (respectively,
l/::) converges weakly to a Borel probability measure v on A (respectively,
v* on A*). Since Z,, and Zs: diverge as 1 — oo, v and v* are, respectively,
concentrated on X and X*. Thus, v and v*, respectively, define measures on
X% and (X")*, which we also denote by v and v*.

If w is a finite word, consider the cylinder X, in X* and also the subset
Ay in A* consisting of all finite and infinite right-handed words agreeing with
w. We have

V(Zw) = V(Ay) = v, (Ay) = 2! Z I, (C

where the sum is over all cylinders C' contained in Y, and with the approxi-
mation converging as i — oo. Therefore, by (6.6), for £ > 0,

L..(D I, (rC
V(TEU)) = lim M = lim Z:CC&”—J(T) e (1:tE)Jl(Zw)eP7

v(Xy) imoo ch§w [si(C) =00 3 oes, 1 (C)

providing [(X,,) is sufficiently small. This implies that the Jacobian of v at
x € NZChp is Jy(x) =d(vo f)/dv = lim, Ji(Cy)ef . Since this is Holder
continuous, we obtain that if X, is an n-cylinder, then

v(tXy)
v(Xyw)

€ (14 06™) Ji(Zw)ek, (6.7)

for some 0 < 6 < 1. Thus, the weights {,,(X,,) = v(X,,) form a Holder weight
system.

If w is a word, consider the cylinder X7 in (X™)* and also the subset A
in A* consisting of all admissible backward finite and infinite paths agreeing
with w. We have

VEL) = (A (A = 25 Y (@) =270 Y T (C

C*Cxx C—2y

where C' — X, means that 7%(C) = X, for some k& > 0, with the approx-
imation marked = converging as ¢ — oo. The first sum in this equation is
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over all cylinders C* contained in or equal to X7 and the second equals this
because by duality (6.1), C* C X* if, and only if, 7%(C) = %,,. Therefore, by
construction of o;, we have that, for all £ > 0,

V*(T*EZ,) . ZT’“(C):me 87 (C)

——2 = lim =
v*(X%) i—o00 Zrk(C):Ew s+ (C)

~

providing [(X,,) is sufficiently small. This implies that the Jacobian of v* is
J- (&) = d(v* o 1) /dv* = ay(¢)"tel. Since this is Holder continuous, we
obtain that the weights [.(X%) = v*(X%) form a Holder weight system and,
indeed, if X, is an n-cylinder,

v (e (X0))

v (&%

e (1£00)0y(X,) el (6.8)

*
~—

for some 0 < 0 < 1.
Now we consider the uniqueness of v and v*. Suppose that v’ is another
measure satisfying (6.7). Then, if C' is an n-cylinder,

V' (rC)
v(tC)’

V'(C) _ V(C) V(7€) v(rC)
v(C) v(rC) v(rC) v(C)

€ (1+06™)

because v'(7C)/V(C) = (1 £ 0(0™)) (v(7C)/v(C)) by (6.7). Thus, if £ =
(&) € (X™)*, where &, is an n-cylinder and J, ., (§) = lim, 00 V' (&) /v(&n),
the limit is achieved exponentially fast, and J,., is Holder continuous on
(X™)*. Also, since

JV,,V(T*E) /(Té-n) (gn)
Ju’,u(f) (gn) (Tgn)

Jo o (1:6) = Jur o (§), ie. Jur, is Te-invariant. Therefore, it is constant on a
dense set of (X*)*, for example the full backward orbit of a single point. Since
it is Holder continuous, it must be constant everywhere and, therefore, equal
to 1 everywhere. Thus, v = v/ and v is the unique measure satisfying (6.7). It
follows that v = lims\_p vs. A similar argument shows that v* is the unique
measure satisfying (6.8) and v* = lim,\ p V).

By the properties of the weight function { and by (6.7), for all n-cylinders
C, we get

€ (1+ Ob™) - €1+ 0",

v(C) i v(T7C) l(TJJrlC v( n_l j
H G Tor=aareTe z 31;[0 (1+0(¢)

(6.9)

=0
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Thus, the ratios v(C)/l(C)e™"F are uniformly bounded away from 0 and oo.
Similarly as above, using (6.8) instead of (6.7), we obtain that the ratios
v*(C*)/1(C)e™™F are uniformly bounded away from 0 and oo. Therefore,

- (s > ¢ | (P9 > ¢ 14 ~n(p—s)
sl{r}l) 2 1(C)e > Sl{l}ljo:V(C)e > ¢y }{I}DZ e

n=1
diverges at s = P. The first sum is over all cylinders C.

Therefore, since v and v* are the unique probability measures satis-
fying, respectively, (6.7) and (6.8), we deduce that v = limy pps and
v* = limg p pi, where ps and p} are defined as vy and v} above, but with
k = 1. For all cylinders C' and D, it follows that

Y(©) _ i Yereal(C)e e
V(D) T S\P ZchD l(D’)e_"(D’)S =

r(C : D), (6.10)

which ends the proof of the first assertion of this theorem.

From now on in this proof we assume that the weight function [ matches.
In this case, > ¢ ¢ U(Cn)/>p, ,col(Dn-1) € (1£0(8")), if the first and
second sums are, respectively, over all n-cylinders and all (n—1)-cylinders con-
tained in C. Thus, Y. 1(C,) = O(1), and consequently Y, 1(C)e™™(s =
O3 e ™) converges for every s > 0 and diverges at s = 0. This implies
that P = 0. Furthermore, we obtain that

r(C:D) e (1+0(0")) %, (6.11)

where C' and D are contained in a common n-cylinder. This implies (6.4).

For all cylinder Y,,, we have that

V*(T*_lz];) ~ p:(T*—lz’z) _ ZmD:C:T’“C:Ew Z(D)e—n(D)s
v (23) pE(25) Yrro=x, U(C)emm)s
with the approximation converging as s \, 0. Since the ratios I(C)/l(mC)

converge exponentially fast along backward orbits there are continuous func-
tions 7 (s) and 72(s) which converge to 1 as s \, 0 such that, for all cylinders

wH

ZmD:C:T"C:ZW l(D)e_n(D)S
> rkoey, U(C)em™MO)s

Thus, we deduce that v*(r,71C*) = v*(C*), for all cylinders, and hence
that v* is 7,-invariant. It follows from this that if we define ; on X' by u(C) =
v*(C*), for all cylinders C' of X% then u is a 7-invariant probability measure
on X%, The fact that it is a measure follows from the 7,.-invariance of v*, and
the fact that it is 7-invariant follows from the fact that v* is a probability
measure.

T1(8) <

< Ta(s).
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Now we consider the ratios u(Cy)/p(Cs) = v*(CY)/v*(C3), where Cy and
Cs are cylinders and C1 is contained in Cs. Then, there exists » > 0 such that
m"Ch = Cy. In this case, 7] C7 = C5. Thus, the ratio is approximated by

Zm’jC*:Cl* l(C)e*n(C)s _ ZTkCZCl Z(C)e—n(c)s 612)
Z"LI:C*zTICT l(C)e*n(C)s ZT’“sz’"Cl Z(C)efn(c)s

with convergence as s \, 0. To each summand [(C) of the top sum there cor-
responds a summand [(C”) of the bottom sum such that m”C = C’, and the
pair (C,C") is mapped by some power of 7 onto the pair (C7, Cs). It follows
that 1(C)/1(C") € (1 £ OH™C2)))I(C})/1(Cy), where the constant of propor-
tionality in the O term is independent of C, C’, C; and Cs. Thus, we deduce
that the last term for s = 0 of (6.12) is in the interval (1£0O(0™))I(C1)/l(C2).
We have proved that if Cy is an n-cylinder, then

1(Ch) I(Ch)
1(C2) UCa)

Parts (i) and (ii) of Theorem 6.4 follow from this.

It remains to prove part (iii), the ratio decomposition. To do this, recall
the meaning of C(C),) given in §6.3. If C), is a primary cylinder, let C,,(C,)
denote the set of n-cylinders C such that 7"~*C = C,. Let C}, be the primary
cylinder containing X,,. We have

/J(Ew)é Z Mu*(@;)

e (1+0(0")

(6.13)

CneCn(Cy) N(Cn)
2 I(Xw(Cp * [ vk *
2y K2ulC) oy [ (e ),
Cp€CH(Cy) HCn) <

as n — oo. The equality marked £ follows from the 7-invariance of w1 and also

by duality, that marked 2 from (6.13) and the convergence from property (ii)
of the potential, from the definition of r¢(X,,) in §6.3 and the comments in
Remark 6.2.

The final point is to check uniqueness of invariant measures satisfying
either (i), (ii) or (iii). Since (i) implies (ii), it suffices to check (ii) to verify both.
However, if p* is another measure satisfying the condition in part (ii), then
one can prove that p = p in a similar fashion to the proof of the uniqueness
of v above, using p* and v*, the fact that 7,.C* = (mC)*, and condition (ii)
of this theorem.

Suppose that p is a measure satisfying the ratio decomposition (iii) of the
theorem and let p* denote its dual. First, we note that if £,41 is an (n + 1)-
cylinder and &, = 7(£,41), then r(C(&nt1) @ &nt1) € 1 £ OO™)) 1 (C(&y) -
&n). Moreover, since p is T-invariant, Z€Z+1 p*(&h1) = p*(&;), where the sum
is over all &, contained in &, or equivalently over all 7-preimages §,41 of
&n. Thus,
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Yo nCEn) &)t (Gns)
(n+1)—cyls.&ny1
e(1£0(0™) > n(C&) &) p*(&n)-
n—cyls.§y,
This with condition (iii) proves Remark 6.5.
Therefore, if C' and D are cylinders of X* contained in the cylinder E and
& € (X™)* has FE C &, then, denoting by C,,(F) the set of n-cylinders C’ such
that 7%~ 1(C") contains F,

p(C) ZE,LEC,L (C(fn) gn) *(gn)
p( ) Zgnecn(E)Tl(D(gn) gn) *(gn)
ZgneCn(E)Tl(C(gn) D(&:))ri(D(En) = &n) p*(€n)
Zgnecn(E)rl(D(gn) &n) p*(&n)
nyy HO)
€ 1£06") 5 (6.14)
because
U(C(&)) 1(C)

C(&,) : D(&,)) = =t o")) ——,
n(C(&)  DIEN) = [N € (12 06") 1)
since C' and D are in the n-cylinder E. Thus, if £ = (£,)22, € (X™)*, then

p(én)
e (1+0(0"))o1(&
e ( (0")) o1(€)
by (6.14) and, consequently, p, like u, satisfies condition (ii) of the theorem.
But we have already shown that there is only one measure satisfying this.

Hence p = p. O
Lemma 6.6. Let | be a Hélder weight system.
(i) We define the ratio r(C : D) between two cylinders C and D by

) e —n(C’)s
r(C: D)= lim occlCe =
S\NP Y prep U(D)emn(PDs?

where the sums are, respectively, over all cylinders contained in or
equal to C' and D. For s > P, both numerator and denominator are
finite and positive. As part of the proof of the following theorem we
will show that the limit as s \, P is finite and positive.
(ii) For € = (£,) € (£%)", let 0(€) = limp o0 71(En 5 mEn).
(iti) For & € (X*)* and C' contained in the primary cylinder &y, define
TI,E(C) = lim, oo TI(C(gn) : gn)
Proof. The limits in (i), (ii) and (iii) exist and are finite and positive (use (6.9)
and (6.10) to deduce (i), and use that I, (C) = v(C) form a matching Hélder
weight system to deduce (ii) and (iii) where v is the probability measure
constructed in Theorem 6.4). O
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Theorem 6.7. (Ezistence and uniqueness of Gibbs states) There exist a
unique pair of Borel probability measures p on X% and p* on (X%)* with
the following properties, for some 0 < 6 < 1:

(i) u and p* are dual to each other and, respectively, T-invariant and
Ty -tnvariant;
(i) If C and D are two cylinders contained in the same n-cylinder,
then

u(C)/u(D) € (1+0(0™) n(C: D);

(#i) (Ratio decomposition) If C is an n-cylinder and Cy is the primary
cylinder containing C, then

W) = [ nelCou (do)
o0

Either of the conditions (ii) and (iii) characterise the measure p, i.e. it is the
unique measure with the given property.

If Jy is the Jacobian d(p o 7)/dp and x = (1,50 Cn € X%, where Cy, is
an n-cylinder with mCyy1 = Cy, then J,(z) = lim, o p*(m.CJ)/p* (CF).
Finally, d(p* o 7.)/dpu* = o1,

The measure 1 is the Gibbs state for the potential J; in the sense of Bowen
[17], i.e. it is the unique T-invariant probability measure which for all cylinders
C the ratios u(C)/1(C)e=™ O are uniformly bounded away from 0 and cc.

Note that the ratios r;¢ and r¢ can be different, if the weights do not
match and the logaritmic scaling functions log o; and log o differ at most by
a coboundary, i.e. there is a Holder continuous function w : (X*)* — R such
that log(o;(£)) = log(o(§)) + u(7«&) — u(€). However, if the weight system [
matches, then r; ¢ = r¢ and 07 = 0.

Corollary 6.8. (Moduli space for Gibbs states) The correspondence between o
and p given in Theorem 6.7 gives a natural one-to-one correspondence between
Holder Gibbs states and Holder measured scaling functions on the dual space
(X™)* which satisfy the matching condition (6.3).

Proof of Theorem 6.7. First, we apply Theorem 6.4 to the weight system [
to obtain the measure v. Then we consider the new weight system [, (C) =
v(C). By Theorem 6.4, this is Holder and, since v is a probability measure,
it satisfies the matching condition. Now, apply Theorem 6.4 to this to obtain
measures vy, V5 and pu = py (corresponding to v, v* and p of the theorem). It
follows immediately from Theorem 6.4 that p is the required Gibbs state. As
is well-known, since p has a Holder jacobian, it is ergodic. Therefore, it is the
unique invariant measure in its measure class and, hence, the unique invariant
measure for which the ratios p(C)/£(C)e~™ ¥ are uniformly bounded away
from 0 and co. O
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6.5 Further literature

The novelty of the approach presented is to use the notion of duality and
combined with the approach to construct measures pioneered by Paterson
[137] in the context of the limit sets of Fuchsian groups and used by Sullivan
[229] to construct conformal measures for Julia sets. This chapter is based on
Bowen [17] and Pinto and Rand [162].



7

Measure scaling functions

We present some basic facts on Gibbs measures and measure scaling functions,
linking them with two dimensional hyperbolic dynamics.

7.1 Gibbs measures

Let us give the definition of an infinite two-sided subshift of finite type 6.
The elements of © = @4 are all infinite two-sided words w = ... w_jwowy . ..
in the symbols 1,...,k such that Ay,,,., = 1, for all i € Z. Here A = (A;j)
is any matrix with entries 0 and 1 such that A™ has all entries positive for
some n > 1. We write w "% w' if w; = wj for every j = —ny,...,ng. The
metric d on O is given by d(w,w’) = 27" if n > 0 is the largest such that
w Together with this metric @ is a compact metric space. The two-
sided shift map 7 : © — O is the mapping which sends w = ... w_jwows ...
to v = ...v_1vov1 ... where v; = wjy; for every j € Z. We will denote 7 by
7, and 77! by 75. An (ny, ng)-rectangle O,,_ ~wn, > Where w € O, consists

ni-
of all those words w’ in @ such that w "= w’. Let ©“ be the set of all
right-handed words wgws ... which extend to words ...wpw; ... in @, and,
similarly, let @° be the set of all left-handed words ...w_;wy which extend
to words ... w_jwq... in @. Then, m, : ©@ — O% and w5 : © — OF are the

natural projection given, respectively, by
T (- w_qwows . ..) = wowy . .. and  7e(...w_qwowy...) = ... w_jwy .

The metric d determines, naturally, a metric d, in ©“ and dgs in 6°.
An n-rectangle Oy, is equal to 7y (Ou,..w,_,) and an n-rectangle
qu,(n,l)...wg is equal to Ws(@quq)mwo)' Let 7, : ®* — Q% and 75, : ©° — ©°
be the corresponding one-sided shifts. Noting that m, o 7, = 7, o m, and

s OTg L =7, o7, we will also denote 7, by 7, and 7, by 7.

Definition 7.1. For . = s and u, we say that s, : ©* — R is an -measure
scaling function if s, is a Hélder continuous function, and for every & € ©*
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Z si(m) =1,

T.n=¢§
where the sum is upon all £ € ©" such that 7,n = £.

For ¢ € {s,u}, a 7-invariant measure v on © determines a unique 7,-
invariant measure v, = (,).v on ©*. We note that a 7,-invariant measure v,
on ©" has a unique 7-invariant natural extension to an invariant measure v

J— L
on @ such that v(Ow,..w,,) = V(O

)
Definition 7.2. A T-invariant measure v on © is a Gibbs measure:

(i) if the function s, s : O — R given by

1 V(@’wo...w )
Sys(wowy ...) = lim ———————=% |
( ) n—0o0 V(Q’wl...’u)n)

is well-defined and it is an s-measure scaling function; or
(ii) if the function s, , : ©° — RT given by

&)
Suu(- . wiwg) = lim M

)
n—oo v @wn...uu)

is well-defined and it is a u-measure scaling function.

By Theorem 7.7, condition (i) is equivalent to condition (ii). By Corollary
6.8, an (-measure scaling function s, determines a Gibbs measure v, .

7.2 Extended measure scaling function

We will construct the -measure scaling set msc’ that contains @ . We will
construct a natural extension of any scaling function to the domain msc, that
we call an extended measure scaling function or measure ratio function. The
extended measure scaling function plays a key role in this subject.

Throughout the chapter, if & € 6", we denote by &4 the leaf primary
cylinder segment i(7,'¢) C A. Similarly, if C' is an n,-rectangle of ", then
we denote by C4 the (1,n,)-rectangle i(r;1C) C A.

We say that I C O is an t-symbolic leaf n-cylinder, if i(I) is an ¢-leaf
n-cylinder. Every t-symbolic leaf n-cylinder can be expressed as

€0 =ntCnrm e,

where ¢ € @ and C is an n-cylinder of ©* (see Figure 7.1). We call that
such pairs £.C /-admissible. The set of all i-admissible pairs is the -measure
scaling set msc’.

Let C be an n-cylinder of ©*. For all 0 < | < n, we say that m'C is the
I-th mother of C, if m!C is an (n — [)-cylinder and m!C > C.
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Fig. 7.1. An t-admissible pair (£, C) where 4 = i(7,'€), Ca = (7, 'C) and i(£.0)
is a leaf n-cylinder.

o £I(1)

Fig. 7.2. The (n—j+ 1)-cylinder leaf segment [ = &4 N Dy and the primary leaf
segment "7 (I) = i(m, 79 (£.D)), where D = mi~'C.

Given an (-measure scaling function s,, we construct the t-extended mea-
sure scaling function p, : msc* — R induced by the i-scaling function s, as
follows: If C is an 1-rectangle on ©*, then we define p,(£.C) = p, ¢(C) = 1. If
C is an n-rectangle on @', with n > 2, then we define

n—1
pu(&C) = ] su(mur 7 (€mi~1C))
j=1

(see Figure 7.2). We will denote, from now on, p,(§.C) by p,.¢(C). By Lemma
7.6, p,(£.C) is the conditional measure v(£.C|€) of £.C in €.

Let ¢ € ©* be such that i(§) is an t-leaf segment spanning of a Markov
rectangle i(M). Let i(R) be a rectangle inside 4(M ). There are pairwise disjoint
rectangles C; € ©" such that 7, R is the countable (or finite) union UjernaC}
of rectangles. If £ N R # (), we define the ratio p, ¢(R : M) by

pre(R:M)=>" p.e(C)). (7.1)
j€Ind

If ¢NR =0, we define p, ¢(R : M) = 0. More generally, suppose that Ry and
R, are ¢/-spanning rectangles contained in R. We define the ratio p, ¢ (R : R1)
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by
pre(Ro: Ri) = pe(Ro: M)p,e(Ry: M)™" . (7.2)

Remark 7.8. The ratios determined by p, are f-invariant, i.e p ¢(Ro : R1) =
puo.e(fRo © fR1). Furthermore, p,, determines affine structures on ¢-symbolic
leaves, i.e p,/(Ry : Ro) = py(Ro : Ry)™! and

P (R1 U RQ : Rg) = ,DU(Rl : R3) + ,DL/(RQ : R3)7
where R1, Ry and Rg3 are pairwise disjoint rectangles.

Lemma 7.4. Let p, : msc,, — RT be an extended ' -measure scaling function.
There is v = v(p;) > 0 such that

pve(C) .
pL’,n(C) =1=+ O(dL(gvn) )7

for every n-rectangle C in ©* and for all £,m € 6.
Proof. Let d,(£,n) = 27™. We obtain that
d, (mf.m{‘lQ m/n.mf_lC) = 9~ (mtn=j),

Since, for some « > 0 the scaling function s, : 0" — R* is a-Holder continu-
ous, we get

|3L(ﬂbln.mf_lC) — sL(m/g.m{_lC’ﬂ < K2 «lmtn=j),

for some K7 > 1. Therefore,

n—1

|10g P{(C) - IOg pn(C)| < Z |SL(7TL/77'm{710) - Sb(ﬂ'uf.mzflcﬂ

j=1
n—1

<3 Ky2-etmn=i)
j=1

< Ko279™,
O

Recall that a T-invariant measure v on © determines a unique 7,-invariant
measure v, = (m,)«¥ on O and a unique Tg-invariant measure vy = (7).
on O°.

Lemma 7.5. (Ratio decomposition) Let v be a Gibbs measure with ' -extended
scaling function p,. If i(R) is a rectangle contained in a Markov rectangle
i(M), then

v(R) = / pue(R: M)y, (dE) . (7.3)
7t (R)
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Since any rectangle can be written as the union of rectangles R with the
property hypothesised in the theorem for some Markov rectangle, the above
theorem gives an explicit formula for the measure of any rectangle in terms
of a ratio decomposition.

Proof of Lemma 7.5. Suppose that i(R) is a rectangle contained in a Markov
rectangle i(M). There is 0 < v < 1 such that for all n > 0 we can write
R=RyU...U RN(n) where
(i) Ro,..., R N(n) are pairwise disjoint rectangles and the spanning ¢-leaf
segments of i(R;) are also i(R)-spanning t-leaf segments, for every
0 <i < N(n);
(ii) m,(R;) is an R-rectangle of ©, for every 0 < i < N(n);
(iii) Ro and Ry are empty sets, or 7, (Ro) and 7, (Rpyy)) are strictly
contained in n-rectangles.
By property (iii), there is a sequence «, tending to 0, such that u(Rg) < ap
and p(Ryn)) < an. Let P, = 7, om/(R;), for every 0 < i < N(n). Let
S; = mhR; and Q; = TP, for 0 < i < N(n). The rectangles i(Q;) are
t-spanning (1,n)-rectangles of some Markov rectangle i(1;). We note that
7, (S;) = 7 (Q;). By Lemma 7.4, for all £, n € 7,/ (Q;),

Pg(Sz' : Qi) n
(5 Qe © O

for some 0 < € < 1. By Lemma 7.4, for every &,n € 7,/ (R;),

pe(Ri : Pi)

B € 1+ 0(). (7.4)

By invariance of the measure scaling function p under 7,, we get
pe(Ri = P) = per(Si: Qi) and py(Ri : P;) = py (Si : Qi), (7.5)
where ¢ = 7w, (771(€)) and 0’ = 7, (7]}(n)). Putting together (7.4) and (7.5),

we get
pe(Si : Qi)

By Theorem 6.7,
v(S) = [ pesi M (@)
7TL/(M7;)
— [ pelS Qupe@ M) (7.7)
WL/(Mi)

By (7.6), we get that
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/ per(Si s Qi)per(Qi - M;)(dE') €
w0 (M;)

(14 O()) p(Si + Qi) / per(Q : Mi)(d€)), (7.5)

. (M;)

for any fixed 0’ € m,/(S;). By Theorem 6.7, we obtain that

(M,

L @

Putting together (7.7), (7.8) and (7.9), we get that

By invariance of v under 7, u(S;) = p(R;) and p(Q;) = p(F;). Therefore,
putting together (7.5) and (7.10), we obtain that

Hence,
N(n)—1 N(n)—1
v(R) € Z V(R;) £ 2a, C (1 +£0O(™)) Z pni (R : M)v, (P;) £ 2ay,
i=1 i=1

where n; € 7,/ (R;). Hence, equation (7.3) follows on taking the limit n — oo.
U

Lemma 7.6. Let v be a Gibbs measure with ' -extended scaling function p,.
Let R be contained in an (ns,n,)-rectangle such that i(R) is contained in a
Markov rectangle. Let Ry and Ry be rectangles in R such that the ' -spanning
leaves of i(R1) and i(R2) are also J'-spanning leaves of i(R). For all -leaf
segments £ € m,(R), we have that

Z/(Rl
I/(Rg

~—

€ (1£0(e™™)) pe(Ry : Ro), (7.11)

~—

for some constant 0 < € < 1 independent of R, Ry, Ra, ns and n,.

Proof. By invariance of v and of the measure scaling function p under 7, we
get
pg(Ri : R) = pgl(Ré : R/), (7.12)

where R, = 7/ (R;), R' = 7/*(R), &' € my(R') and § = w7, ™ (£'). By Holder
continuity of the measure scaling function, we get that
pe (R : R')

.. Rl)

€140, 7.13
pur (B e (1
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for every ¢',n' € m,(R'). Putting together (7.12) and (7.13), we get that

pe(Ri : R)

LEN D) ¢ 14 O(entm),
polRi  B) )

for every &, € m/(R). By Lemma 7.5 and (7.14), we get that

v(Ry)  Ju,imype(Ri: R)pe(R : M)(d€)
v(R) I oy pe (R M)(dE)

Sy Pe(R = M) (de)

- Ns+Mqy ..
= (1£0(™ ")) py(R; : R) S, (ry Pe(B = M)(dE)

(1+ 0™ ") py(R; : R),

for every n € m,/(R). Hence,

I/(Rl
(R2

~—

€ (1£0("*m)) —png :

<
>
K

C (1£0(E™T") p,
C (1+0(™")) p,

O

(7.14)

Theorem 7.7. If 0, : ©" — RT is a scaling function, then the (dual)

scaling function o, : ©* — R is well-defined.

Recall from Corollary 6.8 that if s, : ©* — RT is an t-measure scaling
function for ¢+ = s or u, then there is a unique 7-invariant Gibbs measure v

such that s, = s,.

Proof of Theorem 7.7. The dual p, of p,/ is constructed as follows: Let I and K
be two ¢-symbolic leaf segments contained in a common n-cylinder +’-symbolic
leaf £. Choose p € I and p’ € K. Let a,, be the t-leaf N-cylinders containing
p, and by, the t-leaf containing p’ and holonomic to a,. Let A,, = [I, a,n] and
B,, = [K, by, (see Figure 7.3). By Lemma 7.6, there is 0 < £ < 1 such that

V(Am41) /v(Am) € 1 £ OE™™))pra,, (Amt1 0 Am)
and, similarly,

V(Buus1)/v(Bm) € (14 OE™ ™) ps, (Burs : Bun) -
By Lemma 7.6, we get

Pu,am (Am+1 . Am)

e1+0(E™™) .
Pu,bp, (Bm—i-l : Bm) ( )
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Hence,
V(Am+1) v(Am)
V(Bm+l) V(Bm) 7
for some 0 < e < 1. Forevery [ > 1, I = A;N¢ and K = B;N&, where I and
K do not depend upon [. Therefore, the following ratio

€ (1+0(™t™)) (7.15)

poe(Ar: B) = lim v(An)

m— 00 V(Bm)

(7.16)

is well-defined. Furthermore, by (7.15), the corresponding scaling function is
Holder continuous. Therefore, p,s is an extended measure scaling function for
the Gibbs measure v. [

a | b
DL o R (S
A B

Fig. 7.3. The rectangles A, = [I,am] and By, = [K, bp].

7.3 Further literature

This chapter is based on Bowen [17], Pinto and Rand [162] and Pinto and
Rand [166].
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Measure solenoid functions

We introduce the stable and unstable measure solenoid functions and sta-
ble and unstable measure ratio functions, which determine the Gibbs mea-
sures C''t-realizable by C'* hyperbolic diffeomorphisms and by C'* self-
renormalizable structures.

8.1 Measure solenoid functions

Let Msol* be the set of all pairs (I,J) with the following properties: (a) If
0, = 1, then Msol® = sol’. (b) If §, < 1, then f.I and f,J are -leaf 2-
cylinders of a Markov rectangle R such that f,,I U f,-J is an (-leaf segment,
i.e. there is a unique t-leaf 2-gap between them. Let msol* be the set of all pairs
(I, J) € Msol* such that the leaf segments I and J are not contained in an ¢-
global leaf containing an (-boundary of a Markov rectangle. By construction,
the set msol’ is dense in Msol‘, and for every pair (C,D) C msol® there
is a unique ¥ € 6 and a unique & € © such that i(r,;'(¢)) = C and
i(r;1(¢)) = D. We will denote, in what follows, (7, ' (¢))) by ¥4 and i(7,*(£))
by &4.

Lemma 8.1. Let v be a Gibbs measure on ©. The s-measure pre-solenoid
function o, s : msol® — R of v and the u-measure pre-solenoid function
oy msol® — RT of v given by

UV,S("/JAafA) = lim —=¥o-¥n/
n—oo I ngn-én)
and

. V(O
ouu(tha,€a) = lim V(O .p0)
nmee v 5n-~~§o)

are both well-defined.
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Proof. Let (I,J) € msol*. By Property (iii) of msol*, there is k = k(I, J) such
that fXI and f%.J are cylinders with the same mother mf5I = mf%J. Let
(¢ : C) and (¢ : D) be the admissible pairs in msc, such that i(£.C) = f5I
and i(£.D) = f%J. Since the measure v is 7-invariant, we obtain that

vl J) = pe(Cpe(D) 1,

where p is the extended scaling function determined by the Gibbs measure
v. Therefore, the (-measure pre-solenoid function o, is well-defined for ¢+ €
{s,u}. O

Lemma 8.2. Suppose 05, = 1. If an t-measure pre-solenoid function o, :
msol' — RT has a continuous extension to sol‘, then its extension satisfies
the matching condition.

Proof. Let (Jy, J1) € sol* be a pair of primary cylinders and suppose that we
have pairs

(I()vIl)a (I1a12)7 ceey (In727 Infl) € SOIL
of primary cylinders such that f,Jo = ;s I; and f,J; = J;_; I;. Since the
set msol” is dense in sol" there are pairs (J§, Ji) € msol" and pairs (I}, 1}, )

with the following properties:

. k—1 —1 i

(i) fLJé = Uj:o IJZ' and fLJ{ = U;’:k Igl"

(i) The pair (J}, J}) converges to (Jo, J1) when i tends to infinity.
Therefore, for every j = 0,...,n — 2 the pair (Ié7 I§+1) converges to (I, 1;11)
when ¢ tends to infinity. Since v is a 7-invariant measure, we get that the
matching condition

k—1 174
1+ Zj:l 2:1 Uw(—r;‘ : If—l)
—1 i
Yok hici 0w (15 1)
is satisfied for every [ > 1. Since the extension of o,,, : msol® — R™ to the set

sol* is continuous, we get that the matching condition also holds for the pairs
(J(), Jl) and (Io, .[1)7 ey (In_Q,In_l). O

UW(J([) cJh =

8.1.1 Cylinder-cylinder condition

Similarly to the cylinder-gap condition given in § 3.6 for a given solenoid
function, we are going to construct the cylinder-cylinder condition for a given
measure solenoid function o, ,. We will use the cylinder-cylinder condition to
classify all Gibbs measures that are C'T-Hausdorff realizable by codimension
one attractors.

Let §, < 1 and 6, = 1. Let (I,.J) € Msol" be such that the ¢-leaf segment
fuI U f,/J is contained in an t-boundary K of a Markov rectangle R;. Then,
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fuIT U f,,J intersects another Markov rectangle Rs. Take the smallest & > 0
such that f&I U fEJ is contained in the intersection of the boundaries of
two Markov rectangles M7 and Ms. Let M; be the Markov rectangle with
the property that My N ka,'Rl is a rectangle with non empty interior, and so
My N fL’? Ry has also non-empty interior. Then, for some positive n, there are
distinct ¢-leaf n-cylinders Ji, ..., J,, contained in a primary cylinder L of M,
such that fZ?I = Uf;llJi and L’?J =U,J;. Let n € 6" be such that ny =L
and, for every i = 1,...,m, let D; be a cylinder of ©* such that i(n.D;) = J;.
Let ¢ € ©" be such that &4 = K and C; and C cylinders of @ such that
i(£.Cy) = fuo T and i(£.Cy) = fJ. We say that an (-extended scaling function
p satisfies the cylinder-cylinder condition (see Figure 8.1), if, for all such leaf
segments,

pe(Ca) _ ng pn(Di)
pe(Cr) ST (D)

Fig. 8.1. The cylinder-cylinder condition for ¢-leaf segments.

Remark 8.5. A function o : msol' — R™ that has a Holder continuous ex-
tension to Msol* determines a unique extended scaling function p, and so we
say that o satisfies the cylinder-cylinder condition, if the extended scaling
function p satisfies the cylinder-cylinder condition.

Definition 8.4. A Hélder continuous functions o, : Msol' — RT is a measure
solenoid function, if o, satisfies the following properties:

(i) If B* is a no-gap train-track, then o, is an t-solenoid function.
(i) If B* is a gap train-track and BY is a no-gap train-track, then o,
satisfies the cylinder-cylinder condition.

(iii) If B* and BY are no-gap train-tracks, then o, does not have to
satisfy any extra property.

8.2 Measure ratio functions

We say that p is a t-measure ratio function, if

(i) p(I :J) is well-defined for every pair of t-leaf segments I and J such
that (a) there is an -leaf segment K such that I, J C K, and (b) I or
J has non-empty interior;
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(i) if I is an ¢-leaf gap, then p(I : J) =0 (and p(J : I) = +00);

(iii) if I and J have non-empty interiors, then p(I : J) is strictly positive;

(V) oI J) = p(J : 1)

(v) if I and I intersect at most in one of their endpoints, then p(I; UI; :
K)=p(l: K)+ p(Iz : K);

(vi) pisinvariant under f,i.e. p(I : J) =r(fI : fJ) for all i-leaf segments;

(viil) for every basic t-holonomy map 6 : I — J between the leaf segment
I and the leaf segment J defined with respect to a rectangle R and for
every t-leaf segment Iy C I and every t-leaf segment or gap I C I,

‘lo p(01o : 01y)

oo T | = O dalh. D)), (8.1)

where £ € (0,1) depends upon p and the constant of proportionality
also depends upon R, but not on the segments considered.

We note that if B is a no-gap train-track, then an (-measure ratio function
is an (-ratio function.
Let SOL" be the space of all t-solenoid functions.

Lemma 8.5. The map p — p|Msol* determines a one-to-one correspondence
between t-measure ratio functions and solenoid functions in SOL".

Proof. The proof follows similarly to the proof of Lemma 3.3. O

Remark 8.6. (i) By Lemma 8.5, a Gibbs measure v with an (-measure pre-
solenoid function with an extension & to Msol* such that 6 € SOL" de-
termines a unique t-measure ratio function p,,.

(ii) A measure ratio function p determines naturally a measure scaling func-
tion, and so, by Corollary 6.8, a Gibbs measure v,,.

(iii) By Lemma 8.5, a function o : msol — R™ with an extension & to Msol
such that & € SOL" determines an (-measure ratio function, and, by (ii),
a unique Gibbs measure v such that o = o0,,.

8.3 Natural geometric measures

In this section, we define the natural geometric measures ps s associated with
a self-renormalizable structure S and § > 0. The natural geometric measures
are measures determined by the length scaling structure of the cylinders. We
will prove that every natural geometric measure is a pushforward of a Gibbs
measure with the property that the measure solenoid function determines a
measure ratio function. In § 10.2, we will show that a Gibbs measure with
the property that its measure solenoid function determines a measure ratio
function is C''*-realizable by a self-renormalizable structure.
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Definition 20 Let S be a C'* self-renormalizable structure on B*. If B* is
a gap train-track let 0 < § < 1, and if B* is a no-gap train-track let § = 1.

(1) We say that S has a natural geometric measure y, = ps,s with
pressure P = P(S,9) if (a) p, is a f.-invariant measure; (b), there
exists k > 1 such that for all n > 1 and all n-cylinders I of B*, we

have s
— ML( )

— <K, 8.2
e <" &2

where i is a chart containing I of a bounded atlas B of S;

(ii) We say that S is a C'* realization of a Gibbs measure v = vg s if
w, = (3,)sv, where v, = (m,)v and p, = ps,s is a natural geometric
measure of S.

Suppose that we have a C't self-renormalizable structure S on B* and
that B is a bounded atlas for it. Let § > 0. If I is a segment in B, let
|I| = |I]; be its length in any chart ¢ of this atlas which contains it. If C
is a m-cylinder, let us denote m by n(C) and i,(C) by Ic. For m; > 1 and
mg > 1, let C be an my-cylinder and D an mo-cylinder contained in the same
1-cylinder. Let

5 ,—n(C’)s
Lso(C: D) = 2orcoller] < ( ,) (8.3)
’ Yprcp [ IprPemnPhs
where the sums are respectively over all cylinders contained in C' and D and
the values |I¢/| and |Ip/| are determined using the same chart in B. Let the
pressure P = P(S,0) be the infimum value of s for which the numerator (and
the denominator) are finite.

If £ € ©, then the leaf 1-cylinder segment &4 = i(r; ') € A s also
regarded, without ambiguity, as a point in the train-track B, Similarly, if
C is an n-cylinder of ©', then the (1,n)-rectangle Cy = i(m, 1) C A is also
regarded, without ambiguity, as an n-cylinder of the train-track B*.

The following theorem follows from the results proved in Pinto and Rand
[162]. It can also be deduced from standard results about Gibbs states such
as those in Chapter 6.

Lemma 8.7. Let S be a C'T self-renormalizable structure on B*. For every
6 > 0, there is a unique geometric natural measure (1, = s with pressure
P = P(S,9) € R, and there is a unique T-invariant Gibbs measure v = vg s
on @ such that p, = (i,).v, where v, = (m,).v. Furthermore, the measure p,
has the following properties:

(i) There is 0 < a < 1 such that if C and D are any two n-cylinders
in ©" such that Ic and Ip are contained in a common segment K,
then
m(lc)
t.(Ip)

€ (1+O(K[*)) Ls p(C: D) .
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(ii) If p : msol® — R is the extended measure scaling function of v,,
then

pi(C) = mlgnoo Lﬁ,P(Cm : £m> ;
where Cy, and &, are the cylinders given by Ic, = f7(CaNE&a) and
I&m = Lr;nilg/l'
(111) (ratio decomposition) if C' is an n-cylinder in ©* and C,, is the
primary cylinder containing C, then

wlc) = /5 o POt (8.4)

Proof. Tt follows from putting together Lemma 6.6 and Theorem 6.7. [

A c:

Na

Dj\ D/r\l DAP+1 D¢

Fig. 8.2. The rectangles C},C3 and D}, ..., D%

Lemma 8.8. Let S be a C1F self-renormalizable structure on B* and let p be

the extended measure scaling function of the Gibbs measure vs ;.

(i) If C and D are two cylinders contained in an n-cylinder E of 6,
then, for all &, m contained in the 1-cylinder 7, (7, 'E) of O,

pn(C) nyy Pe(C)
(D) € (1+0(0m) D) (8.5)

(i) Let BY be a no-gap train-track. Let £,n € ©' be such that the
corresponding leaf segments in A have a common intersection K (or
coincide). Let (£ : C1), (& : C?),(n: DY),...,(n: D) be admissible
pairwise distinct pairs in msc' such that (a) E4NCY = E4N(UY_ DY) C
K, and (b) E4NCH =EaN (UL, Dy) C K (see Figure 8.2). Then,

pe(CY) 30 pn(DY)
pe(C?) X1 p(DY)

(#ii) Let B* be a no-gap train-track (and § = 1). Then, for every ad-
missible pair (C : £) € msc*, we get

pe(C) =7,(Canéa:éa), (8.7)

where 7, is the t-ratio function determined by the C'% self-renormal-
izable structure.

(8.6)
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Proof. Proof of (i) and (ii). Suppose that C' and D are two cylinders contained
in an n-cylinder E. Let E; be a (n + 1)-cylinder whose image under the shift
map 7 is F and let C7 and D; be the cylinders in E; such that 7C7; = C and
7D1 = D. Then,

Lg)p(cl : Dl) S (1 + O(Gn)) L57P(C : D),

where (i) 0 < 6 < 1 is independent of C, D, E and Ej, and P = P(S,9) is
the pressure. This follows directly from the definition of Ls p together with
the fact that, for all cylinders C’, D" in Ej,

[Ip/|

I p
e (1£0(0)) L]
[c|

|ITC/|.

As a corollary of this we deduce (8.5). Then, equality (8.6) follows from using
that the local holonomies are local diffeomorphisms in the self-renormalizable
structure of B*.

Proof of (iii). In this case the self-renormalizable structure S is a local
manifold structure as defined in § 4.6 (i.e. the charts are homeomorphisms
onto a subinterval of R), and § = 1. Using (8.3), we get P(S,d) = 0 and so
the ratios pu(I)/|I| are uniformly bounded away from 0 and oo for all segments
I in B*. Moreover, in this case, the length system [ matches in the sense that if
C is an n-cylinder, then ), |Ic/| = |I¢| where the sum is over all m-cylinders
C’ contained in C and |I¢| and |I¢/| are obtained using the same chart in 5.
Thus, if C' and D are n-cylinders and I U Ip is a segment of B*, then

w(Ic) M
UL(ID) |ID|

€ (1+0(6m)

Hence,
pe(C) = tim MZUCaNEA)] (Cnfmgf‘)l,
m—oo |fL/ §A|

which implies (8.7). O

Remark 8.9. If § is the Hausdorff dimension of B*, then the ratios u, (Ic)/|Ic|°
are uniformly bounded away from 0 and oco. It follows from this that the Haus-
dorff 6-measure H? is finite and positive on B* and such that y, is absolutely
continuous with respect to H?.

The above remark follows by using the orthogonal charts and the self-
renormalizable structures.

8.4 Measure ratio functions and self-renormalizable
structures

In this section, we prove that, for every § > 0, a given C''* self-renormalizable
structure S on B* determines an :-measure ratio function ps s such that the
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Gibbs measure v, determined by pss (see Remark 8.6) is the same as the
Gibbs measure vs 5 that is C'* realizable by the self-renormalizable structure

S.

Lemma 8.10. Let R be an (ns,ny)-rectangle and R and R" be '-spanning
rectangles contained in R. Let § be an t-leaf segment of R. Let R’ R" and
R be Tectangles in O such that i(R') = R, i(R") = R"” and i(R) = R. Let
€ € w7 Y(R) be such that i(€) = €. The values

pss(§NR :ENR") = p, (R R")
are well-defined.

Proof. By (7.2), the ratios are well-defined for (-spanning leaves ¢ in the in-
terior of R. By (7.2) and (7.6), the ratios are also well-defined for (-spanning
leaves in the boundary of R. [J

From now on, for simplicity of notation, we will denote ps s(ENR’ : ENR’)
by pue(R': RY).

Lemma 8.11. (2-dimensional ratio decomposition) Let S be a C'* self-
renormalizable structure and p1, = pus,5 a natural geometric measure for some
6 > 0. Suppose that R is a rectangle contained in a Markov rectangle M.
Then,

u(w) = | Pl M) (8.8)

Bt

We now consider the case where B* is a no-gap train-track. Let S be a
C' self-renormalizable structure and p, = ts,1 the natural measure (with
pressure P = 0). Recall the definition of tﬁ% as the set of spanning t-leaf
segments of the rectangle R (not necessarily a Markov rectangle). By the
local product structure, one can identify t;; with any spanning ¢/-leaf segment
I (z,R) of R. Suppose that R is a rectangle and M is a Markov rectangle
and that 6 : | =1 (x, R) — I' C I* (2, M) is a basic holonomy defined on the
spanning /-leaf segment [. This defines an injection g : tﬁ; — tﬁ\} which we
Call the holonomy injection 1nduced by 6 (see Figure 8.3). The measure ji,/ on
B* induces a measure on ¢4, which we can pull back to i using g to obtain

a measure pf ;o ie. ph y (E) = po(mge (to(E))).

Lemma 8.12. (2-dimensional ratio decomposition for SRB measures) Let B
be a no-gap train-track. Let S be a C't self-renormalizable structure and
W, = ps,1 the natural measure (with pressure P = 0). If tg : té — tﬁ\//[ is a
holonomy ingjection as above with P a Markov rectangle, then

H(R) = [ € to @bt (89)

where r, is the t-ratio function determined by S.
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Fig. 8.3. The holonomy injection tg.

Remark 8.13. Note that if R C M, then ¢4(&) is just the M-spanning ¢-leaf
containing ¢ and ;L%M = Lty-

Since any rectangle can be written as the union of rectangles R with the
property hypothesised in the theorem for some Markov rectangle, the above
theorem gives an explicit formula for the measure of any rectangle in terms of
a ratio decomposition using the ratio function which characterises the smooth
structure of the train-track.

Proof of Lemmas 8.11 and 8.12. Suppose that R is any rectangle, M is a
Markov rectangle and tg : t;; — tﬁéj is a holonomy injection as above (in
the case of Lemma 8.11 ty is the identity map). Then, we note that there is
0 < v <1 such that for all n > 0 we can write R = Ry U ...U Ry, where

(i) Ro,..., Ry(n) are rectangles which intersect at most in their boundary
leaves and their spanning ¢-leaf segments are also R-spanning ¢-leaf
segments;

(ii) P; =tpR; and 7,/(P;) is an n-cylinder of BY for every 0 <i < N(n);

(iii) Ro is the empty set, or m,(P) is strictly contained in an n-cylinder
of BL/7 and so, using the bounded geometry of the Markov map (see
§ 4.3) and (8.2), u(Ro) < O(ef) for some 0 < gg < 1;

Let S; = fR; and Q; = f]}P; for 1 <14 < N(n), and note that the rectangles
Q; are t-spanning (1,n)-rectangles of some Markov rectangle M;. We note
that if ¢y is not the identity there might be a non-empty set V,, of values of i
such that S; is not be contained in the Markov rectangle M;. However, since
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there are a finite number of Markov rectangles, the cardinality of the set V,,
is bounded away from infinity, independently of n > 0. Hence, we desregard
in what follows these values of i € V,,, since the measure of the corresponding
sets S; converges to 0 when n tends to infinity. To prove the theorems we
firstly note that by Lemma 8.8 and by (7.1) we obtain that, if Q;, P; and M;
are as above, for all £,n € M;,

p(ENS;:ENQ;) € (L O(E™)) p(nNSi i nNQy),

for some 0 < e < 1. Thus, since u(S;) = p(7,(S;)) and pu(Q;) = p(7,(Q;)) and
by (8.4), if £ € 4,

1(Si) € (1 £ 0(e")) p(€N i €N Qi) p(Qs)-

Now consider the case of Lemma 8.11. Then, since R; and P; are contained
in the same Markov rectangle, p(§ N'S; : €N Q;) equals p(§ MR : &N M)
for some &; € tj%i and p(Q;) = p(P;) which is equal to p, P; since P; is an
t-spanning rectangle of the Markov rectangle M. Thus we have deduced that
up to addition of a term that is O(v™),

2

(n)
p(R) € (L+0(™) ) p(&NR:&NM)py (F).

=1

Equation (8.8) follows on taking the limit n — oo.

Now consider the case of Lemma 8.12. Under its hypotheses we have that
p(ENS; :ENQ;) =7 (ENS; : ENQ;) by (8.7) and (7.1). By the f-invariance
of r, there is §; € tﬁéi such that r,(&; : tg(&)) =7, (6N S; : €N Q;). Thus, as
above, we deduce that

2

(n)
w(R) € (L+£0(")) (& ta(&i))p (toRs) -

i

Il
-

Equation (8.9) follows on taking the limit n — oo. O

Lemma 8.14. Let S be a C'* self-renormalizable structure on B* with nat-
ural measure p1, = ps,s for some § > 0. Suppose that R is contained in a
(ns, ny)-rectangle and that R and R are ' -spanning rectangles contained in
R. Suppose in addition that either (i) R is contained in a Markov rectangle
or (ii) B* does not have gaps and there is a holonomy injection of R into
a Markov rectangle (in this case 6 = 1 and P = 0). Then, for every t-leaf
segment £ € t;;, we have that

(1)
p(R")

for some constant 0 < € < 1 independent of R, R', R", ns and n,, (and in
case (i) pNR:ENRY=r(ENR:ENR)).

€ (1£0(™ ™) p(¢NR :£ENRY) (8.10)
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Proof. We give the proof for the second case since that for the first is similar.
By Lemma 8.12, we have that

p(R) oy € to( e an () fur (R ROu(€ s to(€) i, ar (d€)
(R fr (€ to (€t n (d€) Juur, (& t0(©)) g g (d€)

where 7, ¢(R: R') = r,(RNE: R NE). Let F = f*T™. By inequality (2.2)
(or inequality (8.5) in case (i)), there is 0 < & < 1 such that

r.r(FR:FR') € (1£ 0™ ™)r, re(FR: FR')
for all &, € tﬁé. Thus,
ra(R:R)€e1£0E™ " ))r,¢(R: R)

and so

k) €(1+0@E™ ™)) r (R R) .

Similarly,

R neFe (R R
iy € LEOE (R R) .

Putting together the previous two equations we obtain (8.10). O

Theorem 8.15. Let S be a C'T self-renormalizable structure on B* with nat-
ural measure p, = ps s for some 6 > 0. The values

pss(ENR :ENR")

(as in Lemma 8.10) determine an t-measure ratio function ps s with the fol-
lowing properties:

(i) The Gibbs measure v, determined by the t-measure ratio function
ps,s (see Remark 8.6) is the same as the Gibbs measure vs s which is
C'™ realizable by the self-renormalizable structure S;

(i1) If B is a no-gap train-track, then ps.1 = r, where r is the ratio
function determined by the C1T self-renormalizable structure S.

Putting together Theorem 8.15 and Lemma 8.5, we obtain the following
corollary.

Corollary 8.16. Let S be a C't self-renormalizable structure on B with
natural measure i, = ps,s for some § > 0. The measure pre-solenoid function

oL, msol” — RT determines a solenoid function oy, . : Msol — RT and

= ps,s|Msol".

L
JVS,J
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Proof of Theorem 8.15. Let us prove this lemma first in the case where the
train-track B* does not have gaps and then in the case where the train-track
B* has gaps.

(i) B* does not have gaps. Then, § = 1 and, by Lemma 8.8 (iii), we have
p(ENR :ENR") =r(ENR : £ENR") where r is the ratio function determined
by the C'* self-renormalizable structure S. Hence ps,s = T is an (-measure
ratio function. Using (8.10), we get that the Gibbs measure, that is a C*
realization of the natural geometric measure ps s, determines an (-measure
solenoid function which induces the (-measure ratio function ps ;.

(i) B* has gaps. By f-invariance of p and (8.10), we get that

PENR:ENR) = p(fu€N fuR: fu€O fuR) (8.11)

is invariant under f. Let I and J be t-leaf segments such that (a) there is
an t-leaf segment K such that I,J C K, and (b) I or J has non-empty
interior. Then, there isn > 0, £ € BL/7 R and R’ such that I = £N R and
fivJ = &N R'. Hence, using (8.11), the ratio

pss(I:J)=pss(fil:f1J)

is well defined independently of n. Using (8.10), we get that (8.1) is satisfied
and the Gibbs measure, that is a C'* realization of the natural geometric
measure (s, determines an (-measure solenoid function which induces the
t-measure ratio function pg 5. O

8.5 Dual measure ratio function

We will show that an t(-measure ratio function p, determines a unique dual
function p,, which is an +/-measure ratio function.

Definition 21 We say that the t-measure ratio function p, and the ' -measure
ratio function p, are dual if both determine the same Gibbs measurev = v, =
Vp,, on O (see Remark 8.6).

Theorem 8.17. Let S be a C't self-renormalizable structure on B* with ¢-
measure ratio function p, = ps,s corresponding to the Gibbs measure v = vs ;.
Then, there is an t'-measure ratio function p, dual to p,.

Putting together Theorem 8.17 and Lemma 8.5, we obtain the following
corollary.
Corollary 8.18. The measure pre-solenoid function UZ/S 5 msol’ — R* de-

: . . ~uf . J + ~ _ Y
termines a solenoid function &, ; : Msol" — R™ and 6, ; = P | Msol” .
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a | b
Iy L Ky 25
A B,

Fig. 8.4. The rectangles A, = [I,am] and By, = [K, bpn].

Proof of Theorem 8.17. Let p = i,v. The dual p, of p, is constructed as
follows: Let I and K be (i) two ¢/-leaf segments contained in a common n-
cylinder /-leaf, or also (ii) two ¢/-leaf segments contained in a union of two
n-cylinders with a common endpoint in the case of a local manifold structure.
Choose p € I and p’ € K. Let a,, be the -leaf N-cylinders containing p,
and b, the t-leaf containing p’ and holonomic to a,,. Let A,, = [I,a,,] and
B, = [K, by, (see Figure 8.4). Now, let us prove that

(i)

(Amt1) + #(Am)
BEmtl) ¢ (14 0@E™t™ (8.12
#(Bms1) ))H(Bm) )

for some 0 < € < 1;
(ii) the dual measure raio function is given by
. ﬂ(Am)

pv(l: K)= lim ; 8.13
(1:1) = Jim L2 (8.13)

By Lemma 8.14, there is 0 < € < 1 such that
1(Ams1)/1(Am) € £ OE"T)pu(Amr1 + am)
and, similarly,
#(Bps1)/1(Bm) € (L£OE"™))pu(bm1 2 bm) -
Since p, is an ¢-ratio function,
pulami1  am) € O(E™™))pu(brmt1 : bm) -

Therefore, (8.12) follows. Furthermore, (8.12) implies (8.13).
Using (8.12), we obtain that p,» is an ¢/-measure ratio function: p,/ is f-
invariant, p, (I : K) = p,/(K : I)~! and

po(I: K)=ps(I1: K)+ps(l2: K)

for (-leaf segments I; and I with at most one common point and such that
I =1, U . Again using (8.12), p,/ satisfies inequality (8.1). O
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8.6 Further literature

The solenoid functions of Pinto and Rand [163] inspired the development of
the notion of measure solenoid function. This chapter is based on Pinto and

Rand [166].
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Cocycle-gap pairs

We introduce the cocycle-gap pairs. If a Gibbs measure v is C'* realizable
as a C'T hyperbolic diffeomorphism, then the cocycle-gap pairs allow us to
construct all C** hyperbolic diffeomorphisms that realize the Gibbs mea-
sure v.

9.1 Measure-length ratio cocycle

Let B* be a gap train-track. For each Markov rectangle R let tﬁ% be the set
of r-segments of R. Let us denote by B the disjoint union I_Iﬁltj%i over
all Markov rectangles Ry, ..., R, (without doing any extra-identification). In
this section, for every £ € Bg and n > 1, we denote by &, the n-cylinder
T f11¢ of B

Definition 22 Let B* be a gap train-track and p be a t-measure ratio func-
tion. We say that J : BLO/ — RT is a (p,d, P) t-measure-length ratio cocycle
if J = k/(ko f,) where k is a positive Holder continuous function on B and
is bounded away from 0, and

> T fon : m(fom) /00 <1, (9.1)
fun=¢

for every n € Bj)/.

We note that in (9.1), the mother of 7 is not defined because 7 is a leaf
primary cylinder segment, and so we used instead the mother of the leaf 2-
cylinder f,/n.

Let us consider a C'* self-renormalizable structure S on B¢, and fix a
bounded atlas B for S. Let § > 0. By Lemma 8.7, the C'* self-renormalizable
structure S C'*-realizes a Gibbs measure v = vs,s as a natural invariant
measure 4 = pss = i,V with pressure P = P(S,d). Let p = pss be the
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corresponding (-measure ratio function (see Theorem 8.15). Since p is a nat-
ural geometric measure, for every £ € Bg', the ratios |&,];e™ /% /u(&,)'/° are
uniformly bounded away from 0 and oo, where the length |£,|; is measured in
any chart ¢ € B containing &, in its domain. Therefore,

|§n ‘ieinp/é
p(n)1/0

is well-defined. By Lemma 8.14, we get

te(€n)
——= € (L£0(E)p(fv§ : m(frE)),
te(mén) ( (
for some 0 < € < 1. Hence, the ratios p,(£,)/p, (m&,) converge exponentially
fast along backward orbits £ of cylinders. By (4.1), we get that |£,|/|m&,| also
converge exponentially fast along backward orbits £ of cylinders. Therefore,
it follows that there is a Holder function Js s : B{ — R such that

). ¢ (12 0() @), 92

for some 0 < e < 1.

Lemma 9.1. Let B* be a gap train-track. Let S be a C*F self-renormalizable
structure, and 6 > 0. Let us s be the natural geometric measure with pressure
P = P(S,0), and p = ps,s the corresponding t-measure ratio function. The
function Jss : BY — Rt given by (9.2) is a (p,6, P) t-measure-length ratio
cocycle.

Proof. If I is an n-cylinder in B*, then ), _;[I'| < |I|, where the lengths
are measured in the same chart. Thus, since |I'| = ;(I')p, (I')1/ e+ DP/0 e

deduce that /s
5 s (VY ey
mIl'=I K"L(I) /u‘L(I)

For every ¢ € Bg/, we have that 7,,n = £ if, and only if, n,,41 C &, for every
n > 1. Hence, the Holder continuous function J = Js 5 satisfies (9.1).
Now, suppose that &£ € Bg/ is such that there exists p > 1 with the property
that &,, C &, for every n > 1. By (9.2), we get
Ko (&p) I:I K (G- Dp+i+1)
Kio (§Gi—1)p) ki (§G-1)p+1)

e (1200907 [ J((€)

=0

where 49, ...,7,_1 are charts contained in a bounded atlas of S. Thus, for all
1 <m < M, we have
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M—-m-—1
"fzo H Hlo n+m+1)p)

Rig fm Rig g(n—&-m)p)

e (1+0(v [ijl ] :

Since the term on the left of this equation is uniformly bounded away from
0 and oo, it follows that Hf;ol J(f4(€)) = 1. From Livsic’s theorem (e.g. see
Katok and Hasselblatt [65]) we get that Js s = /(o f,/) where & is a positive
Hélder continuous function on B and is bounded away from 0. [J

9.2 Gap ratio function

Let B* be a gap train-track. Let G* be the set of all pairs (& : &) € Bg/ X Bg/
such that mf,/&1 = mf,&. The metric ds induces a natural metric dg., on

G given by

dgo ((€1: &), (m : m2)) = max{da(§1,m), da(§2,m2)} -
Definition 23 A function ~ : G" — RT is an t-gap ratio function if it
satisfies the following conditions:

(i) v(&1 : &) is uniformly bounded away from 0 and oco;

(i) V(& < &) = (&1 : E3)7(&3 : &2);
(71i) there are 0 < 0 <1 and C > 1 such that

(€ €2) —(m : mo)| < C (dgur (&1 : E2),v(m =)’ - (9.3)

We note that part (ii) of this definition implies that (& : &) = (&2 : &)1
Let S be a C't self-renormalizable structure on B* and B a bounded atlas
for S. Then, the gap ratio function vs is well-defined by

8@ ) = Jim RISl

Tn—00 |7TBLf n

(9.4)

74n

where i, € B contains in its domain the n-cylinder mf"¢ (we note that
mfl'§ =mf'n).
9.3 Ratio functions

We are going to construct the ratio function of a C'* self-renormalizable
structure from the gap ratio function and measure-length ratio cocycle.
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Lemma 9.2. Let B* be a gap train-track. Let S be a C*F self-renormalizable
structure. Let rg be the corresponding v-ratio function. Let § > 0 and let p =
ps,s be the natural geometric measure with pressure P = P(S,0) and ps,s the
corresponding t-measure ratio function. Let Js s and ys be the corresponding
L-gap ratio function and t-measure-length ratio cocycle. Then, the following
equalities are satisfied:

(i) Let I be an t-leaf n-cylinder contained in the v-leaf (n — 1)-cylinder
L. Then,

rs(I: L) = Jss(€r) ps.s(I: L)Y eP/?, (9.5)
where &5 = 71 € BY.
(ii) Let I be an n-cylinder and K an n-gap and both contained in a
(n —1)-cylinder L. Then,

ZGCLVS(G  K)
1= pcrrs(D: L)’

where the sum in the numerator is over all n-gaps G C L and the sum
in the denomanator is over all n-cylinders D C L.

re(I: K)=rs(I:L) (9.6)

Proof. For every n-cylinder I C B, define r;(I) = |I|;e=""/°/u,(I)'/? and
let Js s be the associate measure-length cocycle. Let I be an t-leaf n-cylinder,
L the t-leaf (n — 1)-cylinder containing I. Choose p € I and let U,, be the
/-leaf m-cylinders containing p. Let A,, be the rectangle [I,U,,] and B,, be
the rectangle [L, U,,]. Then, ff,”_lAm and fZ,L_le are (/-spanning rectangles
of some Markov rectangle. Let a,, and b,, be the projections of these into B*.
Then, by the invariance of u, 1(An)/w(Bm) = . (am)/ 1. (bm) and therefore

pss(I:L)Y% = lim %

n+m)P/§

(
k() ™t |am|l-me’(
bm)—l |bm‘im6_(n+m_1)P/6

= Jsvg(fj)il’l"s(l : L)efp/‘s,

where |an,|;,, and |by,|;,, are measured in a chart i,, of the bounded atlas on
B¢, and &; is the leaf primary cylinder segment f*~1(I). Thus, equation (9.5)
is satisfied.

We note that the ratio of the size of K to the size [ of the totality of gaps
G in L is given by (chL vs(G : K))fl, where s is the gap ratio function
and the sum is over all n-gaps in L. But since the complement of the gaps
in L is the union of n-cylinders we have that the ratio of [ to the size of L is
1= pcrrs(D : L) where the sum is over all n-cylinders D in L. Thus, we
deduce that for rs(I : K) we should take
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ZGcL 7s(G : K)

TS(I:K):TS(I:L)l—ZD rs(D L)’
c :

(9.7)

which proves (9.6). O

9.4 Cocycle-gap pairs

In this section, we are going to construct a cocyle-gap map b which reflects
the cylinder-gap condition of an ¢-solenoid function (see § 3.6), i.e the ratios
are well-defined along the (-boundaries of the Markov rectangles. Hence, r is
an (-ratio function.

Let B* be a gap train-track and B* a no-gap train-track (as in the case
of codimension one attractors or repellors). Let Q be the set of all periodic
orbits O which are contained in the (-boundaries of the Markov rectangles.
For every periodic orbit O € Q, let us choose a point = z(O) belonging to
the orbit O. Let us denote by p(z) the smallest period of x. Let us denote
by M(1,z) and M(2,z) the Markov rectangles containing the point z. Let
us denote by l;(x) the i-leaf i-cylinder segment of Markov rectangle M (1, x)
containing the point x. Let A(f!(x)) be the smallest (-leaf segment containing
all the (-boundary leaf segments of Markov rectangles intersecting the global
leaf segment passing through the point f!(x). Let g(x) be the smallest integer
which is a multiple of p(z), such that

A(fl(@) € FIOF (L),

for every 0 < i < p(x). Let us denote the t-leaf segments ff(m)ﬂ(li(x)) by
L;(x). We note that when using the notation L;(z), we will always consider
i to be ¢ mod p(x). For every j € {1,2}, let J(j,x) be the primary ¢/-leaf
segment contained in M(j,z) with z as an endpoint such that R(j,i,z) =
[ffl(z)ﬂ(li(x)), Lq(z)”(J(j, x))] is a rectangle for every 0 < i < p(z). Let
Co(j,i,2) C BY be the set of all -primary leaves & of Markov rectangles
M such that f.§ C L;i(x) and f M N R(j,%,2) has non-empty interior. Let
Gap(j,i,2) C G“ be the set of all sister pairs (&1,&) such that mf, & (=
mf, &) is an t-primary leaf of a Markov rectangle M with the property that
MNR(j,1, z) has non-empty interior. Let Co; = UOGQUfi%(O))_lCo(j, i,2(0))

and Gap; = Uoeg Ufg)(o))*l Gap(j,i,2(0)). Let p be an (-measure ratio

function with corresponding Gibbs measure v. Let D;(p, ¢, P) be the set of all

pairs (v;, J;) with the following properties:

(i) 75 : Gap; — R* is a map;

(ii) J; : Co; — RT is a map satisfying property (9.1), with respect to
(p,6, P), for every ¢ € Co; such that £ C Upeo U9 L (2(0)).

(ili) For every z(O) € Q, letting x = x(0), fg))*l Ji(fL 1 (i,2) = 1,
where I7(i,z) C Coj is a ¢/-primary leaf segment containing the peri-
odic point f},(z).
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For every z(0) € Q, let x = x(O) and let A(1,z) and A(2,z) be the p(z)-
cylinders of M(1,z) and M (2,x), respectively, containing the point x. The
points

e A(j,2), 7y LA, @), . .., gy [P A, @)

in Bg' form a periodic orbit, under f,, with period p(x), where g : 4 —

Bg’ is the natural projection. The primary cylinders contained in the sets
Co(j,4,x) are pre-orbits of the points TR flA(j, ) in Bﬁ;, under f,. Hence,
we note that, if Hfi%)fl J(mgy fA(j,x)) = 1, then, by Livsic’s theorem (e.g.
see Katok and Hasselblatt [65]), there is a map k such that, for every £ €
Co(j, i), J(E) = k(E)/ (ko f)(E):

We say that C is an out-gap segment of a rectangle R if C' is a gap segment
of R and is not a leaf n-gap segment of any Markov rectangle M such that
M N R is a rectangle with non-empty interior.

We say that C' is a leaf n-cylinder segment of a rectangle R, if C' is a leaf
n-cylinder segment of a Markov rectangle M such that M N R is a rectangle
with non-empty interior. We say that C'is a leaf n-gap segment of a rectangle
R, if C' is a leaf n-gap segment of a Markov rectangle M such that M N R is
a rectangle with non-empty interior. We say that C is an n-leaf segment of
a rectangle R, if C is a leaf n-cylinder segment of R or if C' is a leaf n-gap
segment of R.

Lemma 9.3. Let (y1,J1) € Di(p,0,P). Let x = x(O), where O € Q. For
everyi € {0,1,...,p(x)—1} and for all 2-leaf segments C C L;(x) of R(1,1i,x),
the ratios (C' : mC) are uniquely determined such that they are invariant
under f, satisfy the matching condition, and satisfy equalities (9.5) and (9.6).

Proof. If C C L;(x) is a leaf 2-cylinder segment of R(1,%, ), then we define
the ratio r(C : mC'), using (9.5), by

r(C:mC) = J(&c) p(C : mC)Y/ /3, (9.8)

where {o = f,C € Coy. For every sister pair (£ : &) € Gap; we define the
ratio 7(f &1 ¢ fu&2) equal to y(&; : &). If C C Li(x) is a leaf 2-gap segment
of R(1,4,z), then we define the ratio r(C : mC) by

1-— D :mC
T(C . mC) _ ZDCmC r( m ) ,
> cemeT(G:0)
where the sum, in the numerator, is over all 2-cylinders D C mC of R(1,1,x),

and the sum, in the denominator, is over all 2-gaps G C mC of R(1,i,x).
Hence,

(9.9)

Z r(C:mC) =1,

ccmC

where the sum is over all 2-leaf segments C C mC' of R(1,7,2). O
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Lemma 9.4. Let (y1,J1) € Di(p,d, P). Let x = z(0), where O € Q, and
let i € {0,1,...,p(x) — 1}. For all n > 0, and for all out-gaps and all 2-
leaf segments C C f+l;(z) of frHM(1,z), the ratios r(C : fr+i;(x)) are
uniquely determined such that they are invariant under f, satisfy the matching
condition, and satisfy equalities (9.5) and (9.6).

Proof. Let us denote f*M(1,z) by M,, and f"¢;(x) by L}. The proof follows
by induction on n > 0. For the case n = 0, the ratios r(C : L?“) are uniquely
determined by Lemma 9.3. Let us prove that the ratios r(C : L") are
uniquely determined using the induction hypotheses with respect to n. For ev-
ery out-gap and every primary cylinder segment C' C L?H” of frHiM(1,x),
fuC is a out-gap or a 2-leaf segment. Hence, by the induction hypotheses, the
ratio r(f,C : L") is well-defined. Therefore, using the invariance of f, we
define

r(C: LMY = p(f,C L7 . (9.10)
For every 2-leaf segment C' C L' of f"T*M(1,2), the ratio r(C : mC) is
well-defined by Lemma 9.3. Hence, by (9.10), we define

r(C: LYY = (O : mC)r(mC : LI,
which ends the proof of the induction. [

Lemma 9.5. Let (y1,J1) € D1(p, 9, P). Let x = x(O), where O € Q, and let
1€{0,1,...,p(x) —1}. Let n >0 and j € {0,...,n}. For all out-gaps and all
J+2-leaf segments C C f'L;(x) of {1 R(1,4,x), the ratios r(C : f}L;(x)) are
uniquely determined such that they are invariant under f, satisfy the matching
condition, and satisfy equalities (9.5) and (9.6).

Proof. The proof follows by induction in n > 0. For the case n = 0, noting
that L;(z) = fl(x)+i€i(x), the ratios r(C : L;(z)) are well-defined by Lemma
9.4. Hence, using the matching condition, the ratio 7(f7** L1 (2) : f1Li(z))
is well-defined. Let us prove that for all out-gaps and j + 2-leaf segments C' C
o Li(@) of f7 R(1,4,2), with 1 < j < n + 1, the ratios r(C : f17'L;(z))
are uniquely determined using the induction hypotheses with respect to n.
By the induction hypotheses and by the matching condition, the ratio r(f,C :
fLi(z)) is well-defined. By invariance of f, we define 7(C : fi'L;(x)) =
r(f,C : f*L;(x)). which ends the proof of the induction. O

Let us attribute the ratios for the cylinders and gaps of R(2,4, z) such that
they agree with the ratios previously defined in R(1,1, z).

Lemma 9.6. Let (v1,J1) € Di(p,0, P). Let x = x(0), where O € Q, and let
1€ {0,1,...,p(x) — 1}. Let n > 0 and j € {1,...,n}. For all out-gaps and
all j + 2-leaf segments C' C f¥Li(z) \ f7 T Liy1(x) of f7R(2,4,2), the ratios
r(C : flLi(x)) are uniquely determined such that they are invariant under
f, satisfy the matching condition, satisfy equalities (9.5) and (9.6), and are
well-defined along the t-boundaries of the Markov rectangles. Hence, r is an
t-ratio function.
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Proof. The proof follows by induction in n > 0. Let us prove the case n = 0.
By construction, L;(z) D A(fi(x)), i.e L;(z) contains all the :-boundary leaf
segments of Markov rectangles intersecting the global leaf segment passing
through the point fi(z). Hence, if Go C L;(x) \ fsLi+1(x) is an out-gap of
R(2,i,z), then there is an out-gap or a leaf 2-gap segment Gy of R(1,4,x)
such that G; = Ga. Therefore, we define (G2 : Li(z)) = r(G1 : Li(z)).
Since L;(x) D A(f!(z)), if G2 C Li(x) \ fsLiy1(x) is a leaf 2-gap segment
of R(2,i,x), then there is an out-gap or a leaf 2-gap segment G; of R(1,4,x)
such that G; = Ga. Hence, we define r(Gy : L;i(z)) = r(Gy : Li(x)). If
Cy C Li(z)\ foLiy1(x) is a leaf 2-cylinder segment of R(2,i,x), then there is
a primary leaf segment or a leaf 2-cylinder segment Cy of R(1,4,x) such that
Cy = (. Therefore, we define r(Cy : L;(z)) = r(C1 : Li(z)). Let us prove
that for all out-gaps and j + 2-leaf segments C' C f"HL (z )\fZ}HLiH(x) of
P R(2,4,2), with 1 < j < n+ 1, the ratios 7(C : f7 L;(z)) are uniquely
determined using the induction hypotheses with respect to n. By the induction
hypotheses and by the matching condition, the ratio r(f,C : fL;(z)) is well-
defined. By invariance of f, we define r(C : f7t Li(x)) = 7(£.C : f7Li(x)).
which ends the proof of the induction. [

Lemma 9.7. Let (y1,J1) € D1(p,d, P). Let x = 2(O), where O € Q, and let
i€{0,1,...,p(x) —1}. For all out-gaps and all 2-leaf segments C C L;(z) of
R(2,i,x), the ratios r(C : L;i(x)) are uniquely determined such that they are
invariant under f, satisfy the matching condition, satisfy equalities (9.5) and
(9.6), and are well-defined along the t-boundaries of the Markov rectangles.
Hence, r is an t-ratio function.

Proof. By construction of L;(x) \ fL;11(x), there is k = k(n, i, x) such that
Li(z)\ fsLit1(x) = UF_, Dy, where D, are out-gaps, prlmary leaf segments and
2-leaf segments of R(1,i,z). Therefore, fL;(z) \ fi ' Livi(x) = UF, f2Dy
where f}}D; are out-gaps and j + 2-leaf segments of R(1,4, )} (x)) with 0 <
J < n. Hence, by Lemma 9.6 and using the matching condition, the ratio
r(f2Li(x)\ fi Liy1(2) : f7Li(2)) is well-defined. Hence, using the matching
condition, we define

P Lo (@) S2L@) = 1= (L) \ S L (2 [2La(a)

Therefore, using again the matching condition, we define
r(f Lignga(2) : Lie)) = [T r(f Ligya (@) : fiLivs(@) . (9.10)
j=0

Let M (i, ) be the 2-cylinder of R(2,4,x) containing the point x. Take N > 0,
large enough, such that fY™'L;,ni1(z) C M(i,z). Hence, there is m =
m(N,4,z) such that M(i,z) = (U2 D;) U f ! Liy ny1(z) where D; are out-
gaps or j+ 2-leaf segments of R(1,4,x) for some 0 < j < N. Hence, by Lemma
9.6, (9.11) and using the matching condition, the ratio is well-defined by
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r(M(i, ) : Li(x)) = > _r(Dy: Li(x)) + r(£) " Lip v (2) : Li(x)) -

1=0
If C C Li(z)\ M(i,z) is a out-gap or a 2-leaf segment of R(2,i,x), then,
by Lemma 9.6, the ratio is well-defined by r(C' : L;(x)). By construction
of the ratios, in Lemmas 9.3-9.7, they are compatible with the cylinder-gap
condition. [

Definition 24 Let (y1,J1) € D1(p,0, P). Let x = x(O), where O € Q, and
let i € {0,1,...,p(x) — 1}. Let the ratios r(C : L;(x)) for all out-gaps and
all 2-leaf segments C C L;(x) of R(2,i,x) be as given in Lemma 9.7. For all
€ € Co(2,i,z), letting I = f.& C Li(x), we define

Jo(&) = r(I : Li(x))r(Li(z) : mD)p(I : K;)~ Y0 /0
For all (C,D) € Gap(2,i,x), we define
Y(C: D) =r(fsC: Li(x))r(L(x) : fuD) .

Lemma 9.8. Let Di(p,0,P) # 0. The cocycle-gap map b = b,5p :
D1(p, 0, P) — Da(p, 0, P) is well-defined by b(v1,J1) = (72, J2) where 75 and
Jo are as given in Definition 2. Furthermore, the cocycle-gap map b is a
bijection.

Proof. Let us check that (e, J2) satisfies properties (i)-(iii) of Da(p, d, P). By
construction of the ratios r, in Lemmas 9.3-9.7, (72, J2) satisfies properties
(i) and (ii) in the definition of Da(p, d, P). Let us check property (iii). Let us
denote by A and B the p(z)-cylinders of M(1,2) and M (2,x), respectively,
containing the point . By invariance of r, we have that (A : B) = r(pr(x)A :
fbp(m)B), and so r(A : ff)(x)A) =r(B: fbp(x)B). By invariance of the (-measure
ratio function p, we have that p(A : B) = p(fbp(z)A : ff(z)B), and so p(A :
fbp(z)A) = p(B : ff’(x)B). Since, by hypotheses Hfg))*l J(miff’(m)fiA) =1,
we get, from (9.5), that (4 : pr(I)A) =p(A: ff(z)A)ep(I)P/‘s. Therefore,

r(B: f9B) = r(A: fI9A)
= p(A : fP@) A)ep@)P/0
= p(B : fP@) B)ep®) P/

and so, using (9.5), we obtain that [[?%) ™" J(rg. fiB) = 1. O

Definition 25 Let B* be a gap train-track. Let 6 > 0 and P € R. Let p be
an t-measure ratio function and v = v, the corresponding Gibbs measure on
O. We say that a pair (v, J) is a (v, 4§, P) ¢ cocycle-gap pair , if (v, J) has the
following properties:
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(i) v is an t-gap ratio function.

(i) J is an ¢ measure-length ratio cocyle.

(iii) If B is a no-gap train-track, then (v,J) satisfies the following
cocyle-gap property: b(y|Gap,, J|Co1) = (v|Gapy, J|Coz), where b =
by.s,p 1s the cocyle-gap map.

Let JG* (v, 9, P) be the set of all (v,6, P) v cocycle-gap pairs.

Theorem 9.9. Let B* be a gap train-track. Let § > 0 and P € R. Let p be an
t-measure ratio function with corresponding Gibbs measure v.

(i) If there is a (p,d, P) t-measure-length ratio cocycle, then the set
JG (v, 8, P) is an infinite dimensional space.

(ii) If S is a C*F self-renormalizable structure with natural geometric
measure (155 = iV and pressure P, then (vs,Jss) € JG (v, 0, P).
(111) If the set JG*(v,0,P) # 0, then there is a well-defined injective
map (v, J) — r(v, J) which associates to each cocycle-gap pair (v, J) €
JG' (v, 8, P) an t-ratio function r(vy,J) satisfying (9.5) and (9.6).

Remark 9.10. Let 0 < § <1 and P = 0. Let p be an (-measure ratio function
with corresponding Gibbs measure v. Since J = 1 is a (p,d, P) t-measure-
length ratio cocycle, then, by Theorem 9.9, the set JG*(v, d, P) is an infinite
dimensional space.

Proof of Theorem 9.9. Proof of (i). Choose a map v : Gap; — RT. Let
Jo be a (p,d, P) t-measure-length ratio cocycle, and let J; = Jy|Co;. Since
(m,J1) € Di(p,0,P), by Lemma 9.8, the pair (y2,J2) = bys5.p(m,J1) €
Da(p, 9, P) is well-defined. Let ko and k2 be maps such that Jo = ko/(ko o f,)
and Jo = ko/(ks o f). For every z(0) € Q, let x = z(0), and let B be
the p(x)-cylinder of M(2,z) containing the point z. Recall that the points
7TB:)/B, TRy LB, ... TRy Lp(m)le in Bf)/ form a periodic orbit under f,, with
period p(x), and that the primary cylinders contained in the set Co(2, i, ) are
pre-orbits of the points TR fiB in Bg/, under f,. Therefore, there is a small

neighbourhood V' of Cos in Bg/, there is € > 0, small enough, and there is an
Hélder continuous map & : B, — RT with the following properties:

(i) k|Cog = kg, k|(BL \ V) = ko and Co; € BY \ V.

(if) Let a = mingeco, {Jo(€), J2(€)} and b= maxeeco, {Jo(€), 2(€)}, and
let J =k/(ko f,). For every £ € V, we have that a—e < J(§) < b+e¢,
and, so, J satisfies the cocycle-gap property.

Choosing an Holder continuous map -y : G“ — R* such that v|Gap; =7
and v|Gap, = 72 and by property (i) above, the pair (v, J) satisfies (9.1).
Therefore, the pair (v, J) is contained in JG*(v,d, P). Using that (9.1) is an
open condition, the above construction allows us to construct an infinite set
of t-measure-length ratio cocycles and an infinite set of gap ratio functions
such that the corresponding pairs are contained in JG*(v, d, P).
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Proof of (ii). Let S be a C'* self-renormalizable structure with natural geo-
metric measure pg s = i,v and pressure P. By Lemma 9.1, Js 5 is a (p, 6, P)
t-measure-length ratio cocycle and, by (9.4), vs is an t-gap ratio function. If
B* is a no-gap train-track, using (9.5) and (9.6), the pair (vs, Jss) satisfies
the cocycle-gap condition because the ratio function rg associated to S is
well-defined along the -boundaries of the Markov rectangles.

Proof of (iii). The equations (9.5) and (9.6) give us an inductive construction,
on the level n of the n-cylinders and n-gaps, of a ratio function r in terms
of (p,J,7,0, P) with the property that the ratio between a leaf n-cylinder
segment C' and a leaf n-cylinder or n-gap segment D with a common endpoint
with C' is bounded away from zero and infinity independent of n and of the
cylinders and gaps considered. The construction gives that r is invariant under
f. The Holder continuity of v, J and p implies that r satisfies (2.2). If B is a
no-gap train-track, by the construction of the cocycle-gap condition, the ratio
function r is well-defined along the t(-boundaries of the Markov rectangles.
Hence, r is an (-ratio function. [

9.5 Further literature

The HR structures of Pinto and Rand [163] and the measure solenoid functions
inspired the development of the notion of cocycle-gap pairs. This chapter is
based on Pinto and Rand [166].
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Hausdorff realizations

We present a construction of all hyperbolic basic sets of diffeomorphisms on
surfaces which have an invariant measure that is absolutely continuous with
respect to Hausdorff measure. These C'* hyperbolic diffeomorphisms are C*+
realizations of Gibbs measures. The cocycle-gap pairs form a moduli space for
the C''* conjugacy classes of C''* hyperbolic realizations of Gibbs measures.

10.1 One-dimensional realizations of Gibbs measures

Let S be a C't self-renormalizable structure on a train-track B*. In Theorem
8.15 we have shown that the map

(8,0) = ps.s (10.1)

is well-defined where ps s is the (-measure ratio function associated to a Gibbs
measure vs s = v such that uss = (i,)., is a natural geometric measure of

S.

Lemma 10.1. (Rigidity) Let B* be a no gap train-track (and § = 1). The
map S — ps.s is a one-to-one correspondence between C'T self-renormalizable
structures on B* and t-measure ratio functions. Furthermore, ps s = rs where
rs is the ratio function determined by S.

However, if B* is a gap train-track, then the set of pre-images of the map
(S8,0) — ps,s is an infinite dimensional space (see Lemma 10.3 below).

Proof. By Lemma 8.7, the C'* self-renormalizable structure S realizes a
Gibbs measure v = vgs. By Theorem 8.15, we get that pss = rs. Since,
by Lemma 4.4, the ratio function rs determines uniquely the C'* self-
renormalizable structure S, the map S — ps 5 is a one-to-one correspondence.
O
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Definition 26 Let B, and B,/ be (gap or no-gap) train-tracks. Let p be an t-
measure ratio function and v = v, on © the corresponding Gibbs measure (see
Remark 8.6). Let us denote by D*(v, 8, P) the set of all C'* self-renormalizable
structures S with geometric natural measure us s = (i,) * v, and pressure P.

By Lemma 10.1, if B* is a no-gap train-track, and § = 1 and P = 0, the
set D*(v, 6, P) is a singleton.

Let B* be a gap train-track and S a C'* self-renormalizable structure
in D*(v,6, P). In Lemma 9.2, we associate to the C'* self-renormalizable
structure S a measure-length ratio cocycle Jg, and, in § 9.1, we associate to
the C'* self-renormalizable structure S a gap ratio function 7s. By Theorem
9.9,if B is a no-gap train-track, then the cylinder-gap condition of rg implies
that the pair (vs, Js,s) satisfies the cocycle-gap condition. Therefore, the map

S — (’ys, J‘s’(;) (10.2)

between C'T self-renormalizable structures contained in D*(v, §, P) and pairs
contained in JG*(v, 4, P) is well-defined.

Definition 27 The (4,, P,)-bounded solenoid equivalence class of a Gibbs
measure v is the set of all solenoid functions o, with the following properties:
There is C = C(o,) > 0 such that for every pair (£, D) € msc,

[0, log s,(DaN&a:€a) —logpe(D) —nP,| < C,

where (i) p is the i-extended measure scaling function of v, (ii) s, is the
scaling function determined by o,, (iii) &4 = i(7,'€) is an !/ -leaf primary
cylinder segment and (iv) Dy = i(w; D) and so Dy N & is an t-leaf n-
cylinder segment.

Remark 10.2. Let 01, and o3, be two solenoid functions in the same (4,, P, )-
bounded solenoid equivalence class of a Gibbs measure v. Using the fact that
o1, and oy, are bounded away from zero, we obtain that the corresponding
scaling functions also satisfy inequality (3.4) for all pairs (J, m*.J) where J is
an t-leaf (i 4 1)-cylinder. Hence, the solenoid functions oy, and o2, are in the
same bounded equivalence class (see Definiton 10).

By Lemma 10.3, below, the set JG*(v,d, P) gives a parametrization of all
C'* self-renormalizable structures S which are pre-images of the (-measure
ratio function p, ,, under the map S — pss given in (10.1), with a natural
geometric measure u, = (i, )., and pressure P(S,d) = P. Hence, JG*(v, 0, P)
forms a moduli space for the set of all C''* self-renormalizable structures in
Dt (v, 6, P).

Lemma 10.3. (Flexibility) Let B, be a gap train-track. Let p be an t-measure
ratio function and v = v, the corresponding Gibbs measure on ©.
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(i) Let § > 0 and P € R be such that JG*(v,d,P) # 0. The map
S — (vs,Js.5) determines a one-to-one correspondence between C'*+
self-renormalizable structures in D*(v,d, P) and cocycle-gap pairs in
JG' (v, 4, P).

(ii) A C*T self-renormalizable structure S is contained in D*(v, 6, P)
if, and only if, the t-solenoid function os is contained in the (6, P)-
bounded solenoid equivalence class of v (see Definition 27).

Proof. Proof of (i). Let us prove that (J,v) € JG* (v, d, P) determines a unique
C'* self-renormalizable structure S with a natural geometric measure pgs s =
(,)+v,. By Theorem 9.9, the pair (J,y) determines a unique ¢-ratio function
r = r,(J,7). By Lemma 4.4, the (-ratio function r determines a unique C**
self-renormalizable structure & with an atlas B(r). Let us prove that u, =
(i,)«v, is a natural geometric measure of S with the given § and P. Let p be
the -measure ratio function associated to the Gibbs measure v. By Lemma
7.5, for every leaf n-cylinder or n-gap segment I we obtain that

(D) = O(p(I N&: €) (10.3)

for every ¢ € m,/(I). On the other hand, by construction of the ratio function
r, and using (9.5), we get

n—1

prng: g =errine: o [T (1 (7))

Jj=0

Since J is a Holder cocycle, it follows that H;L:_Ol J (Tf/ (f)) = k(§)/k(m](£))
is uniformly bounded away from zero and infinity, where k is an Holder con-

tinuous positive function. By (4.1), we get that
HINE:€) =0 (1) (10.4)
where j € B(r) and I is contained in the domain of j. Hence,
p(INE: & =0(I5e ") . (10.5)

Putting together equations (10.3) and (10.5), we deduce that u,(I) =
o (\I\?efnp), and so p, = (i,)*v, is a natural geometric measure of S with
the given ¢ and P.

Proof of (ii). Let S be a C'T self-renormalizable structure in D*(v, §, P). Then,
putting together (10.4) and (10.5), there is x > 0 such that

[§logr, (INE: &) —logp(INE:€) —np| < &

for every leaf n-cylinder I and £ € 7,/(I). Thus the solenoid function r|sol® is
in the (4, P)-bounded solenoid equivalence class of v.
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Conversely, let S be a C'F self-renormalizable structure in the (6, P)-
bounded solenoid equivalence class of v and p, = (4,)«v,, i.e. there is k > 0
such that

[0logr, (INE: &) —logp(INE: &) —np| <k (10.6)

for every leaf n-cylinder I and ¢ € =, (I). Hence, using (10.3) and (10.4)
in (10.6), we get p,(I) = O (|I|§»e’"P). Since p, = (4,)+v, we get that S is
contained in D*(v,§, P). O

Lemma 10.4. Let B* be a (gap or a no-gap) train-track. Let 6 > 0 and
P eR. Let Sy € D(11,6, P) and Sz € D*(v2,d, P) be C'F self-renormalizable
structures The following statements are equivalent:

(i) The C1* self-renormalizable structures Sy and Sy are Lipschitz con-
jJugate;

(ii) The Gibbs measures v1 and vz are equal;

(iii) The solenoid functions ss, and ss, are in the same bounded equiv-
alence class (Definition 10).

Proof. Proof that (i) is equivalent to (i). Using (8.2), if v; = v, then the
C'* self-renormalizable structure S; is Lipschitz conjugate to Sy. Conversely,
if S; is Lipschitz conjugate to Sa, then the C'* self-renormalizable structure
S1 (and Sq) satisfies (8.2) with respect to the measures p,1 = (4,).,,1 and
f2 = (i,)«v,2. By Lemma 8.7, there is a unique 7-invariant Gibbs measure
satisfying (8.2) and so vy = vs.

Proof that (i1) is equivalent to (). Using (3.4) and (4.1), we obtain that the
C' self-renormalizable structures S and S’ on B* are in the same Lipschitz
equivalence class if, and only if, the corresponding solenoid functions rs,,|sol*
and rg ,|sol" are in the same bounded equivalence class. Hence, statement (ii)
is equivalent to statement (iii). O

10.2 Two-dimensional realizations of Gibbs measures

We start by giving the definition of a natural geometric measure for a C'*
hyperbolic diffeomorphism.

Definition 28 For 1 € {s,u}, if B is a gap train-track assume 0 < J, < 1,
and if B* is a no-gap train-track take 6, = 1.

(i) Let g be a CY* hyperbolic diffeomorphism in T (f, A). We say that
g has a natural geometric measure p = pg5, .5, With pressures Py =
Py(g,0s,0,) and P, = Py(g,ds,0y) if, there is k > 1 such that for all
leaf ng-cylinder I, for all leaf n,-cylinder I,

ol < n(R)
|Iu|6“ |IS‘6se—nsPs—nuPu

<K, (10.7)
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where R is the (ng,ny,)-rectangle [I4, I,,] and where the lengths |- | are
measured in the stable and unstable C'* foliated lamination atlases
As(g,p) and A,(g,p) of g with respect to some Riemannian metric p.
(ii) We say that a C** hyperbolic diffeomorphism with a natural ge-
ometric measure 4 = [ig.5,., With pressures Ps = Ps(g,0s,0,) and
P, = P,(g,0s,0,) is a C'T realization of a Gibbs measure v = vy 5_ s,
if u = i,v. We denote by T (v,0s, Ps, 04, P,) the set of all these C1T
hyperbolic diffeomorphisms g € T(f, A).

A O hyperbolic diffeomorphism g € 7(f, A) determines a unique pair
(S(g,5),S8(g,u)) of C'F stable and unstable self-renormalizable structures (see
Lemma 4.5). By Lemma 8.7, for 5 > 0 and J,, > 0, the pair (S(g, s),S(g, u))
of self-renormalizable structures determines a unique pair of natural ge-
ometric measures (,I.Ils(gﬁ),(gs,ﬂg(g’u),gu) corresponding to a unique pair of
Gibbs measures (Vs(g,s),5, 5 VS(g,u),5, )- Furthermore, by Theorem 8.15, the self-

sOu

renormalizable structures (S(g, s), S(g,u)) determine a pair of measure ratio
functions (ps(g,s),6,+ P5(g:u).6.) OF (Vs (9,5).6,+ VS (91,6, ):

Lemma 10.5. Let g be a C*+ hyperbolic diffeomorphism contained in T (f, A).
The following statements are equivalent:

(i) g has a natural geometric measure (g s, s, ;

(ii) g is a C'* realization of a Gibbs measure vy s_ 5, ;

(i) Vs (g,5),6. = VS(g,u)6. 5

(iv) The s-measure ratio function ps(g.s)s, 95 dual to the u-measure
ratio function ps(g.u),s., -

Furthermore, if g has a natural geometric measure g s, 5, » then (7s)ftg.5,.6, =
1S (g,).0. O (Tu)uhly 5,6, = IS(gu).0, -

Proof. By Theorem 8.17, (iii) is equivalent to (iv). By definition if g is a C1*
realization of a Gibbs measure vy, s, , then pgs. s, = ixVg5.,5, is a natural
geometric measure of g, and so (ii) implies (i). Let us prove first that (i) implies
(ii) and (iii), and secondly that (iii) implies (i). Then, the last paragraph of
this lemma follows from (10.10) below which ends the proof.

(1) implies (i) and (Wi). Let pg 5, 5, be the natural geometric measure of g.
Since the stable and unstable lamination atlases A;(g,p) and A,(g,p) of g
are C1* foliated (see § 1.7) and by construction of the C** train-track atlases
Bs(g, p) and B, (g, p), in § 4.2, we obtain that there is k; > 1 with the property
that, (for ¢« = s and w) and for every i-leaf n,-cylinder I,

Ry < '] < malll, (10.8)

where I’ = 7g.([), where |I’|; is measured in any chart j € B,(g,p) and
where |I|, is the length in the Riemannian metric p of the minimal full ¢-leaf
containing I. Let I’y be the (1,n,)-rectangle in A such that 7g.(I}) = I'.
Noting that (mB:)spig.s,.5,(I') = fge6..6,(L4), by (10.7) and (10.8), there is
K9 > 1 such that
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L) x II
—1 < (ﬂ—B ) /1‘9,55,5u( ) S Ko , (109)
|I/|?LefnLPL

Ky <
for every m,-cylinder I’ on the train-track. By Lemma 8.7, the natural geo-
metric measure determined by the C'* self-renormalizable structure S(g, ¢)
and by J, > 0 is uniquely determined by (10.9). Hence,

(TB: )i hg,5.,6, = HS(g.5).6. and  (TBu)«flgs,,8, = HS(gu)s, -  (10.10)

Therefore, the Gibbs measures vs(y )5, and vs(g,u),5, on © are equal which
proves (111) and fig.5,.5, = 1xVS(g,5),6, = 1xVS(g,u),5, Which proves (ii).
(iii) implies (i). Let us denote vs(g )5, = Vs(gu),5, by V. Let p = i,v. For
v € {s,u}, by definition of a C'* realization of a Gibbs measure as a self-
renormalizable structure S(g, d,), for every t-leaf n,-cylinder I,, there is k3 > 1
such that )
-1 e

k3 < |I’|§€ n, P, S ks,
where I} = mg.(I) and |I]|; is measured in any chart j € B,(g, p). Hence, by
(10.8), for ¢« = s and u, we obtain that

Let R be the rectangle [, I,,]. By Lemma 8.11,

brgmm ) (10.11)

W(R) = [ poelRe Mo ag)
where M is the Markov rectangle containing R. By Lemma 8.7 (i) and (ii),
we get that p, ¢(R: M) = O(u,(I))) for every £ € mg (R). Hence
1(R) = O(ps(I)pu(Iy)) - (10.12)
Putting together (10.11) and (10.12), we get
(R) = O (|5 | 1|5 e e P ) (10.13)

and so p is a natural geometric measure. [

Lemma 10.6. The map g — (S(g,s),S(g,u)) gives a one-to-one correspon-
dence between C'T conjugacy classes of hyperbolic diffeomorphisms contained
in T (v,8s, Ps,0u, P.) and pairs of C*t self-renormalizable structures con-
tained in D*(v, 05, Ps) X D“(v, by, Py).

Proof. By Lemma 10.5, if g € T (v, 05, Ps, 0w, Py), then, for ¢ € {s,u}, S(g,t) €
D'(v,6,,P,). Conversely, by Lemma 4.5, a pair (Ss,S,) € D*(v,ds, Ps) X
D“(v, 8y, P,) determines a C'* hyperbolic diffeomorphism ¢ such that
S(g,s) = Ss and S(g,u) = Sy and vs(y6)5, = Vs(gu),6. = V- Therefore,
by Lemma 10.5, we obtain that g is a C'* realization of the Gibbs measure v.
O
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Lemma 10.7. (Dual-rigidity) Let BV be a no-gap train-track (and so 8, =1
and P, = 0). For every §, > 0 and every C'T i-self-renormalizable struc-
ture S, there is a unique C*t 1/-self-renormalizable structure S, such that
the C'* hyperbolic diffeomorphism g corresponding to the pair (Ss,S,) =
(S(g,s),S(g,u)) has a natural geometric measure pgs,.s,. Furthermore,
1,5, = (TB=)sfig,s,,6, and ps,.s, = (TBu)xHg,5,,5,-

Proof. By Lemma 8.7, a C'T self-renormalizable structure S, and §, > 0
determine a unique Gibbs measure v = vg, 5 and P, € R such that
S, € DY(v,6,, P,) is a C'* realization of v. By Theorem 8.15, the C'* self-
renormalizable structure S, determines an (-measure ratio function pgs, 5, for
the Gibbs measure v. By Theorem 8.17, the (-measure ratio function ps, s,
determines a unique ¢-measure ratio function p,s of v on @. By Lemma 10.1,
there is a unique C''* self-renormalizable structure S,/, with ¢/-measure ra-
tio function ps, 1 = p,, which is a C7 realization of the Gibbs measure
v. By Lemma 4.5, the pair (Ss,S,) determines a C'* hyperbolic diffeomor-
phism g such that S(g,s) = Ss and S(g,u) = S,. Hence, vs(,s),5, = v and
Vs(g,u),5, = ¥ Which implies that vs(y s).5, = Vs(g,u),5,- Therefore, by Lemma
10.5, g is a C1* realization of the Gibbs measure v with natural geometric mea-
sure fig 5,5, = V. Thus, s, s, = (TBs)«ltg,s,,5, and ps, 5, = (TBu)xllg,s,.5,-
O

Recall the definition of the maps ¢ — (S(g,s),S(g,u)) and S(g,t) —
(Ys(g,0)5 I5(g,0),5.) for ¢ equal to s and u.

Theorem 10.8. (Flexibility) Let B, be a gap train-track. Let v be a Gibbs
measure determining an t-measure ratio function. Let §, > 0 and P, € R be
such that JG"(v,6,, P,) # .

(i) (Smale horseshoes) Let 6, > 0 and P,» € R be such that JG" (v,0,,P,) #
(. The map

9 — (V8(g,5)> I5(9,8).6.> VS (g.u)» IS (g.u).60 )

gives a one-to-one correspondence between C't conjugacy classes of
hyperbolic diffeomorphisms in T (v, ds, Ps, 0y, Py) and pairs of stable
and unstable cocycle-gap pairs in JG°(v,0s, Ps) X JG“(V, 0, Py).

(i) (Codimension one attractors and repellors) Let 6, = 1 and P, =
0. The map g — (Vs(g.) JS(g.),5.) gives a one-to-one correspon-
dence between C't conjugacy classes of hyperbolic diffeomorphisms in
T (v,ds, Ps, 6u, Py,) and pairs of stable and unstable cocycle-gap pairs
in JG'(v,6,,P,).

Proof. Statement (i) follows from putting together the results of lemmas 10.3
and 10.6. Statement (ii) follows as statement (i) using the fact that, by Lemma
10.1, the C** self-renormalizable structure S(g, ¢) uniquely determines S(g, ¢)
in this case. O
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j 1 R R

i) e, [2.x]

Fig. 10.1. An orthogonal chart.

Lemma 10.9. Let g1 and go be C't hyperbolic diffeomorphisms. The follow-
ing statements are equivalent:

(i) The diffeomorphism g1 is Lipschitz conjugate to gs.

(i) For v equal to s and u, S(g1,¢) s Lipschitz conjugate to S(ga,t).
(111) For v equal to s and u, the solenoid functions sq, , and sg,, are
in the same bounded equivalence class (Definition 10).

Proof. Proof that (i) is equivalent to (ii). For all x € A, let A be a small open
set of M containing =, and let R be a rectangle (not necessarily a Markov
rectangle) such that AN A C R. We construct an orthogonal chart j : R — R?
as follows. Let ey : £°(z,R) — R be a chart contained in A°(g,p) and
egu : £"(x,R) — R be a chart contained in A%(g, p). The orthogonal chart
j on R is now given by j(2) = (eg,5[2, 7)), eg.ul, 2])) € R? (see Figure 10.1).
By Pinto and Rand [163], the orthogonal chart j : R — R2 has an extension
j : B — R2 to an open set B of the surface such that j is C1* compatible
with the charts in the C'T structure C(g) of the surface M. Hence, using
the orthogonal charts, any two C'* hyperbolic diffeomorphisms g; and g,
are Lipschitz conjugate if, and only if the charts in A*(g1, p1) are bi-Lipschitz
compatible with the charts in .A*(gs, p2) for ¢ equal to s and u. By construction
of the train-track atlases B*(g1, p1) and B*(ga, p2) from the lamination atlases
A'(g1,p1) and A*(ga, p2), the charts in A*(gy, p1) are bi-Lipschitz compati-
ble with the charts in A*(go, p2) if, and only if, the charts in B*(g1,p1) are
bi-Lipschitz compatible with the charts in B*(ga, p2). Hence, the C'* hyper-
bolic diffeomorphisms g; and g, are Lipschitz conjugate if, and only if, for ¢
equal to s and u, the corresponding C''* self-renormalizable structures S(g;, ¢)
and S(ge,t) are Lipschitz conjugate. Therefore, statement (i) is equivalent to
statement (ii).

Proof that (ii) is equivalent to (iii). Follows from Lemma 10.4. O

Lemma 10.10. Let 65 > 0, §, > 0 and Ps, P, € R.

(i) A CYF hyperbolic diffeomorphism g is contained in T (v, 85, Ps, 64, Py)
if, and only if, for v equal to s and u, the t-solenoid function o4, is
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contained in the (§,, P,)-bounded solenoid equivalence class of v (see
Definition 27).

(ii) If g1 € T (v1,0s, Ps, 64, Py) and go € T (va, 05, Ps, 04, P,) are C'F
hyperbolic diffeomorphisms, then g1 is Lipschitz conjugate to gs if, and
only if, v1 = vs.

Proof. Proof of (i). By Lemma 4.5, the C'* hyperbolic diffeomorphism g
determines a unique pair (S(g,s),S(g,u)) of C'* self-renormalizable struc-
tures such that o, = 05(4,5),s and 0gu = 0s(gu),u- By Lemma 10.6,
g € T(v,ds,Ps,04,P,) if, and only if, (S(g,s),S(g,u)) € D*(v,ds, Ps) %
D*(v, 6y, Py,). By Lemma 10.3 (ii), for ¢ equal to s and u, S(g,¢) € D*(v,4,, P,)
if, and only if, S(g, ¢) is contained in the (4,, P,)-bounded solenoid equivalence
class of v which ends the proof.

Proof of (#). By Lemma 10.6, g1 € 7 (v1,0s, Ps, 04, Py) and g2 € T (v9, s,
Py, 0., P,) if, and only if, for ¢ equal to s and u, S(g1,t) € D*(11,4d,, P,) and
S(g2,t) € D' (v2,0,, P,). By Lemma 10.4, S(g1,¢) and S(g2,¢) are Lipschitz
conjugate if, and only if, 4 = wvs. Since, by Lemma 10.9, ¢g; and g, are
Lipschitz conjugate if, and only if, for ¢ equal to s and u, S(g1,¢) and S(ga,¢)
are Lipschitz conjugate, we get that g; and go are Lipschitz conjugate if, and
only if, vy = vp. O

10.3 Invariant Hausdorff measures

Let S, be a C'* . self-renormalizable structure. By Remark 8.9, a natural
geometric measure pg, 5, with pressure P(S,,d,) = 0 is an invariant measure
absolutely continuous with respect to the Hausdorff measure of B* and 4,
is the Hausdorff dimension of B* with respect to the charts of S,. Let us
denote D*(v,6,,0) and JG*(v,0,,0) respectively by D*(v,d,) and JG*(v,4,).
By Lemma 8.7, for every C'* . self-renormalizable structure S, there is a
unique Gibbs measure vg, such that S, € D*(v,4,). Using Lemma 10.6, we
obtain that the sets [v] C T} 4(ds,d,) defined in the introduction are equal to
the sets 7 (v,ds,0,d,,0) (see Definition 28).

Theorem 10.11. The map g — (Ss(g9),Su(g)) gives a 1-1 correspondence
between C'* conjugacy classes in [v] C T; (85, 064) and pairs in D*(v,ds) x
D" (v, 0y).

Hence, if g € T¢,4(0s,0u), then §(Ss(g)) = 65 and 6(Su(g)) = 0. Let S,
be a C'* 1 self-renormalizable structure. If §(S,) = 1 we call B a no-gap
train-track. If 0 < §(S,) < 1 we call B* a gap train-track. Let ' denote the
element of {s,u} which is not ¢ € {s,u}.

Proof of Theorem 10.11. Theorem 10.11 follows from Lemma 10.6. O
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Theorem 10.12. There is a natural map g — (Ss(g),Su(g)) which gives a
one-to-one correspondence between C' conjugacy classes in T (f, A) and pairs
of stable and unstable C'% self-renormalizable structures.

Hence, for a pair (Ss,S,) of C'T self-renormalizable structures to be re-
alizable by a C'* hyperbolic diffeomorphism in 7 (f, A), the unstable C**
self-renormalizable structure does not impose any restriction in the stable
C'* self-renormalizable structure, and vice-versa. The same is no longer true
if we ask g € T(f,A) to be a C'T-Hausdorff realization of a Gibbs measure
as we describe in the next section.

Proof of Theorem 10.12. Theorem 10.12 follows from Lemma 4.5. [J

Theorem 10.13. (i) Any two elements of [v] C Ty a(ds,0.) have the same
set of stable and unstable eigenvalues and these sets are a complete invariant
of [v] in the sense that if g1,92 € Ty A(0s,0,) have the same eigenvalues if,
and only if, they are in the same subset [v].

(i1) The map v — [V] C Ty 4(ds,d,) gives a 1 — 1 correspondence between
C'*-Hausdorff realizable Gibbs measures v and Lipschitz conjugacy classes in
,Tf’/l((SS? 6u)

Proof. Proof of statement (i). By Lemma 10.10 (ii), the sets [v] C Ty 4(ds, 0u)
are Lipschitz conjugacy classes in Tf (s, 0y ), and the map v — T (v, ds,0y)
is injective. If g € 77 4(ds, d,,), then g has a natural geometric measure pg 5, 5,
with pressures Ps(g,0ds,0d,) and P,(g,ds,d,) equal to zero. By Lemma 10.5,
there is a Gibbs measure v = v, 5, 5, on © such that i.v = pgs, s, and so
g € [v] C T5,4(ds,6,). Hence, the map v — 7 (v, ds,9,) is surjective into the
Lipschitz conjugacy classes in 77 (s, 0y).

Proof of statement (ii). By Theorem 11.3 (ii), the set of stable and unstable
eigenvalues of all periodic orbits of a C'* hyperbolic diffeomorphisms g €
T7.4(ds,0,) is a complete invariant of each Lipschitz conjugacy class, and by
statement (i) of this lemma the sets 7 (v, ds,d,,) are the Lipschitz conjugacy
classes in T 4(0s,0,). O

Theorem 10.14. Let B® and B" be the stable and unstable train-tracks de-
termined by a C'* hyperbolic diffeomorphism (f, A). The set D*(v,4,) is non-
empty if, and ony if, the t-measure solenoid function o, : msol" — RT of the
Gibbs measure v has the following properties:

(i) If B* and BY are no-gap train-tracks, then o, has a non-vanishing
Holder continuous extension to the closure of msol® satisfying the
boundary condition.

(i) If B* is a no-gap train-track and B' is a gap train-track, then
oy, has a non-vanishing Holder continuous extension to the closure of
msol".
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(ii) If B* is a gap train-track and BY is a no-gap train-track, then
o, has a non-vanishing Hélder continuous extension to the closure of
msol® satisfying the cylinder-cylinder condition.

(iv) If B* and B are gap train-tracks, then o, does not have to satisfy
any extra-condition.

Furthermore, D*(v,4,) # 0 if, and only if, Dbl(y, 8,) #£ 0

Proof. We will separate the proof in three parts. In part (i), we prove that if
S, € D*(v,4,), then o,,, satisfies the properties indicated in Theorem 10.14.
In part (ii), we prove the converse of part (i). In part (iii), we prove that
D (1,8,) # 0 if, and ony if, D* (1, 8,/) # 0.

Part (i). Let S, € D*(v,4,). By Theorem 8.15, S, and §, determine a unique
t-measure ratio function p,, of the Gibbs measure v. Hence, the function

pw|msolu is the ¢-measure solenoid function o, , of v and, by Lemma 8.5,
oy, satisfies the properties indicated in Theorem 10.14.

Part (ii). Conversely, if v has an ¢-solenoid function o,,, satisfying the prop-
erties indicated in Theorem 10.14, by lemmas 8.2 and 8.5, 0, determines a
unique ¢-measure ratio function p,, of v. If B* is a no-gap train-track, by
Lemma 10.1, there is a C'* self-renormalizable structure S, € D*(v,,) with
0, = 1. If B* is a gap train-track, then, by Remark 9.10, the set JG*(v,4,)
is non-empty (in fact it is an infinite dimensional space). Hence, by Lemma
10.3, the set D(v,d,) is also non-empty which ends the proof.

Part (iii). To prove that D'(v,d,) # 0 if, and ony if, D* (1,8,/) # 0, it is
enough to prove one of the implications. Let us prove that if D*(v,6,) # 0, then
DLI(I/, 6,) # 0, Let S, € D*(v,6,). By Theorem 8.15, S, and §, determine a
unique (-measure ratio function p,, , of the Gibbs measure v. By Theorem 8.17,
the t-measure ratio function p,, determines a unique dual ¢-measure ratio
function p, , of v. Hence, the function pl,,u\msolb/ is the (-measure solenoid
function 0,/ of v and, by Lemma 8.5, 0, ,/ satisfies the properties indicated
in Theorem 10.14. Now the proof follows as in part (ii), with ¢ changed by ¢/,
which shows that o,/ determines a non-empty set 'DL/(V, 0,). O

Theorem 10.15. (Anosov diffeomorphisms) Suppose that f is a C1™ Anosov
diffeomorphism of the torus A. Fiz a Gibbs measure v on ©. Then, the fol-
lowing statements are equivalent:

(1) The set v, [v] C T 4(1,1) is non-empty and is precisely the set of
g € T7,4(1,1) such that (g,Ag,v) is a C** Hausdorff realization. In
this case p = (ig)«v is absolutely continuous with respect to Lesbegue
measure.

(ii) The stable measure solenoid function o, : msol® — RT has a
non-vanishing Holder continuous extension to the closure of msol®
satisfying the boundary condition.

(iii) The unstable measure solenoid function o, : msol* — Rt has
a non-vanishing Holder continuous extension to the closure of msol®
satisfying the boundary condition.
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The treatment of codimension one attractors has a number of extra-
dificulties due to the fact that the invariant set A is locally a Cartesian product
of a Cantor set with an interval but the stable and unstable measure solenoid
functions are built in a similar way to the construction for Anosov diffeomor-
phisms. In the case of codimension one attractors, the continuous extension
of the stable measure solenoid functions have to satisfy the cylinder-cylinder
condition for the corresponding Gibbs measures to be C'*-Hausdorff realiz-
able (see § 8.1) . The cylinder-cylinder condition, like the boundary condition,
consists of a finite set of simple algebraic equalities and is needed because
the Markov rectangles have common boundaries along the stable laminations.
Hence, the cylinder-cylinder condition just applies to the stable measure func-
tion.

Theorem 10.16. (Codimension one attractors) Suppose that f is a C1T sur-
face diffeomorphism and A is a codimension one hyperbolic attractor. Fix a
Gibbs measure v on ©. Then, the following statements are equivalent:

(i) For all 0 < 65 < 1, [V] C T4 A(ds,1) is non-empty and is precisely
the set of g € Tr a(ds,1) such that (g, Ay,v) is a C'T Hausdorff real-
ization. In this case p = (ig).v is absolutely continuous with respect
to the Hausdorff measure on Ag.

(ii) The stable measure solenoid function o, : msol® — RT has a
non-vanishing Holder continuous extension to the closure of msol®
satisfying the cylinder-cylinder condition.

(iii) The unstable measure solenoid function o, : msol* — RT has a
non-vanishing Holder continuous extension to the closure of msol.

In the case of Smale horseshoes, there are no extra conditions that the
measure solenoid functions have to satisfy for the corresponding Gibbs mea-
sures to be C't-Hausdorff realizable.

Proof of Theorem 10.15 and Theorem 10.16. Proof that statement (i) implies
statements (i) and (i11). If g € [v] C Ty 4(ds,9,), by Lemma 10.6, the sets
D*(v,ds) and D*(v,d,,) are both non-empty. Hence, by Theorem 10.14, the
stable measure solenoid function of the Gibbs measure v satisfies (ii) and the
unstable measure solenoid function of the Gibbs measure v satisfies (iii).
Proof that statement (ii) implies statement (i), and that statement (i) implies
statement (i). By Theorem 10.14, the properties of the the t-solenoid function
oy, indicated in this theorem imply that D*(r,d,) # 0. Again, by Theorem
10.14 and D (v, d,/) # 0. Hence, by Lemma 10.6, the set [1] C T} 4(ds,d,) is
non-empty. Therefore, every g € T (v, ds,d,) is a C'T-Hausdorff realization of
v which ends the proof. []

Theorem 10.17. (Smale horseshoes) Suppose that (f,A) is a Smale horse-
shoe and v is a Gibbs measure on ©. Then, for all 0 < §s,6, < 1,
V] C T§,4(ds,0u) ts non-empty and is precisely the set of g € Tf (s, 0u)
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such that (g, Ag,v) is a C** Hausdorff realization. In this case p = (ig).v is
absolutely continuous with respect to the Hausdorff measure on Ay.

Proof. Let v be a Gibbs measure. By Theorem 10.14, the set D*(v, ;) and
D%(v, 6,) are both non-empty. Hence, by Lemma 10.6, the set 7 (v, ds,d,,) is
also non-empty. Therefore, every g € 7 (v, ds,d,) is a C'T-Hausdorff realiza-
tion of v which ends the proof. [

10.3.1 Moduli space SOL*

Recall the definiton of the set SOL* given in § 8.2. By Theorem 10.18, below,
the set of all t-measure solenoid functions ¢, with the properties indicated in
Theorem 10.14 determine an infinite dimensional metric space SOL" which
gives a nice parametrization of all Lipschitz conjugacy classes D*(v,§) of C*+
self-renormalizable structures S, with a given Hausdorff dimension §.

Theorem 10.18. If B* is a gap train-track assume 0 < 6, < 1 and if B* is a
no-gap train-track assume §, = 1.

(i) The map S — ps.s, induces a one-to-one correspondence between
the sets D*(v,6,) and the elements of SOL".

(ii) The map g — ps(g.),s, nduces a one-to-one correspondence be-
tween the sets [v] contained in Ty 4(Js,06,) and the elements of SOL".

Proof. Proof of (i). If S € D*(v,4,), then the Hausdorff dimension of S is
d,, and S determines an (-measure ratio function ps s, = p,,, which does not
depend upon § € D*(v,4,). By Lemma 8.5, p,,,|[Msol" is an element of SOL".
Hence, the map & — ps,s, associates to each set D*(v,d) a unique element
of SOL". Conversely, let & € Msol‘. By Lemma 8.5, ¢ determines a unique
t-measure ratio function ps such that ps|Msol = &. By Corollary 6.8, the
t-measure ratio function ps; determines a Gibbs measure v;. If B* is a no-gap
train-track, then, by Lemma 10.1, ps determines a non-empty set D*(vs,d,).
If B is a gap train-track, then, by Remark 9.10, the set JG*(v,d,) is non-
empty and so, by Lemma 10.3, the set D*(vs,d,) is also non-empty. Therefore,
each element & € Msol" determines a unique non-empty set D*(v4,4,) of C*+
self-renormalizable structures S with ps s, |[Msol" = 6.

Proof of (ii). By Lemma 10.5, if g € [v], then S(g,¢) € D*(v,9,) and so, by
statement (i) of this lemma, pg(g.,),5, |[Msol" is an element of SOL" which does
not depend upon g € [v]. Conversely, let & € Msol‘. By statement (i) of this
lemma, & determines an t-measure ratio function ps ,, and a non-empty set
D*(vs,6,). By Lemma 10.5, ps,, determines a unique dual ¢'-ratio function ps s
associated to the Gibbs measure v5. Again, by statement (i) of this lemma,

Pé \MsolL/ determines a non-empty set DL/(V(” d,/). By Lemma 10.6, the set
D*(vs,05) x D"(vs, 6,) determines a unique non-empty set [v5] C Tf A (05, y)
of hyperbolic diffeomorphisms g € [vs] such that ps(g,.),s,[Msol = 6. O
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10.3.2 Moduli space of cocycle-gap pairs

By Lemma 10.4, each set D*(v,d) is a Lipschitz conjugacy class. Hence, by
Theorem 10.19 proved below, if B is a no-gap train-track, then the Lipschitz
conjugacy class consists of a single C''t self-renormalizable structure. Fur-
thermore, by Lemma 11.2, the set of eigenvalues of all periodic orbits of S, is
a complete invariant of each set D*(v, d).

Theorem 10.19. Let us suppose that D*(v,d) # .

(i) (Flexibility) If B* is a gap train-track, then D'(v,d) is an infi-
nite dimensional space parametrized by cocycle-gap pairs contained in
JG (v,0).

(ii) (Rigidity) If B* is a no-gap train-track, then D*(v,1) consists of a
single C'T self-renormalizable structure.

Proof. Statement (i) follows from Lemma 10.1. Now, let us prove statement
(ii). By Remark 9.10, the set JG*(v,6) is an infinite dimensional space, and
by Lemma 10.3, the set D*(v,d) is parameterized by the cocycle-gap pairs in
JG*(v,6) which ends the proof. [

Theorem 10.20. (Rigidity) If §, = 1, the mapping g — S,/(g) gives a 1-1
correspondence between C'* conjugacy classes in [v] C Ty 4(ds,0,) and C'F
self-renormalizable structures in D" (v,6,/).

Proof. By Lemma 10.6, if ¢ € 7 (v,ds,04), then S, (g) € DL'(I/, d,/). Con-
versely, let S,» be a C'* self-renormalizable structure contained in D* (v, d,/).
By Lemma 10.6, a pair (S,,S,/) determines a C'* hyperbolic diffeomorphism
g € T(v,ds,0,). if, and only if, S,» € DL,(V, 0,/). By Theorem 10.14, the set
D(v,6,) is non-empty. Noting that §, = 1, it follows from Theorem 10.19 (ii)
that the set D*(v,4,) contains only one C'* self-renormalizable structure S,
which finishes the proof. [J

10.3.3 §,-bounded solenoid equivalence class of Gibbs measures

When we speak of a §,-bounded solenoid equivalence class of v we mean a
(4,,0)-bounded solenoid equivalence class of a Gibbs measure v (see Definition
27). In § 9.4, we use the cocycle-gap pairs to construct explicitly the solenoid
functions in the §,-bounded solenoid equivalence classes of the Gibbs measures
v. By Theorem 10.21 (ii) proved below, given an ¢-solenoid function o, there
is a unique Gibbs measure v such that o, belongs to the ,-bounded solenoid
equivalence class of v.

Theorem 10.21. (i) There is a natural map g — (05(9), ou(g)) which
gives a one-to-one correspondence between C1F conjugacy classes of
CY* hyperbolic diffeomorphisms g € T (v, s, 6,) and pairs (o5(g), 0u(g))
of stable and unstable solenoid functions such that, for v equal to s and
u, 0,(g) is contained in the §,-bounded solenoid equivalence class of v.
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(i) There is a natural map S, — os, which gives a one-to-one cor-

respondence between C'F self-renormalizable structures S, contained

in D*(v,4,) and t-solenoid functions os, contained in the §,-bounded

equivalence class of v.

(1ii) Let us suppose that D*(v,4,) # 0.

(a) (Rigidity) If 6, = 1, then the 6,-bounded solenoid equivalence
class of v is a singleton consisting in the continuous extension
of the v measure solenoid function o, to sol".

(b) (Flexibility) If 0 < 6, < 1, then the d,-bounded solenoid equiv-
alence class of v is an infinite dimensional space of solenoid
functions.

Proof. Statement (i) follows from Lemma 10.10 (i). Statement (ii) follows from
Lemma 10.1 if B* is a no-gap train-track, and from Lemma 10.3 (ii) if B* is
a gap train-track. Statement (iii) follows from statement (i) and Theorem
10.19. O

Theorem 10.22. Given an t-solenoid function o, and 0 < §,, < 1, there is
a unique Gibbs measure v and a unique §,-bounded equivalence class of v
consisting of t'-solenoid functions o, such that the C't conjugacy class of
hyperbolic diffeomorphisms g € Ty 4(ds,0,) determined by the pair (os,0y,)
have an invariant measure p = (ig)«v absolutely continuous with respect to
the Hausdorff measure.

Proof. By Theorem 10.21 (ii), the ¢-solenoid function o, determines a unique
C* self-renormalizable structure S, € D'(v,6,). By Theorem 10.14, the set
D" (v,6,/) is nonempty. Let S,; € D (v,1). By Theorem 10.21 (ii), the C'+
self-renormalizable structure S,, determines a unique ¢’-solenoid function o,/
such that, by Theorem 10.21 (i), the pair (o,,0,) determines a unique C**
conjugacy class T (v,ds,d,) of hyperbolic diffecomorphisms g € T (v,ds,dy)
with an invariant measure p = i,v absolutely continuous with respect to the
Hausdorff measure. [

Putting together Theorem 10.21 and Theorem 10.22, we obtain the fol-
lowing implications:

(i) (Flexibility for Smale horseshoes) For ¢+ = s and u, given a ¢-solenoid
function o, there is an infinite dimensional space of solenoid functions
o, such that the C'* hyperbolic Smale horseshoes determined by the
pairs (og, 0y,) have an invariant measure u absolutely continuous with
respect to the Hausdorff measure.

(ii) (Rigidity for Anosov diffeomorphisms) For ¢« = s and wu, given an ¢
solenoid function o, there is a unique ¢’-solenoid function such that the
C'* Anosov diffeomorphisms determined by the pair (o, 0,) has an
invariant measure p absolutely continuous with respect to Lebesgue.
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(iii) (Flexibility for codimension one attractors) Given an unstable solenoid
function o, there is an infinite dimensional space of stable solenoid
functions o, such that the C'* hyperbolic codimension one attrac-
tors determined by the pairs (og,0,) have an invariant measure p
absolutely continuous with respect to the Hausdorff measure.

(iv) (Rigidity for codimension one attractors) Given an s-solenoid func-
tion o, there is a unique unstable solenoid function o, such that the
C't hyperbolic codimension one attractors determined by the pair
(0s,0,) have an invariant measure p absolutely continuous with re-
spect to the Hausdorff measure using non-zero stable and unstable
pressures.

10.4 Further literature

Cawley [21] characterised all C'*-Hausdorff realizable Gibbs measures as
Anosov diffeomorphisms using cohomology classes on the torus. This chap-
ter is based on Pinto and Rand [166].
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Extended LivSic-Sinai eigenvalue formula

We present an extension of the eigenvalue formula of A. N. Livsic and Ja.
G. Sinai for Anosov diffeomorphisms that preserve an absolutely continuous
measure to hyperbolic basic sets on surfaces which possess an invariant mea-
sure absolutely continuous with respect to Hausdorff measure. We also give a
characterization of the Lipschitz conjugacy classes of such hyperbolic systems
in a number of ways, for example following De la Llave, Marco and Moriyon,
in terms of eigenvalues of periodic points and Gibbs measures.

11.1 Extending the eigenvalues’s result of De la Llave,
Marco and Moriyon

De la Llave, Marco and Moriyon [70, 71, 75, 76] have shown that the set of
stable and unstable eigenvalues of all periodic points is a complete invariant
of the C't conjugacy classes of Anosov diffeomorphisms.

Let P be the set of all periodic points in A under f. Let p(z) be the
(smallest) period of the periodic point € P. For every x € P and ¢ € {s,u},
let j: J — R be a chart in A(g, pg) such that x € J. The eigenvalue \; ()
of = is the derivative of the map j~1fPj at j(z).

For ¢ € {s,u}, by construction of the train-tracks, P* = 7. (P) is the set
of all periodic points in B* under the Markov map f,. Furthermore, 7g.|P is
an injection and the periodic points z € A and 7g.(z) € B* have the same
period p(x) = p(r.(x)). Let us denote mg.(x) by x,. Let S, be a C'T self-
renormalizable structure. Let j : J — R be a train-track chart of S, such that
x, € J. The eigenvalue As, (x,) of x, is the derivative of the map jonp(%) oj1
at j(x,), where 7, is the Markov map on the train-track B*.

For every @ € P, every ¢ € {s,u} and every n > 0, let I’ (z) be an -leaf

(np(x) + 1)-cylinder segment such that z € I (z) and ff)(l-)ITLH_l(l’) = I:(z).

Lemma 11.1. For ¢ € {s,u}, let S, € D*(v,6,,P,) be a C** 1 self-renormal-
izable structure. For every x € P,
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As (2,) = rs,(Ig(x) : Ii(2)) (1L.1)
= pu (152 I}) 7V 0emp@ PL/o, (11.2)
= pu(I§ 1§ )M/ emp@Plon (11.3)

where rs, is the v-ratio function of S,, p,., s the .-measure ratio function of
the Gibbs measure v, and p,,, is the J'-measure ratio function of the Gibbs
measure V.

Proof. For every x € P, let us denote by p the period p(z) of z, and let us
denote by I the interval I},(x). We note that the p-mother mPI} | of I},
is I}, and so fPI}, , = mPI}, ;. By (4.1),

IL

rs, (I : I}) = lim 16
n—oo | +1|

Hence,

Pt
)\SL(x,,): hm |fL n+1|
n—oo | +1|

IL

= lim |1

woe [Ta ]
=rs,({p: I7),

which proves (11.1). By Theorem 8.15, the t-measure ratio function pg, s, is
the (-measure ratio function p, , of the Gibbs measure v. Hence, by (9.5), we
get

L) = H rs, (m' I - m!T)
p—1
= T (s (€T s 2151/ (114
=0

where & = fP=im!It € BL. We note that f,& = &1 and f,&_1 = & in Bg/.
Since Js, 5, = k/(k o fu/) for some function , we get

H Js, 5.(&) = H (§f+)1) =1. (11.5)

Furthermore,

I v (m'dy - m! 10y = o, (I} 2 1) (11.6)

Using (11.5) and (11.6) in (11.4) we obtain that
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ro (I3 2 1) = pu (I} : I§) /%Pl
Therefore, by (11.1), we have

)‘SL (I'L) =Ts, (Ié : If)
= Pl s 1)~ 0emPPlon,

which proves (11.2). By Lemma 8.14, there is 0 < € < 1 such that, for every

n >0,
(g1, 11])
pus(I5yy i I3) € (1+em)— 1 11.7)
i) € u((T 7)) (
and e
Pl TY) € (1i5”)7“([ RSN (11.8)

w3, 1))
Since f? ([I3,1%,4]) = ([I541,1}]) and by invariance of y, we obtain that

n

1L pqas 11]) _ u([If,IﬁfH]). (11.9)

(L5, 1) (LT, I4)

Putting together (11.7), (11.8) and (11.9), we obtain that

Pu,8(11i+1 3172) el ifn)pu,u(lg-ﬂ :I;LL) .
Hence, by invariance of ps, s and ps, . under f, we obtain
pvs(I7 + 15) = nlin;o Pvs(Lq  13)

= lim p (I : 1Y)

n—oo

= pru(li’ = Ig),

which proves (11.3). O

Lemma 11.2. Let B* be a (gap or a no-gap) train-track.

(i) The C** self-renormalizable structures Sy € D*(v1,6, P) and Sy €
D*(v2,0, P) have the same eigenvalues for all periodic orbits if, and
only if, vy is equal to vs.

(ii) The set of eigenvalues of all periodic orbits of a C1T self-renormalizable
structure is a complete invariant of each Lipschitz conjugacy class.

Statement (ii) of the above lemma for Markov maps is also in Sullivan
[231].

Proof. Proof of (i). By Lemma 10.4, the C'* self-renormalizable structures
Sy € D*(v1,6,P) and Sy € D*(v2,0d, P) are Lipschitz conjugate if, and only
if, the Gibbs measures vy and v are equal. By Lemma 11.1, if the Gibbs
measures v, and v are equal, then §; and Ss have the same eigenvalues for
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all periodic orbits. Hence, to finish the proof of statement (i), we are going to
prove that if the C't self-renormalizable structures S; and Sy have the same
eigenvalues for all periodic orbits, then the C'* self-renormalizable structures
S1 and Sy are Lipschitz conjugate.

Without loss of generality, let us assume that S; and S» are unstable
C'T self-renormalizable structures. For j € {1,2}, the (restricted) u-scaling
function z, ; : ©@* — R* of S is well-defined by (see § 4.6)

|7TB5 ° fn+1

1 )
Zuj(wowy ...) = lim °© 7TBu 0 iy (Wowy . . )|k,

n—0oo |7TB © fn o 7TBu o Zu(wle ) ’

kn

where k,, is a train-track chart in a C'T self-renormalizable atlas B; deter-
mined by S; such that the domain of the chart k, contains mgs o f™ o ﬂg},, )
iy (wiws . ..). For every stable-leaf (i + 1)-cylinder J, let w(J) € @ be such

that i, (w(J)) = mgu(J). Hence, for every I € {0,...,i — 1}, we have that
g © tu(fuw(J)) = 7 (m! )

where f~i*+!(m!J) are stable-leaf primary cylinders. By construction of the
(restricted) u-scaling function z,, ; and of the u-scaling function s, ; of S;, we
have that

Suj(J :miJ) sz ) . (11.10)

Let Pou be the set of all periodic pomt under the shift. For every w =
wowi ... € Pou let p(w) be the smallest period of w. By construction of
the train-tracks, for every w, there is a unique periodic point z(w) € A with
period p(w) with respect to the map f such that i, (w) = mguz(w). Further-
more, there is a unique periodic point wsz(w) € B® with period p(w) for the
Markov map. By (11.10), for every w € Pgu, we have that

p(w)—1

I zwi(fiw) = s, (rBoz(w)) . (11.11)
=0

Since the C'T self-renormalizable structures S; and S, have the same eigen-
values for all periodic orbits, by (11.11), we have that

M A i)
b zeelfilw)

for every w € Pgu. From Livsic’s theorem (e.g. see Katok and Hasselblatt
[65]), we get that

(11.12)

sua(w) _ w(w)

Zuz(w) Ko fu(w)’
where £ : O — R7 is a positive Holder continuous function. By (11.10) and
(11.13), for every stable-leaf (i + 1)-cylinder J we obtain that

(11.13)
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sua(J:m'J) 1y Zun (fL(w()))
sua(Timid) Lz (FL(w())
_ r(w)
= oS (11.14)

Since k is bounded away from zero and infinity, there is C' > 1 such that, for
all w € ©" and ¢ > 1, we have that

r(w)

cl< <C. (11.15)

Ko 7i(w)
Putting together (11.14) and (11.15), we obtain that

Su1(J :mbJ)
Su2(J :miJ)

Therefore, the t-solenoid functions o, : sol' — R and 0,5 : sol' — Rt
corresponding to the C'T self-renormalizable structures S; and Sy are in the
same bounded equivalence class (see Definition 10). Hence, by Lemma 10.4,
the C1* self-renormalizable structures S; and S, are Lipschitz conjugate.
Proof of (ii). Statement (ii) follows from putting together Lemma 10.4 and
Statement (i) of this lemma with P =0. O

Lemma 11.3. (i) If g € T(f,A), then A\,s(z) = As,(zs5)" and
Agu(®) = As,(zy) where, for v € {s,u}, Ag,(x) is the eigenvalue
of the C1* hyperbolic diffeomorphism g and \s, is the eigenvalue of
the C** self-renormalizable structure S, = S(g,1).

(i) The set of stable and unstable eigenvalues of all periodic orbits of
a C** hyperbolic diffeomorphism g € T (f, A) is a complete invariant
of each Lipschitz conjugacy class.

Proof. By construction of the train-track atlas B*(g, py) from the lamination
atlas A" (g, pg) in § 4.2, if Ay, (x) is the eigenvalue of « € P, then the eigenvalue
of z, € P, is either Ay, (z) if t = u, or )\g_,} ifo=s 0
Theorem 11.4. (i) If g € T(f,A), then \;s(z) = As,(xs)"! and
Agu(x) = As,(xy) where, for v € {s,u}, Ag.(x) is the eigenvalue
of the CY* hyperbolic diffeomorphism g and \s, is the eigenvalue of
the C1* self-renormalizable structure S, = S(g,t).
(ii) The set of stable and unstable eigenvalues of all periodic orbits of
a C** hyperbolic diffeomorphism g € T (f, A) is a complete invariant
of each Lipschitz conjugacy class.

Proof. By Lemma 11.2, the set of eigenvalues of all periodic orbits of a C'*
self-renormalizable structure is a complete invariant of each Lipschitz conju-
gacy class of C''* self-renormalizable structures. Hence, using Lemma 10.9,
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we get that the set of stable and unstable eigenvalues of all periodic orbits of
a Ot hyperbolic diffeomorphism g is a complete invariant of each Lipschitz
conjugacy class. [

11.2 Extending the eigenvalue formula of A. N. Livsic
and Ja. G. Sinai

We show an extension of the eigenvalue formula of A. N. Livsic and Ja. G.
Sinai for Anosov diffeomorphisms to C''* hyperbolic diffeomorphisms.

Theorem 11.5. A C'* hyperbolic diffeomorphism g € T(f,A) has a nat-
ural geometric measure g s, 5, With pressures Py = Ps(g,05,0,) and P, =
P,(g,0s,04) if, and only if, for allz € A

A (xs)fésep(z)Ps _ Ag,u(Iu)(;uep(m)Pu . (11.16)

9,8

From Theorem 11.5, we get the following corollary.

Corollary 11.6. A C'T hyperbolic diffeomorphism g € T(f, A) has a g-
invariant probability measure which is absolutely continuous to the Hausdorff
measure on Ag if and only if for every periodic point x of g|A,,

)\gﬁs(x)agvs)\g,u(x)égv“ =1.

Proof of Theorem 11.5. By Lemma 8.7, the C'* self-renormalizable structures
S(g,s) and S(g,u) are C** realizations of Gibbs measures vy = vg(g.s),5, and
Vo = VS(g,u),s,- By Lemmas 11.1 and 11.3, for all z € P, we have

)‘Q,u(xu) = )‘S(g,u)(xu)
= Py (1Y - )~/ 0uemP@Pu/0u (11.17)

and

)‘9,8<x5) = )‘S(g,s) (xS)_l
= oy (1Y )Y/ 0P @ P:/0s (11.18)

Let us prove that if the C'* hyperbolic diffeomorphism ¢ has a natural geo-
metric measure, then (11.16) holds. Hence, by Lemma 10.5, the Gibbs mea-
sures v1 and vy are equal. By (11.17), we have
pth(IéL : Iil) = pl/z,u(Ig : Iit)
= Agulz,) Cue P@Fu (11.19)

By (11.18), we obtain that
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ponu(I§ : T1) = Ag o) e P (11.20)
Putting together (11.19) and (11.20), we obtain that
)\g,s(ﬁcs)_ésep(z)Ps = )\g’u(xu)é'“ep(”)P“ ,

and so (11.16) holds. Conversely, let us prove that if (11.16) holds, then the
C'* hyperbolic diffeomorphism ¢ has a natural geometric measure. Putting
together (11.16) and (11.18), we obtain that

Agu(0) = pon u(I§ = T~V 0ugmnPulOu

Hence, the Gibbs measure v determines the same set of eivenvalues for all
periodic orbits of self-renormalizable structures in B* as the Gibbs measure
vo. Therefore, by Lemma 11.2, 1y = 15 and consequently, by Lemma 10.5, the
C'* hyperbolic diffeomorphism g has a natural geometric measure. [J

11.3 Further literature

Livsic and Sinai [69] proved that an Anosov diffeomorphism f admits an f-
invariant measure that is absolutely continuous with respect to the Lebesgue
measure on M if, and only if, A (x)Afu(x) = 1 for every periodic point
x € P. De la Llave [70], De la Llave, Marco and Moriyon [71], and Marco and
Moriyon [75, 76] have shown that the set of stable and unstable eigenvalues
of all periodic points is a complete invariant of the C'* conjugacy classes of
Anosov diffeomorphisms. This chapter is based on Pinto and Rand [166].
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Arc exchange systems and renormalization

We describe the construction of stable arc exchange systems from the stable
laminations of hyperbolic diffeomorphisms. A one-to-one correspondence is es-
tablished between (i) Lipshitz conjugacy classes of C1T# stable arc exchange
systems that are C1*# fixed points of renormalization and (ii) Lipshitz con-
jugacy classes of C1tH diffeomorphisms f with hyperbolic basic sets A that
admit an invariant measure absolutely continuous with respect to the Haus-
dorff measure on A. Let HD*(A) and HD"(A) be, respectively, the Hausdorff
dimension of the stable and unstable leaves intersected with the hyperbolic
basic set A. If HD"(A) = 1, then the Lipschitz conjugacy is in fact a C1T#
conjugacy in (i) and (ii). We prove that if the stable arc exchange system
is a C1HHDP te fixed point of renormalization with bounded geometry, then
the stable arc exchange system is smoothly conjugate to an affine stable arc
exchange system.

12.1 Arc exchange systems

Recall that a train-track T = |_|;-l:1 1;/ ~ is the disjoint union of non-trivial
sets I;, topologically nontrivial closed intervals, with a given endpoints equiv-
alence relation. Let | |7_, I; be a finite disjoint union of non-trivial compact
intervals. An endpoints equivalence relation consists in fixing pairwise dis-
joint equivalence classes Ej, ..., E; such that Uj»:lEj is equal to the set of
all endpoints of the intervals Iy,...,I,, and any two endpoints = and y are
equivalent if, and only if, they belong to a same set £;. We allow the case
where some, or all, equivalence classes are singletons. If all the equivalence
classes are singletons, then the endpoints equivalence relation is trivial.

The closed (resp., open) intervals contained in |_|;7:1 I; are called closed
(resp., open) arcs of the train-track T. If T has junctions, then one fix a set
of junction arcs Ki,...K,, C T that are images of intervals Ji,...,J,, C R
by homeomorphisms k; : J; — K; with the property that k;(int.J;) intersects
only one junction. From now on, a train-track T has always associated to a
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fixed set of junction arcs allowed. If T is closed (respectively, open), we say
that k(I) is a closed (respectively, open) arc in T. A chart in T is the inverse
of a parametrization. A topological atlas B on the train-track T is a given set
of charts {(j,J)} on the train-track covering locally every arc. A C1T% with
a > 0, atlas B on the train-track T is a topological atlas such that the overlap
maps are C'*® and have uniformly C'*® bounded norm. A C'*# atlas B is
a C'*T2 atlas, for some a > 0.

Definition 29 The quadruple (¥, I3, Te, Bs) is a C1TH arc exchange system
if the following properties are satisfied:

(i) T is a train-track with a set {Lg1,...,Lem} of junction arcs,
and By is a C'T train-track atlas, for some a > 0.

(ii) @ is a set of homeomorphisms ¢; : I ; — Jg; such that ¢;|int(Ip ;)
is a C'o diffeomorphism, and I 4 and Je ; are nontrivial closed arcs.
(iii) Jo is a set of C1T diffeomorphisms e; = eg j : Lo j — Ko j, for
j=1,...,m, with the following properties: (a) Lo ; is a junction arc,
(b) there are closed arcs I ; and 15} ; such that Iy ;UIF; = Lg j and

I3 ;N 1y ; is a junction, and (c) there are maps ¢, ..., ¢J i) and
; 7L — 4L L
n m...,q’)] zn(J @ such that ejllg; = Jinguoy © © @y and
= (ZS] 7‘71(] R) . ¢] i1

For simplicity, (a) we assume that if ¢; : Is; — Jp; is in @, then there
is ¢j : I@,j — J457j in @ such that I@J = qu, Jqs’j = I@}i and ¢j = (ﬁ;l,
and (b) for every x € Tg, there exist at most two distinct intervals Ip; and
Ig ; containing x. For simplicity of notation, we will denote by @ the c+i
exchange system (@, Js, Te, Bs). We will call Jp the junction exchange set
of the C1TH arc exchange system .

We say that a finite sequence {¢;, € @}, or an infinite sequence {¢;, €
D},>1 is admissible with respect to x, if ¢;, 0...0 ¢ (x) € Igp;,,, and ¢;, #
¢;n171, for all n > 1. We define the invariant set {2 of @ as being the set of all
points © € Tg for which there are two distinct infinite admissible sequences
{oF € @}n>1 and {¢f € @}n>1 with respect to . The forward orbit OF ()
of a point € 24 is the set {¢ (z) : n > 1}, and the backward orbit O ()
of z is the set {(bfi (z) :n > 1}. We will assume that the invariant set g is
minimal, i.e, for every x € g, the closure OF (z) is equal to the invariant
set 2 and that the closure OB(x) is also equal to the invariant set (2g.
Furthermore, we will assume that the endpoints of the intervals Ig 1,...,Is.n
belong to the invariant set {24 and {26 C U;_,Is ;. We denote the Hausdorff
dimension of 24 by HD(2¢). If 0 < HD(2) < 1, we call ® a C1+H arc
exchange system. If HD(2g) = 1, we call @ a C1TH interval exchange system.

We say that an arc exchange system @ is determined by amap ¢ : Iy — Jg
if all the maps ¢; : Is; — Jg; contained in @ are the restriction of the map
¢ or its inverse ¢! to Ip ;. In this case, we call ¢ an arc exchange map. We
note that not all arc exchange systems are determined by arc exchange maps.
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Let  ={¢; : Ip; — Joisi =1,...,n} and ¥ = {¢; : Ip; — Ju ;i =
1,...,n} be C'*® arc exchange systems with junction sets Jp = {es,; :
Lsj— Ko j;j=1,...,m}and Jp ={ew; : Ly, — Ky ;;j =1,...,m}, re-
spectively. We say that ® and ¥ are C° conjugate, if there is a homeomorphism
h: 24 — 2y with the following properties:

(i) h has a homeomorphic extension & : Tg — Ty such that Iy ; = £ (Ip,),
Joi =€(Jsi), Loi =& (Le,) and Ky ; =& (Ko ).

(ii) For every 1 <i<m, ho@;(x) =1;0h(x), where z € 24 N Ig ;.

(ili) For every 1 < j <m, hoeg j(x) = ew;oh(zr), where x € 2 N Lg ;.

By minimality of {25, h is uniquely determined and the arcs & (1), & (Ja,i),
¢ (Lg,) and & (K¢ ;) do not depend upon the extension ¢ of h. We say that ¢
and ¥ are Lipschitz conjugate, if there is a Lipschitz homeomorphic extension
€ : Ty — Ty of h satisfying property (i) above. We say that ¢ and ¥ are
C'*t* conjugate, for some o > 0, if there is a C'** homeomorphic extension
€ : Ty — Ty of h satisfying property (i) above. We say that & and ¥ are
C'tH conjugate, if @ and ¥ are C'T< conjugate, for some o > 0. We denote
by [®]c1+a the set of all O+ arc exchange systems that are O+ conjugate
to @, and we denote by [P]ci+r the set |, q[@]c1ra.

12.1.1 Induced arc exchange systems

Let g € F. Suppose that M and N are Markov rectangles of g, and z € M
and y € N. We say that « and y are stable holonomically related if (i) there
is an unstable leaf segment ¢*(x,y) such that 9¢“(z,y) = {x,y}, and (ii)
0 (z,y) C 0z, M) U L*(y,N). Let P = Py be the set of all pairs (M, N)
such that there are points x € M and y € N stable holonomically related.
For every Markov rectangle M € M, choose a spanning leaf segment ¢,
in M. Let Z = {{y : M € M}. For every pair (M, N) € P, there are maximal
leaf segments é(l?\/I,N) C U, E(CMN) C {n such that the holonomy hs ny :

E(DM,N) — K(CM ) is well-defined (see §1.2 and §1.5). We call such holonomies

h,ny - E(M Ny~ Z(M N) the (stable) primitive holonomies associated to the
Markov partition M. The complete set H*® of btable holonomies consists of all
primitive holonomies %y, ) and their inverses h( ) for every (M,N) € P*.
The complete set H" is defined similarly to H® (see §5.1).

Let f : T — T be the Anosov automorphism defined by f(z,y) =
(r + y,y), where T = R?\ (Zv x Zw). We exhibit the complete set of
holonomies Hy a1 = {h(a,a), ha,B), MB,a); h(_iA),h(_A B h{j;’A)} associated
to the Markov partition M = {A, B} of f. We consider a derived-Anosov dif-
feomorphism ¢ : T' — T semi-conjugated, by a map 7 : T'— T, to the Anosov
automorphism f. The derived-Anosov diffeomorphism ¢ admits a Markov
partition M, = {A;, Ay, B1} with the property that A = 7(A4;) U 7m(A42)
and B = 7(Bi). The complete sets of holonomies Hy aq, and Hy aq are
related by the following equalities: h(4 gy o 7r|7r(€€41,31)) = 7o h(a,,By)s
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h(a,a) © 7T|7T(£(DAz,A1)) = 7o hay,a,), NB,a) © ﬂ'\w(ﬁgghAl)) = 7o hp,, Ay
and h(p a) © 7T‘7T(€(DB1’A2)) =moh(p, a,) (see Figure 12.1).

Lemma 12.1. The triple (f, A, M) induces a train-track T with a set of
junction arcs. Furthermore, the atlas A“(f,p) induces a C1T atlas B*(f, p)
on T%.

f

Proof. For every t-leaf segment ¢4, € Z*, let lfﬁw be the smallest full ¢-leaf
segment containing ¢4, (see definition in §1.1). If HD(A*) = 1, then ¢4, = #4,.

By the Stable Manlfold Theorem, there are C'+H dlffeomorphlsms Jun :
EM — JM We choose the C*H diffeomorphisms JuM K‘ — JM with the

extra property that their images are pairwise disjoint, i.e. j}vf nJ & =0 for all
M, N € M such that M # N. Let

0 74, and Ly, = Ly () A4 (12.1)
|_| i M Mm f

i=1

Let j, : ﬁjw — jj\,l be the map defined by jL|é§\4 = j,,M, for every M € M.
Let ¢4, (x) be the spanning ¢/-leaf segment of the Markov rectangle M € M
passing through x. Let

T, U M; — L%, (12.2)

i=1

be the projection defined by =, (x;) = y;, where y; € ﬂﬁ\} (x;) N LYy, for every
x; € M;. If HD(A") < 1, then the endpoints equivalence relation is trivial.
If HD(A*) = 1, then the endpoints equivalence relation is non trivial, as we
now describe. The endpoints &; € £}, and &; € £}, are in the same endpoints
equivalence class, if Eﬁ\}i (xi)ﬂﬁﬁ\}j (x;) is non-empty. The endpoints equivalence
class in i’ﬁ\/{ is the minimal equivalence class satisfying the above property. Let
the «-train-track T} = L4,/ ~ be the set L', with the endpoints equivalence
class as defined above.

If HD(AY) < 1, the charts k, a, for every M € M, form a C'T* atlas
B'(f, p) for the train-track T}.

If HD(A") = 1, for every pair (M, N) € P*, we define L(M N = =04, Ul
T as a junction arc. We fix an t-leaf segment L(M N) that is the union of
tvvo spanning t-leaf segments L}, and LY. For every i-leaf segment L( M,N)»

let L( M,N) be the smallest full (-leaf segment containing L( M,N)» and a chart
JorNy L(M ~) — Jar, ) in the atlas A*(f, p). By Pinto and Rand [164], the
holonomies hus : 04, — E(M N) N M and hy : ly — E(M N) N N have Ot
extensions hyy : 4, — L(M n) and hy EN — L(M n) onto their images.

We define the junction stable chart jinny : L(M7N) — Jiu, Ny In B* (f,p) by



12.1 Arc exchange systems 147
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Fig. 12.1. The complete set of  holonomies Hg, My =
{hear,Bu)s hias,anys s, anys sy, a) (A, 51y h(Az ary M8y Ay Moy, an ) for
the derived-Anosov diffeomorphism g¢g : T seml—conjugated by a
map © : T — T, to the Anosov automorphlsm f + T — T defined by
f(z,y) = (z + y,y). The complete set of holonomies for the Anosov auto-
morphism f : T — T associated to the Markov partition M = {A B} is
given by Hy m = {hea,a), hea, ), h(B,a), h (A, A),h(AlB), (B, A)} The complete set of
holonomies Hg, m,, is related to H s g as follows: h(A,B)o7r|7r(K(A1YB1)) = moh(a,,By),
heaay © Tn(lla, a)) = 70 hiag.ar), hp.ay © 7w (U(p, ay)) = 70 hp,.a,) and
h(p,a)© W‘W(Z(DBLA@) =m0 (B, A4,)-
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j(M,N)\éﬁ\/[ = E(MN) o hys and j(M,N)|lZ§V = j(]\/[,N) ohy. By construction, the
charts kyr, for every M € M, and k(y, n), for every (M, N) € PV, form a
Ot atlas B(f, p) for T%. O

Let ANy, Bou,ny € M be the Markov rectangles such that there
is a ¢/-leaf segment LE/M ~y that (i) passes through x, (i) has endpoints
a = anN) € 1ntA(MN and b = by,ny € intB, Ny, and (iii) L{M)N) \
A (a, Aqar,ny) U £ (b, B (M,N))) is contained in the ¢-boundaries of Markov
rectangles, where ¢ (a, A¢ar,ny) is the spanning leaf of A (s, ny passing through
a, and ﬁb/(b, B(a,ny is the spanning leaf of By n) passing through b. Let
E(A,M)N) be an ¢-spanning leaf of A(M)N) passing through a, and let E(B7M7N)
be an t-spanning leaf of By n) passing through b. For i € {A, B}, fix
K mny C Lamny and L arny C Lear,ny such that the basic holonomy
h(l M,N) K(z M,N) NA— L (i,M,N) is well-defined. Let K(z M,N)> L(z M,N)s
K{)M N) and €, (M,N) be the smallest full i-leaf segments that contain K; ar vy,
L n,nys K( M,N) and £¢, (M,N)> respectively. The set of all basic holonomies
h(inyN) K(zMN) — L('LMN)a with i € {A B} and (M, N) € 'PL form
the ¢-primitive junction set (see Figure 12.2).

Lemma 12.2. The triple (f, A, M) induces a C*TH i-arc exchange system

( },Ma jdga Téﬁv B{Lﬁ(fv p))a

with the following properties:

(i) The set @ = @ \, consists of all O diffeomorphisms qﬁEM’N) :

E(DM’N) — K(M Ny with i € {A,B} and (M,N) € P such that

(sz N)M(M N) — = hu,n)-

(zz) The junction set Jg consists of all C1 T diffeomorphisms €(i,M,N)

K(ZMN) — L(ZMN), with i € {A,B} and (M,N) € P*, such that

e, N K i, m,n) = heiv,ny, for every i € {A, B} and (M,N) € P

Proof. Since the holonomies are C17¢ diffeomorphisms with respect to A*(f, p),
(a) there are C** diffeomorphic extensions Dlasy : E(DM,N) — K(CM’N) of the
holonomies th)N) : E(DMJ\,) — KEJM)N) with respect to the atlas B*(f, p), for
(M,N) € P*, and (b) there are C'*® diffeomorphic extensions €N
K(i,]V[,N) — i(i,M,N) of the holonomies hzi,M,N) : K(i,NLN) — L(i,M,N) with
respect to the atlas B*(f, p), for (M, N) € P* and i € {4, B}. O

12.2 Renormalization of arc exchange systems

Let & = {¢z : f@@ - jlpﬂ' 1= 1,...,77,} and ¥ = {% : ig[/ﬂ‘ — ig,i 1=
1,...,m} be C*H arc exchange systems. We say that ¥ is a renormalization
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Fig. 12.2. The construction of the elements of the junction set.

of @ if there is a renormalization sequence set S = S(®,¥) = {s*,...,s™}
with the following properties:

(i) For every i € {1,...,n}, we have that

Vi = @i

Sk(ﬁi) 0...0 (jssi |ILD,i7

where s* = SL(Si) ...st € 8. In particular, 2y C ¢ and I, C Is ;.
(ii) For every x € £2¢\ 2y, there are exactly two distinct sequences s?, s7 €
S with the property that there are points y; € Iy ;, y; € Iy ; such that

> Yj J

=9 004 (yi) and =y

Sk (@,9)

O"'O¢s{(yj)7

si(m,i)
for some 0 < k(z,i) < k(s*) and 0 < k(z, j) < k(s?).

For every @ € [®]co, let (g : Tg — T be an extension of the topological
conjugacy h between the C'™H arc exchange systems @ and &. Since h is
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unique, by minimality of 2¢, for every s € S, £(Iy,) and &(Jy,) are the
smallest closed arcs containing h(ly,) and h(Jy,), respectively, and, so, are
uniquely determined. Define the C1T# arc exchange system ¥ by

¥= {1/% =¢, ©0...00, &(ly,) = E(Jy,), for every s' 65@7@)}

Foreveryeg j : Ly, — Kg,, let IL IR, ij,l, . ,wﬁn(ﬁm and zbﬁl, . 7¢fn(j,L)
be as in property (ii) of definition of C**® arc exchange system, in §12.1. We
define the junction set Jy = {ew1,...,ew,m} of ¥ as follows: ey ; : Ly ; —
Ky j is given by ey ;|¢(o(1F ) = ¥F o...oWr, and ey ;[{(o(IF ;) =

=—1tn(4,L) =—J,%1
gﬁinm) o.. .ogﬁil. By construction, ¥ is topologically conjugate to ¥ and does
not depend on the extension ¢ of h considered in the sets &(Iy,),...,&(Ly, ).
Furthermore, ¥ is a C'tH arc exchange system that is a renormalization of
@ with respect to the renormalization sequence set S(®,¥) = S(P,¥). Hence,

the renormalization operator R is well-defined by R® = ¥.

Definition 30 Let R : [P]co — [P]co be a renormalization operator. We say
that a C1T arc exchange system I' € [®]co is a C'T fixed point of the
renormalization operator R, if RI" is C1*T% conjugated to I, i.e [R'|c1+a =
[[eita. We say that a CYHH arc exchange system I' € [®]co is a C1H
fixed point of the renormalization operator R, if I" is C1*% fized point of the
renormalization operator R, for some a > 0.

12.2.1 Renormalization of induced arc exchange systems

We present an explicit construction of a renormalization operator R = Ry aq
acting on the topological conjugacy class of the C'T arc exchange system
& r induced by (f, A, M). Let the Markov partition V' = f,M be the push-
forword of the Markov partition M, i.e, for every M € M, N = f(M) € N.

Lemma 12.3. Let ¢ pq and 5 be the C1TH arc exchange systems induced
(as in Lemma 12.2), respectively, by (f, A, M) and (f, A,N).

(a) There is a well-defined renormalization operator
R = Rf,/\/l : [@JQM}CU — [ij,/\/’]c’("

(b) Let ¥ = R®. For every eg j : Ly, — Ky, and ey j : Ly, — Ky,
let Iéj, I(i, Iij and If‘] be as in property (iii) of the Definition 29.

L _ 4L L |JR — 4R R
If eaj|ly, = ¢5;, ©... 007 and epj|ly = ¢5% o...0¢f , then
7L — L L 1R _ R R
ew Iy, =¥, 0.0t and ey |I7 =5, o... 0t .

Proof. For simplicity of notation, let us denote kaq by k (see (12.1)). We
choose a map
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o:{l,....,n} = {1,...,n} (12.3)
with the property that N; N M,y # 0, where N; € N and M, ;) € M. For

each N; € N, let £y, be the stable spanning leaf segment Cn, .y N(N;), and

let /, be the corresponding full stable spanning leaf (i.e £y, NA = £y, ), where
7 :J_y M; — L is the natural projection as defined in (12.1). Set

ﬁN = OEN'L and CA/\/‘ = OENL
i=1

i=1
The set £ ~ determines the train-track Ty with atlas B(f, p) as constructed
in Lemma 12.1. Let Har = {hn, n;,) g(DN,th) — Z(CN“NJ_)KNZ»,NJ») € Py} be
the (stable) primitive holonomic system associated to the Markov partition

N. By construction, for every (N;, N;) € Py there is a sequence hqg,, ..., ha,
of holonomies in H x4 such that

h(n, Ny = hay 0.0 hoy |ER.

Let
. oD 7D
VNN NNy vy

be given by w(Nl-,N]-) = ¢q, O...0 Qq,, Where ¢, € P rq and qbai\ﬁ(DNth) =
he, |l

(DN“NJ_). Set

Let @¢ »r be as constructed in Lemma 12.2. Hence, ¥ = @ »r, and, so, ¥ is
a C1TH arc exchange system. Since the set S(®f a1, P nr) of all sequences
ai ... ay such that Yn, N;) = @a, ©.. .0 @q,, for some (N;, Nj) € Py, form a
renormalizable sequence set, the C1T# arc exchange system by N is a renor-
malization of @y . Therefore, by §12.2, there is a well-defined renormal-
ization operator R = Ry @ [Prmlco — [Pra]co. Since N = f,M and
RP ¢ pq = Py nr, property (b) holds. O

Lemma 12.4. The CY*H arc exchange system @ aq is a CYH fized point of
renormalization, i.e [RPr plco = [Pf mlco, where R = Ry a2 [P oo —
(@7 N]co is the renormalization operator.

Proof. We construct a C'T® conjugacy © : Tyr — Taq between ®¢ pq and
@y n. For every N € N and M = f~1(N), there is a holonomy @y between
the spanning leaf segments f~! (¢x) and £3;. By Theorem 1.6 (see also Pinto
and Rand [164]), the holonomy 6y has a C1+* diffeomorphic extension fy :
fY(n) — lpr. Let © : Trr — Ty be the C1+e diffeomorphism given by

Oy =0yof (12.4)
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for every N € N. We observe that each pair
(Ni, Nj) € Pn

determines a unique pair (M;, M;) = (f~Y(N;), f~1(N;)) € Pum, and vice-
versa. By Lemma 12.3(b), it is enough to prove that © conjugates
¢(Ni:Nj)|£(DNi,Nj) with (b(Mi’Mj)lg(DMi,]\/[j)’ for every (N;,N;) € Py, to show
that @7 aq is a C1TH fixed point of renormalization.

By construction of the maps 6y, and 0y,, we have that

had; m) €, aryy) = O, 0 f 1o b, vy o f o 91?7},
and so

O o YN, N;) © 9_1|€?Mi,Mj) =0y, 0f "o h(n, Ny o fo 9&3
= h(Mian)

= ¢(M1,Mj)a

which ends the proof. [

12.3 Markov maps versus renormalization

The map F: TcT—T determines a C™ Markov map, with respect to the
atlas B and with invariant set {2 C T, if the following properties are satisfied:

(i) T =T or T is a union of closed intervals.

(i) F: T — T is a C** diffeomorphism, for every (small) arc, with
respect to the C11® atlas B on the train-track T.

(iii) There exist ¢ > 0 and A > 1 such that, for every x € {2,

|d(jn 0 F" 0i ') (x)] > A", (12.5)

with respect to charts i, j, € B.
(iv) The map F' admits a Markov partition {K1, ..., Ky}, i.e. there exists
a finite set of arcs {Kj,...,K,} such that (a) K; = K; N 2, (b)

U?;lc’?f{i Cc 2 and (¢) F (8KZ) C U?;lc’?f{i, for every j =1,...,m.

Let F : Ly — L be the map induced by the action of f~! on stable leaf
segments, i.e. F(x) = wo f~1(z) for every x € L (see (12.2)). Since f is a local
diffeomorphism, the map F is a local homeomorphism. Let F : kpq(Lag) —
ka(Lag) be the map defined by F=kyoFo kf\/ll Since the holonomies have
C1+ extensions (see Theorem 1.6 and also Pinto and Rand [164]), and the
map f is C'*°, for some a > 0, the map F has a C'*+* extension Fy r :
T; — Ty, with respect to the atlas B*(f, p), (not uniquely determined) that
is a C1T® Markov map with Markov partition {kxqom(My),. .., kapom(M;)},
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where M = {Mjy,..., M;} is the Markov partition of f (see also Pinto and
Rand [163]). Hence, the map Fy ¢ : Ty — T constructed above is a C'1
Markov map.

Definition 31 Let h : 2 — g be the topological conjugacy between a C1+H
arc exchange system W = {1; : Iy, — Jy,;0 = 1,...,m} and Py pq = {¢; :
Iy, — Jg;;i=1,...,n}. We say that ¥ induces a C1* Markov map

FQ/:TQ/_)TQ/,

if Fy is a C'® Markov map, for some o > 0, and Fy o h(z) = ho Fy m(z),
for every x € Q.

Let us suppose that the C**t# arc exchange system ¥ is a C° fixed point of
renormalization [R¥]co = [¥]co. In this case, ¥ is an infinitely renormalizable
C'*tH arc exchange system, i.e there is an infinite sequence

(= {oim 17 = I = })

of arc exchange systems inductively determined, for every m > 1, by R™W¥ =
R(R™1w).
Set

S K3 (]
k S1

LW — {wﬁ?’) o..og (Ifzjﬁ“)) I 1M 0 < k< R(sy).ss € 5} .
Set, inductively on j > 1, the sets
LY = {wi’?) oo Te LYY T 0 <k <k(s),s; € 8} :
Sk S'i

By construction, L%H) - L%) and 2pmg = ﬂjzlL%). We call L%) the 7-
th level of the partition of R™W. Let the j-gap set G%) of R™¥ be the set
of all maximal closed intervals I such that I C J for some J € L%il) and
intI N K = (), for every K € Lﬁ,{). We say that the C'™H arc exchange system
¥ has bounded geometry, if there are constants 0 < c¢1, ¢y < 1 such that, for all
j > land all intervals I € L(()j) UG((Jj) contained in a same interval K € L(()j_l),
we have ¢1 < |C(I)|/|C(K)| < cq, where the length is measured with respect
to any chart ¢ in the C'*® atlas By.

Lemma 12.5. Let $¢ rq be a C*TH arc exchange system induced by (f, A, M).
A CYH are exchange system W € [@ ¢ am]co, with bounded geometry, deter-
mines a C*TH Markov map Fy topologically conjugate to Fy aq if, and only
if, W is a CYTH fized point of the renormalization operator R pm.

Remark 12.6. Lemma 12.5 also holds for C1% regularities.
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Proof of Lemma 12.5. For simplicity of notation, let us denote kaq by k (see
(12.1)). Let © : Kyy — Kpq be the C'Fe diffeomorphism as constructed in
(12.4). For every N € N, let M = f~'(N) € M. Recall that {x C £y, C
L (see (12.3)). By construction of F' = Ff ¢ and O, the spanning leaf
segment ¢y C Lar has the property that Fok({x) = k(¢yr) and Flk({y) = O.
Therefore,

F|Ky = 6. (12.6)

Every leaf segment ¢ C Laq with the property that F o k(¢) = k(fpr) is a
spanning leaf segment of N. Therefore, there is a sequence e,,, ..., e, of arc
exchange maps in @ = @ ¢ such that

€a, © ... 0€q (k({)) = k({N).
Furthermore,
Flk(f) =O@oeqy,0...0¢q4,. (12.7)

Let £ : U 1y, — Uj_ Iy, be a homeomorphic extension of the conjugacy
between @ and ¥. For every e € @, there is a unique e € ¥ such that e =
£oeo& L Since Fy is topologically conjugate to F, by (12.6), we have that

Fyl¢(Ky) = O, (12.8)

where Oy : {(Ky) — (K ) is a homeomorphic extension of the conjugacy
between ¥ and its renormalization R¥. Letting ¢x, ¢ and eq,, . .. ,€a, bE as
above, by (12.7), we obtain that

Fyl§ok(l) =Oypoe, o...0€

=yt

(12.9)

By (12.8), if Fy is O, then Oy is C'** (also along arcs containing junc-

tions). By (12.9), if Oy is C17<, then Fy is locally a C*** diffeomorphism.
Let L(()j ) be the j-th level of the partition of ¥. By construction, every

interval T € L(()j ) has the property that FJ~"(I) is an element of the Markov

partition of Fy (this property characterizes ng )). In particular, the map Fy
sends each interval I € Léj ) onto an interval Fy(I) € L(()J Y for every j > 0.
Hence, if ¥ has bounded geometry we obtain that the length of the sets
in Léj ) converge exponentially fast to 0 when j tends to infinity. Therefore,
using the Mean Value Theorem, we obtain that if ¥ has bounded geometry,
then Fy satisfies property (ii) and, conversely, if Fy satisfies property (ii) we
obtain that ¥ has bounded geometry. So, we conclude that if ¥ is a C1T® arc
exchange system, with bounded geometry, then Fy is a C'T® Markov map,
and vice-versa. [J
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12.4 C'*tH flexibility

Let (f, A, M) be a C**H hyperbolic diffeomorphism. Let C% am be the topo-
logical conjugacy class of &% . Let F be the set of all C'H hyperbolic
diffeomorphisms topologmally conjugate to f (see §2.1).

Theorem 12.7. There is a unique map
Tipm: F=Alglorsn g€ Fy = C = {[®"]cr+n : D € C py}

defined by Ty \ ([9lcrrn) = [Py aq,Jor+n, where My is the pushforword of
the Markov partztwn M of f by the topological conjugacy between f and g.
The map 1, = ,M : F — C has the following properties:

(a) [f [@L]cer = /]Z[g]cer, then HD(.Q&,) = HD(A;),

(b) T,(F) = Ck%, where C C C is the set of all C** conjugacy
classes [®]ci+n € C that are CY*HH fized points of renormalization,
[R'P|crvn =[] cren ;

(c) For every pair ([P°|ci+u, [P]cr+u) € C5 x Ch, there is a unique
C'™H conjugacy class of C™H hyperbolic diffeomorphisms

9 € T, ([®%]cren) N T, ([BY] e );

(d) For every [P']|ci+u € Cy there is a unique Lipschitz conjugacy
class of CY*H hyperbolic diffeomorphisms g € T, ([®*]c1+n) that
admits an invariant measure absolutely continuous with respect to the
Hausdorff measure on Ag;

(e) The set Cy, is characterized by a moduli space consisting of solenoid
functions;

(f) The set Cj consisting of all Lipschitz conjugacy classes in Cj, is
also characterized by a moduli space consisting of measure solenoid
functions.

The above solenoid functions and measure solenoid functions are intro-
duced in Pinto and Rand [163, 167], where they are used to construct moduli
spaces for the set of all C'+# and Lipschitz conjugacy classes of C1T# hyper-
bolic diffeomorphisms (see Chapter 3). If HD(A*) = 1, then, in Theorem 12.7,
the Lipschitz conjugacy classes coincide with the C'+# conjugacy classes, and,
so, C;, = Ck.

Remark 12.8. We note that in Theorem 12.7, if the (-lamination of the hyper-
bolic basic set A is orientable, then the t-arc exchange systems in C}, A are
determined by ¢-arc exchange maps.

Proof of Theorem 12.7. By Theorem 1.6 (see also Pinto and Rand [164]),
the basic holonomies are C'T® diffeomorphisms with respect to the C1+
atlases A‘(g1,p1) and A*(ga, p2), for some o > 0. Hence, there is a C1+
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diffeomorphism u : Ty, — T,,, with respect to the atlases B*(g1,p1) on Ty,
and A*(ga, p2) on Ty,, such that womy, = my, ou, where 7y, : A;, — Ty, and
T, + Ag, — Ty, are the natural projections. Hence, the C'** induced arc
exchange system &, is C't® conjugate to the C'T® induced arc exchange
system @, .

Proof of statement (a). Since the holonomies are C1T (see Theorem 1.6
and also Pinto and Rand [164]), the Hausdorff dimension of the stable leaf
segments £ is the same independently of the stable leaf segment considered,
and so equal to HD(A;). In particular, all leaf segments {57, € Z, have the
same Hausdorff dimension which is equal to the Hausdorff dimension of L.
Since the arc invariant set To, ,, is equal to k(Lg), the Hausdorff dimension

HD (T%,Mg) is equal to HD(A).

Proof of statement (b). By Lemma 12.4, if g € F, then the C1*H arc exchange
system @, rq, is a fixed point of the renormalization operator R4 r, that, by
construction, is the same as Ry . Hence, 7 (F) C Cg.

The proof that 7 (F) D Cg follows from the proof of the statement (c)

below.
Proof of statement (c). Let @ be a C'*H arc exchange system such that
[RP)cirn = [@|crn. Since [RP|cirn = [@]cr+n, by Lemma 12.5, the O+
arc exchange system @ induces a Markov map Fg. Therefore, (@, Fp) is equiv-
alent to a C1*® self-renormalizable structure as defined in Chapter 4.

By Theorem 1.6 (see also Pinto and Rand [164, 167]), there is a one-

to-one correspondence between '+ conjugacy classes of (@, Fg) and C1TH
conjugacy classes of C1T# diffeomorphisms g(®, Fp) with hyperbolic invariant
set Ay, and with an invariant measure absolutely continuous with respect to
the Hausdorff measure.
Proof of statement (d). Let @ be a C'*H arc exchange system such that
[RP|ci+x = [P]cr+u. Since [RP|cr+u = [D|cr+a, by Lemma 12.5, the cltH
arc exchange system @ induces a Markov map Fg. Let Cp be the set of all
CYtH conjugacy classes of pairs (@, Fip). Hence, there is a one-to-one map
my : Cp — Cp given by my(®) = (P, Fp). By Lemma 9.2 (see also Pinto and
Rand [166, 167]), there is a well-defined Teichmiiller space T'S consisting of
solenoid functions, and a one-to-one map ms : T'S — Cp given by ma(s) =
(P, Fp). Therefore, mfl oms : T'S — Cgr is a one-to-one map. [

12.5 CYHD rigidity

Let us present the following notion of C1HP regularity of a function (see
§5.1).

Definition 32 Let ¢ : I — J be a homeomorphism between open sets I C R
and J CR. If0 < a < 1, then ¢ is said to be C*® if ¢ is differentiable and
for all points x,y € 1
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16'(y) = ¢'(@)] < xo(ly — =), (12.10)

where the positive function x(t) satisfies lim;_,o x4(t)/t* = 0. ¢ is said to be
b, if, for all points z,y € I,

log /() + 1o (5) ~ 2108 (52 )| < xly - o)

where the positive function x(t) satisfies lim_o x(t)/t = 0.

In particular, for every 3 > a > 0, a C'™# diffeomorphism is C*®, and, for
every v > 0, a C?*7 diffeomorphism is C*''. We note that the regularity C'*-!
(also denoted by Clt#igmundy of 5 diffeomorphism @ used in this chapter is
stronger than the regularity C1+%%9mund (see de Melo and van Strien [99]). The
importance of these C® smoothness classes for a diffeomorphism 6 : I — J
follows from the fact that if 0 < o < 1, then the map 6 will distort ratios of
lengths of short intervals in an interval K C I by an amount that is o(]I]%),
and if & = 1 the map 0 will distort the cross-ratios of quadruples of points in
an interval K C I by an amount that is o(|I]) (see Chapter 5).

An arc exchange system (D, Jp, Te,Bs) is affine, if Bg is an affine atlas
and the maps in @ and in Jg are affine with respect to the charts in Bg.

Theorem 12.9. Let Cj \, be the topological conjugacy class of CY arc
exchange systems determined by a CYTH hyperbolic diffeomorphism (f, A, M)
(as in Theorem 12.7). Every CYHPWU) gre exchange system ® € Cr.m, with
bounded geometry, that is a CHHPE22) fired point of renormalization operator,
i.e [Rp Pl ey = [l mpiay, is CHEPAY) conjugate to an affine t-arc
exchange system that is an affine fived point of renormalization. Furthermore,
the CYHPAY) gre exchange system & € C¢,m determines stable transversely
affine ratio functions re.

Corollary 12.10. Let Cs aq be the topological conjugacy class of C1HH Can-
tor exchange systems determined by a C*H diffeomorphism f with codimen-
sion 1 hyperbolic attractor A and with a Markov partition M satisfying the
disjointness property (as in Theorem 12.7). There is no CHHD22) Contor
exchange system @ € C¢ nq, with bounded geometry, that is a CHHD(22) fized
point of renormalization operator, i.e [Ry pm®P|en,unieg) = [Plorupog) -

Proof. By Theorem 12.9, we obtain that rg is a stable transversely affine
ratio function. However, putting together Theorem 5.9 and Lemma 5.11, there
are no stable transversely affine ratio functions with respect to the stable
lamination of Ay, and so we get a contradiction. O

Proof of Theorem 12.9. Let us suppose that the arc exchange system ¥ is
a C1@ fixed point of the renormalization operator Rf p with « = HD(Ty)
and with bounded geometry. Hence, by Lemma 12.5, ¥ induces a C''*® Markov
map Fy. Let £ be the homeomorphic extension of the conjugacy between &
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and ¥, and set n = { ok om. We will consider the following two distinct cases:
(a) HD(A*) < 1 and (b) HD(A*) = 1.

Case HD(A") < 1. Let T;, be the set of all pairs (I, J) such that (i) [ is a
stable leaf n-cylinder, (ii) J is a stable leaf n-gap cylinder, and (iii) I and J
have a unique common endpoint. Using the Mean Value Theorem and that
Fy is a C* Markov map, the function 7 : U,>17;, — RT given by

[no fm(J)|
’I‘(LJ) m1—1>I-ri-loo ‘Uofm(l)‘

is well-defined, where |L| means the length of the smallest interval containing
L C R. By bounded geomatry of ¥, we obtain that r is bounded away from
zero. Furthermore, using that Fy is a O Markov map, for every pair (I, J) €
T,, we get

In(J
In(D)]

(L+Cu(In(T U J)%)),
(12.11)

o, .
A (L Cnlln D) < r(l0) <

where C,, € RO converges to zero when n tends to infinity.
Let h = hou,ny - E(M Ny ©c (M,N) be a (-primitive holonomy. Since the

arc exchange system is C1%, for every (I,.J) € T,, such that TUJ C EDM N)»
we get

[n(D)] [n o h(J)|
[n(S)] In o h(I)|

where C,, € Rar converges to zero when n tends to infinity.
From (12.11), we obtain that

1= Cpln(IuJ)|* < <1+ Cyln(Iu ), (12.12)

Dl e (D), oy < T )
)] o] T TSI S TR G IS

_ 1Dl ko ha()|
= 0] o ha (D))

(14 Culn(TUJ)[*).

Thus, using (12.12) we get

r(h(1), h(J))

h
Il et
L Ol < TR

<14+Cn(IuJg)%,

where C/, € R converges to zero when n tends to infinity.

Since a = HD(Ty), by Theorem 5.4 (see also Pinto and Rand [165]), we
obtain that r is a stable transversely affine ratio function.
Case HD(A*) = 1. Let Jy, J; and Jy be distinct leaf segments such that Jy
and J; have a common endpoint, and J; and J, have also a common endpoint.
Let the cross-ratio cr(Jy, J1, J2) be given by
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1+ ’I“(Jl7 J())
(Jo, JoU JL U o)’

CT(J()v J17 JQ) = r

A similar argument to the one above gives that

L= Culn(d U1y U R < S i‘i‘)()jol?f}]li)}z(JQ)) <1+ Culn(Jo U J1 U Jo),
where C,, € R} converges to zero when n tends to infinity. Hence, by Theorem
5.4 (see also Pinto and Rand [165]), we obtain that r is a stable transversely
affine ratio function. Therefore, the ratio function r determines an affine atlas
A(r) on the t-leaf segments such that the holonomies and f are affine. Thus,
the atlas B(r), on the train-track Ty, induced by A(r) is an affine atlas such
that the arc exchange system is affine and the Markov map is also affine.
Therefore, the arc exchange system is an affine fixed point of renormalization.
O

12.6 Further literature

The works of Masur [80], Penner [149], Thurston [234] and Veech [235] show
a strong link between affine interval exchange maps and Anosov and pseudo-
Anosov maps. E. Ghys and D. Sullivan (see Cawley [21]) observed that Anosov
diffeomorphisms on the torus determine circle diffeomorphisms that have an
associated renormalization operator. Denjoy [25] has shown the existence of
upper bounds for the smoothness of Denjoy maps. Harrison [45] has conjec-
tured that there are no C1™7 Denjoy maps with v > H D. This conjecture has
been proved, partially, by Norton in [105] and by Kra and Schmeling in [67].
This chapter is based on Pinto, Rand and Ferreira [171] and [172].
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Golden tilings (in collaboration with
J.P. Almeida and A. Portela)

We prove a one-to-one correspondence between: (i) Pinto’s golden tilings;
(ii) smooth conjugacy classes of golden diffeomorphisms of the circle that
are fixed points of renormalization; (iii) smooth conjugacy classes of Anosov
difeomorphisms, with an invariant measure absolutely continuous with re-
spect to the Lebesgue measure, that are topologically conjugated to the
Anosov automorphism G4(x,y) = (z + y,x); and (iv) solenoid functions.
The solenoid functions give a parametrization of the infinite dimensional
space consisting of the mathematical objects described in the above equiv-
alences.

13.1 Golden difeomorphisms

We will denote by S a clockwise oriented circle homeomorphic to the cir-
cle St = R/(1++)Z, with v equal to the inverse of the golden number
(1 + \/5) /2. An arc in S is the image of a non trivial interval I in R by
an homeomorphism « : I — S. If I is closed (resp. open) we say that «(I) is
a closed (resp. open) arc in S. We denote by (a,b) (resp. [a,b]) the positively
oriented open (resp. closed) arc on S starting at the point a € S and ending at
the point b € S. A C'* atlas A of S is a set of charts such that (i) every small
arc of S is contained in the domain of some chart in A, and (ii) the overlap
maps are C''*® compatible, for some o > 0.

A CY golden diffeomorphism is a triple (g,S,.A) where g is a C'T dif-
feomorphism, with respect to the C'*® atlas A, for some a > 0, and ¢ is
quasi-symmetric conjugated to the rigid rotation r,, : St — S', with rotation
number equal to . In order to simplify the notation, we will denote the C*+
golden diffeomorphism (g,S,.4) only by g.
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g(8(0)) =7g(g%(0))

Fig. 13.1. The equivalence relation in S that gives rise to the train-track 7.

13.1.1 Golden train-track

Let us mark a point in S, that we will denote by 0 € S, from now on. Let
A = [g(0), g%(0)] be the oriented closed arc in S, with endpoints g(0) and g?(0)
and containing the point 0. Let B = [¢%(0), g(0)] be the oriented closed arc in
S, with endpoints g(0) and ¢g2(0) and not containing the point 0. We introduce
an equivalence relation ~ in S by identifying the points g(0) and g*(0). We call
the oriented topological space T'(S, g) = S/ ~ by train-track (see Figure 13.1).
We consider T' = T'(S, g) equipped with the quotient topology. Let 7y : S — T
be the natural projection. We call the point 7,4(g(0)) = m,(¢9*(0)) € T the
junction £ of the train-track T. Let A7 = Ar(S,g) C T be the projection by
my of the closed arc A, and let By = B¢ (S, g) C T be the projection by 7, of
the closed arc B. A parametrization in T is the image of a non trivial interval
I in R by a homeomorphism « : I — T satisfying the following restrictions:

(i) if £ € a(I), there exists dy > 0 such that for all 0 < § < dy, the points
a(z — 0) and a(x + §) do not belong simultaneously to Bp, where

r=a"(¢).

If I is closed (resp. open) we say that «(I) is a closed (resp. open) arc in T.
A chart in T is the inverse of a parametrization. A topological atlas B on the
train-track 7' is a set of charts {(j,J)} on the train-track with the property
that every small arc is contained in the domain of a chart in B, i.e. for any
open arc K on the train-track and any « € K there exists a chart {(j,J)} € B
such that J N K is a non trivial open arc on the train-track and x € J N K.
A C' atlas B in T is a topological atlas B such that the overlap maps are
C'% and have uniformly C'*® bounded norm, for some o > 0.
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13.1.2 Golden arc exchange systems

The construction of the arc exchange systems, that we now present, is inspired
in Rand’s commuting pairs (see Rand [189]) and in Pinto-Rand’s complete set
of holonomies (see Pinto and Rand [165] and §13.2.2).

“g(g(o)) :‘"g(g2(0)) “g(g(o)) =1rg(g2(0))

Fig. 13.2. The arc exchange maps for the train-track T'=T'(S, g).

The C'* golden diffeomorphism g : S — S determines three maximal dif-
feomorphisms g(4,4), 9(a,5) and g(p,p), on the train-track, with the property
that the domain and the counterdomain of each diffeomorphism are either
contained in A or in B, as we now describe: let 1(1?4,,4) be the arc 74([0, g?(0)]),

let I7) ) be the arc my([g(0),0]), and let I/ 5 be the arc my([g%(0), g(0)]).

Let 1(6:4,,4) be the arc m,([g(0), g3(0)]), let 1&73) be the arc m,([g?(0), g(0)]),
and let I(%’B) be the arc m;([¢%(0), g?(0)]). Let g(a a) : I&’A) — I&’A) be the
homeomorphism determined by g4, 4y0my = m409, let g(a B : Ia’B) — 18473)
be the homeomorphism determined by g4 ) o my = 7y 0 g, and let g(p p) :
15573) — I(CB,B) be the homeomorphism determined by g g, gyomy = myog. We
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call these maps and their inverses by arc exchange maps. The arc exchange
system

E(g) = E(Sag) = {g(A,A)7g(_Al7A)ag(A,B),g(_Al,B)ag(B,B)mg(_Bl,B)}

is the union of all arc exchange maps defined with respect to the train-track
T(S, g) (see Figure 13.2).

g(8(0)) =7g(g%(0)

i:I—R ji TR

Fig. 13.3. Construction of the chart j : J — R in case (ii).

Let A be an atlas in S for which g is C'*. We are going to construct an atlas
B in the golden train-track that is the extended pushforward B4 = (7g), A of
the atlas A in S. If 2 € T\{¢}, then there exists a sufficiently small open arc
J, containing x, such that 7, '(.J) is contained in the domain of some chart
(1,7) in A. In this case, we define (J;ion; ') as a chart in B. If z = £ and J
is a small arc containing &, then either (i) ;' (J) is an arc in S or (i) ;' (J)
is a disconnected set that consists of a union of two connected components.
In case (i), m, () is connected and we define (g,iom, ') as a chart in B. In
case (i), m; '(J) is a disconnected set that is the union of two connected arcs
Ji and J; of the form (b, g%(0)] and [g(0),a), respectively (see Figure 13.3).
Let (I,i) € A be a chart such that I O (b, g(a)). We define j : J — R as

follows:
iom, (x), ifxemy((b,g*(0)])

ile) = {iogo‘w;(x), if € 74([9(0), @)
We call the atlas determined by these charts, the extended pushforward atlas
of A and, by abuse of notation, we will denote it by B4 = (), A.
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Definition 13.1. An arc exchange system E is C1* in the train-track T, with
respect to a C'T atlas B, if the following properties are satisfied:

(i) There is a quasi-symmetric homeomorphism h : T (Sl,rv) — T
that conjugates the erchange maps e € E with the exchange maps
ecE (Sl, 7’7), with respect to the atlas B;s,.

(ii) If e € E, then e is a C1T diffeomorphism, with respect to the
charts in B, for some a > 0.

(iii) If ey : Iy — Jy and eq : Iy — Jo in E are such that (a) I = [;UI,
and J = Jy U Jy are arcs, (b) I N 15 is a single point {p} and (c)
e1(p) = e2(p), then the map e : I — J defined by e|;, = ey and e|r, =
ey is a C1T diffeomorphism with respect the charts in B, for some
a > 0. (It follows that J = J; N Jz is the single point e1(p) = ea(p).)

Let us consider the rigid rotation r, : S* — S! with the atlas A;5, given
by the local isometries with respect to the natural metric in S! induced by
the Euclidean metric in R. The arc exchange system F (817 rv) is rigid with
respect to the extended pushforward atlas B;s, = (mw) Aiso, i.6. the maps
e € E(S',r,) are translations in Bis,.

*

Lemma 13.2. (i) If g is a C*T golden diffeomorphism with respect to
a O atlas A, then the arc exchange system E(g) is C1T with respect
to the extended pushforward Ba = (my), A of the C** atlas A.
(ii) If E is a C'* arc exchange system with respect to a C'* atlas
B, then the golden homeomorphism g(E) is C'T with respect to the
pullback Ag = (74)" B of the C'T atlas B.

Proof. Lemma 13.2 follows from the above construction of the arc exchange
system E, and the definition of the extended pushforward atlas B4 = (), A.
O

13.1.3 Golden renormalization

Feigenbaum [33, 34] and Coullet and Tresser [23] introduced renormalization
for unimodal maps. The operator for general rotations was first defined in
Rand et al. [196]. Sullivan pointed out that R, has a smooth atlas, corre-
sponding to the fact that the renormalization operator acts on the space of
commuting pairs as introduced in Rand [188, 191]. Here, we follow a new, but
equivalent, construction.

The renormalization of (g,S,.A) is the triple (Rg, Ar, Blas) (see Figure
13.4), where (i) the circle A = [g(0),g%(0)]/ ~ is taken with the orientation
of [g(0),¢%(0)], from right to left, i.e. with the original orientation in the
train-track reversed, (ii) B|a,. is the restriction of the atlas B to Ap, and (iii)
Ry : Ar — Ar is the map given by
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B0, =5 aa)

g(8(0)) =7g(g2(0)) mg(8(0) =7g(8%(0))

Fig. 13.4. The renormalization (Rg, A7, B|a,).

Ry(z

. D
) = { gca,a)(x), ifx e IA’A) (13.1)

9(B,a) ° Y(a,p) (@), if v € I} p)

For simplicity, we will refer to the renormalization (R4, RS,RA) =
(Rg,A7,B|a;) by renormalization of g, and we will denote it, for simplic-
ity of notation, by R,.

Let F be the set of all C1* golden diffeomorphisms (g, S, .A).

Lemma 13.3. The renormalization R, of a C'T golden diffeomorphism g is a
C' golden diffeomorphism, i.e. there is a well defined map R : F — F given
by R(g9) = Ry. In particular, the renormalization R, of the rigid rotation is
the rigid rotation r.,.

Proof. Let us consider the rigid rotation 7., : S* — S! with the atlas A;5, given
by the local isometries, with respect to the natural metric in S' induced by the
Euclidean metric in R. Then, there is an affine map h : S — A, with respect
to the atlas A;s, in S! and the atlas Bis|a in Ar, uniquely determined by
h(0) = m_(0) € Ap. The map h is an affine conjugacy between (ry, S, Aiso)
and (RTW,AT,BiSO|AT). If g: S — Sis a C'" golden diffeomorphism, then
there is a unique quasi-symmetric homeomorphism ¥ : S — S! conjugating
g with the golden rigid rotation such that 1(0) = [0] € S'. Hence, m, o ¥|a
is a topological conjugacy between R, and R, . Since R, is the golden rigid
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rotation, we get that R, is also quasi-symmetric conjugated to the golden
rigid rotation. Since R, is C'" with respect to the atlas B|a, we get that R,
is a C'* golden diffeomorphism. O

The marked point 0 € S determines a marked point 74(0) in the circle
Ar = RS. Since R, is homeomorphic to a golden rigid rotation, there exists
h:S — RS, with h(0) = m4(0), such that h conjugates g and R.

Definition 13.4. If h : S — RS is C'*, we call g a C'F fixed point of
renormalization. We will denote by R C F the set of all C'* fized points of
renormalization.

We note that the rigid rotation r,, with respect to the atlas A;5,, is an affine
fixed point of renormalization. Hence, r, € R.

13.1.4 Golden Markov maps

Let (g,S,A) be a C'T golden diffeomorphism and (R,, RS,RA) =
(Ry, A1, B|as) its renormalization. Let T = T'(S,g) and RT = T(RS, Ry)
be the golden train-tracks determined by the C'* golden diffeomorphisms g
and Ry, respectively. Let B and RB be the atlas in the train-tracks 7" and RT',
that are the extended pushforwards of the atlases A and RA, respectively. Let
E(g) be the arc exchange system determined by the golden diffeomorphism g.

Let the map dMy : A € T — RT be defined by Ma(z) = 7R, (). The
image MA (A7) is the set RT. Let the map dMB :Br ¢ T — RT be defined
by Mg(z) = TR, © 9(B,B)(x). The image of the transformation MB(S@ is the
set Agr. The map Mg : T — RT is defined as follows:

~ [ Ma(z),ifz € Ap
Mg(.’ﬂ) - {MB(LE), if x € Br

The map Z\Zg is a local homeomorphism, and Mq is C1* with respect to the
atlas B in T and the atlas RB in RT.

Let h be the homeomorphism that conjugates g and R, sending the marked
point 0 of g in the marked point 0 of R,. This homeomorphism induces a
homeomorphism h : T — RT such that h o my(x) = TR, © h(z), for all x € S.
Let the Markov map My : T' — T associated to g € F be defined by M, =
h=lo Mg. In particular, M, is an affine map with respect to the atlas Bis,
(see Figure 13.5).

Lemma 13.5. The diffeomorphism g is a fixed point of renormalization if,
and only if, the Markov map M, associated to (g,S,A) is a C'* local diffeo-
morphism with respect to the atlas B = (my), A.

Proof. If g is a C'7 fixed point of renormalization, then the conjugacy h : S —
RS is a C'* diffeomorphism. Hence, h : T — RT is a C'* diffeomorphism.
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Fig. 13.5. The golden Markov map M,., with respect to the atlas Biso.

Since M : T — RT is a C'F local diffeomorphism, we obtain that M, = h~'o
M is a C** local diffeomorphism. Conversely, let M be a local diffeomorphism.
For every small enough train-track arc J C T, let MJ_1 be the inverse of
M]|;. Hence, the map hl; = M o M;' is a C'* diffeomorphism onto its
image. Therefore, his a C1F diffeomorphism with respect to the atlas B
in T and RB in RT, which implies that the map h : S — RS, defined by

homy(x) = mg, o h(z) is also a C'" diffeomorphism with respect to the
atlases A in S and RA in RS. O

13.2 Anosov diffeomorphisms

The (golden) Anosov automorphism G 4 : T — T is given by Ga(x,y) = (x +
y, r), where T is equal to R? / (vZxwZ) with v = (y,1) and w = (—1,~). Let 7 :
R? — T be the natural projection. Let A and B be the rectangles [0, 1] x [0, 1]
and [—v,0] x [0,] respectively (see Figure 13.6). A Markov partition M4
of G4 is given by m(A) and w(B). The unstable manifolds of G4 are the
projection by 7 of the vertical lines of the plane, and the stable manifolds of
G 4 are the projection by 7 of the horizontal lines of the plane.

A CY* (golden) Anosov diffeomorphism G : T — T is a C'T% with
a > 0, diffeomorphism such that (i) G is topologically conjugated to G 4; (ii)
the tangent bundle has a C'*® hyperbolic splitting into a stable direction and
an unstable direction. We denote by Cg the C'* structure on T in which G
is a C1* diffeomorphism. A Markov partition Mg of G is given by h(m(A))
and h(m(A)), where h is the topological conjugacy between G4 and G. Let
d, be the distance on the torus T, determined by a Riemannian metric p.
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Fig. 13.6. The golden automorphism G 4.

13.2.1 Golden diffeomorphisms

Let G be a C'* Anosov diffeomorphism. For each Markov rectangle R, let
t% be the set of all unstable spanning leaf segments of R. Thus, by the local
product structure, one can identify t% with any stable spanning leaf segment
£3(z, R) of R. We form the space S¢ by taking the disjoint union UW(A)’W(B) t5
(where m(A) and 7(B) are the Markov rectangles of the Markov partition
M) and identifying two points I € t5, and J € t5, if (i) R # R, (ii) the
unstable leaf segments I and J are unstable boundaries of Markov rectangles,
and (iii) int(I N J) # 0. The space S¢ is topologically a clockwise oriented
circle. Let ms,, : UReMc R — Sg be the natural projection sending x € R to
the point £“(z, R) in Sg.

Let Is be an arc of Sg and I a leaf segment such that g, (1) = Is. The
chart ¢ : I — R in £ = £L5(G, p) determines a circle chart is : Is — R for
Is given by ig o s, = i. We denote by A(G, p) the set of all circle charts ig
determined by charts ¢ in £ = L5(G, p). Given any circle charts is : Is — R
and js : Js — R, the overlap map js o igl tis(Is N Js) — js(Is N Jg) is equal
tojgoz'gl =jofoi ™t where ¢ =isomg, : Il = Rand j =jsoms, : J =R
are charts in £, and

0:i  (ig(Is N Js)) — 5 (js(Is N Js))

is a basic stable holonomy. By Lemma 4.1, there exists a > 0 such that, for
all circle charts ig and js in A(G, p), the overlap maps jg o igl =jofoi!
are C'*o diffeomorphisms with a uniform bound in the C**+® norm, for some
a > 0. Hence, A(G, p) is a C'T atlas.
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Suppose that I and J are stable leaf segments and 6 : I — J a holonomy
such that, for every = € I, the unstable leaf segments with endpoints « and
O(x) cross once, and only once, an stable boundary of a Markov rectangle.
We define the arc rotation map 0c : ms(I) — ms(J), associated to 6, by
Oc(ms(x)) = ms(6(z)). By Theorem 1.6 (see also Pinto and Rand [164]), there
exists & > 0 such that the holonomy 6 : I — J is a C'** diffeomorphism, with
respect to the C'* lamination atlas £(G, p). Hence, the arc rotation maps O
are C1* diffeomorphisms, with respect to the C1* atlas A(G, p).

Lemma 13.6. There is a well-defined C'* golden diffeomorphism gg, with
respect to the C'* atlas A(G, p), such that g|rs, = 6, for every arc rotation
map 0. In particular, if G4 is the Anosov automorphism, then g is the golden
rigid rotation v, with respect to the isometric atlas A;so = A(Ga, E), where
FE corresponds to the Fuclidean metric in the plane.

Proof. Let us consider the Anosov automorphism G4 and lamination atlas
Liso = L3(Ga, E). Let Ajso = A(Ga, E) be the atlas in S4 determined by
Liso. The overlap maps of the charts in A;,, are translations, and the arc
rotation maps 04 : s, (I) — 7s,(J), as defined above, are also translations,
with respect to the charts in Aj;s,. Furthermore, the rigid golden rotation - :
Sa — Sa, with respect to the atlas A;,, has the property that r7|ﬂsA(1) =04.
Hence, for every Anosov diffeomorphism G, let h: T — T be the topological
conjugacy between G4 and G. Let g : S¢ — S be the map determined by
gomgoh(x) =ryomg,(x), with rotation number . Since the arc rotation
maps O¢ = g (I) — ms, (J) are C'F, with respect to the atlas A(G, p) and
9l (1) = O, we obtain that g is a O™ diffeomorphism. O

13.2.2 Arc exchange system

Roughly speaking, train-tracks are the optimal leaf-quotient spaces on which
the unstable and stable Markov maps induced by the action of G on leaf
segments are local homeomorphisms.

Let G be a C'*T Anosov diffeomorphism. For each Markov rectangle R,
let t% be the set of unstable spanning leaf segments of R. Thus, by the local
product structure one can identify t% with any stable spanning leaf segment
05(z, R) of R. We form the space T by taking the disjoint union |_|W(A)7ﬂ(B) t%
(where w(A) and w(B) are the Markov rectangles of the Markov partition
M) and identifying two points I € ¢% and J € t%, if (i) the unstable leaf
segments I and J are unstable boundaries of Markov rectangles and (ii) int(IN
J) = . This space is called the stable train-track and it is denoted by Tgq.

Let 7, : UReMc R — T be the natural projection sending x € R to
the point £¥(z, R) in Tq. A topologically regular point I in T is a point with
a unique preimage under 7, (that is the preimage of I is not a union of
distinct unstable boundaries of Markov rectangles). If a point has more than
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one preimage by 7T, then we call it a junction. Hence, there is only one
junction.

By construction, the Anosov train-track T is topologically equivalent
to the golden train-track Ty, determined by the C'* golden diffeomorphism
gc € F.

We say that Ip is a stable train-track segment of T, if there is an stable
leaf segment I, not intersecting stable boundaries of Markov rectangles, such
that 7, |r is an injection and 7, (I) = Ir.

A chart i : I — R in L3(G, p) determines a train-track chart ig : It — R
for It given by iromr, = i. We denote by B = B(G, p) the set of all train-track
charts i7 determined by charts ¢ in £ = L(G, p). Given any train-track charts
i : It — R and jr : Jr — R in B, the overlap map jr o i;l sip(Ip N Jr) —
Jjr(IT N Jr) is equal to jr o i;l =jofoi~! wherei=irony,: I — R and
j=jromr, :J — R are charts in £, and

0 :i " (ir(Ir N Jr)) — i~ Gr(Ir N J7))

is a basic stable holonomy. By Lemma 4.1, there exists a > 0 such that, for all
train-track charts ir and jr in B(G, p), the overlap maps jr Oi;l =jofoi!
have C1*¢ diffeomorphic extensions with a uniform bound in the C'*® norm.
Hence, B(G, p) is a C17¢ atlas in Tg.

Suppose that M and N are Markov rectangles, and = € int(M) and y €
int(N). We say that « and y are stable holonomically related, if (i) there is an
stable leaf segment ¢*(z,y) such that 0¢%(x,y) = {x,y}, and (ii) ¢*(z,y) C
0z, M) U L*(y,N). Let P = Py be the set of all pairs (M, N) such that
there are points x € int(M) and y € int(N) unstable holonomically related.

For every Markov rectangle M € M, choose a stable spanning leaf seg-
ment {(z, M) in M for some x € M. Let Z = {£3; : M € M}. For every pair
(M,N) € P, there are maximal leaf segments E?MW) C Uy, K(CM,N) C £y such

that the stable holonomy has vy : E&LN) — g(CM,N) is well-defined. We call

such holonomies ks, vy E(DMJV) — K(CM,N) the stable primitive holonomies as-
sociated to the Markov partition M. The complete set of stable holonomies
‘He consists of all stable primitive holonomies and their inverses.

Definition 13.7. A complete set of stable holonomies Hg is C1T2vomund 4f
and only if, all holonomies in Hg are C1Tv9mund ith respect to the atlas

L(G, p).

Let hg : T — T be the topological conjugacy between the Anosov au-
tomorphism G4 and G. The rectangles hg o m(A) and hg o m(B) form a
Markov partition for G. In Figure 13.7, we exhibit the complete set of stable
holonomies

1 1 —1
Ha = {h(A,A), hia,ay By hia gy hB.A) ME A }

associated to the Markov partition Mg = {7(A),n(B)} of G.
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Fig. 13.7. A complete set of stable holonomies H¢ associated to the Markov par-
tition Mg.

For every h(y ny : éfMﬁN) — €(CM7N) in Hg, let I(EJJWVN) =TT, (68\4’1\,)) and
IS\/[’N) = g (éij,N))' Let e, ny : I(DM’N) — I(CJVW’N) be the arc exchange
map determined by 7, o h(ar,n) = €r,n) © TT- We denote by Eg the set
of all arc exchange maps and their inverses,

—1 —1 -1
Eg = {G(A,A)7 €(A,A) €(AB), €A B) €(BA)€B A) } .

Lemma 13.8. For every G € G, the arc exchange system E (g9g), with respect
to the atlas B = (m,,,), A(G,p), is C'T conjugate to E¢, with respect to the
atlas B(G, p).

Proof. The construction, in §13.1.2, of the extended pushforward atlas B =
(Mg ), A of A(G, p) coincides, up to smooth equivalence of charts, with the
construction, in this section, of the atlas B(G, p). O

13.2.3 Markov maps

The (stable) Markov map Mg : Tq — Tg is the mapping induced by the
action of GG on unstable spanning leaf segments, that it is defined as follows: if
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I €Tq, Mg(I) = mr,(G(I)) is the unstable spanning leaf segment containing
G(I). This map M¢ is a local homeomorphism because G sends short stable
leaf segments homeomorphically onto short stable leaf segments.

For n > 1, an n-cylinder is the projection into T of an stable leaf n-
cylinder segment. Thus, each Markov rectangle in T projects in a unique
primary stable leaf segment in T¢.

Given a topological chart (e,U) on the train-track T and a train-track
segment C' C U, we denote by |C|. the length of ¢(C). We say that Mg has
bounded geometry in a C'T atlas B, if there is k1 > 0 such that, for every
n-cylinder C; and n-cylinder Cs with a common endpoint with C7, we have
kit < |Cile/|Cale < K1, where the lengths are measured in any chart (e, U)
of the atlas such that C7y UCy C U. We note that Mg has bounded geometry,
with respect to a C'* atlas B, if, and only if, there are k; > 0and 0 < v < 1
such that |C|. < ko™, for every n-cylinder and every e € B.

By Lemma 4.2, we obtain that Mg is a C'* local diffeomorphism and has
bounded geometry in B(G, p).

Lemma 13.9. For every G € G, the C** golden diffeomorphism gg is a C*+
fized point of renormalization, with respect to the atlas B(G, p).

Proof. For every G € G, let g be the C'* golden diffeomorphism, with
respect to the atlas B(G, p). Since Mg is a C*T Markov map with bounded
geometry, with respect to the atlas B(G, p), by Lemma 13.5, we obtain that
gq is a Ot fixed point of renormalization. [

13.2.4 Exchange pseudo-groups

The elements 6 of the stable exchange pseudo-group on Tg are the mappings
defined as follows: suppose that I and J are stable leaf segments and 6 :
I — J a holonomy. Then, it follows from the definition of the stable train-
track T¢ that the map 6 : 7g(I) — wB(J) given by (g (z)) = m(f(x)) is
well-defined. The collection of all such local mappings forms the basic stable
exchange pseudo-group in Tg.

Lemma 13.10. The elements of the exchange pseudo-group in Tq are C1T,
with respect to an atlas B, if, and only if, the arc exchange system is C'T,
with respect to the atlas B.

Proof. The elements of the exchange pseudo-group in T can be written as
compositions of elements of the arc exchange system, using property (iii) in
Definition 13.1. Hence, if the exchange pseudo-group is C'T, then the elements
of the arc exchange system are C''t, with respect to an atlas B3, and vice-versa.
O
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13.2.5 Self-renormalizable structures

The C'* structure S on Tg is an stable self-renormalizable structure, if there
is a C1'T atlas B in this structure, with the following properties:

(i) the Markov map Mg is a C**? local diffeomorphism, for some a > 0,
and has bounded geometry with respect to B.

(ii) The elements of the basic exchange pseudo-group are C1T¢ local dif-
feomorphisms, for some « > 0, with respect to B.

Lemma 13.11. There is a one-to-one correspondence between C' golden
diffeomorphisms, that are C*t fized points of renormalization, and C'* self
renormalizable structures S.

Proof. Let S be a C'* self-renormalizable structure and B a C'* atlas of
S. By Lemma 13.10, the C'* self-renormalizable structure S determines a
C'* arc exchange system Es, with respect to B. By Lemma 13.2, g(Es) is a
C'™ golden diffeomorphism, with respect to the pullback atlas A = (ﬂ'g)* B
of the O atlas B. The C'* self-renormalizable structure S determines, also,
a O Markov map Mg with respect to B. Hence, by Lemma 13.5, g(Es) is
a C'* fixed point of renormalization. Conversely, let us suppose that g is a
C' fixed point of renormalization, with respect to a C1* atlas A of S. Since
g is a C'* fixed point of renormalization, by Lemma 13.5, g determines a C''+
Markov map Mg, with respect to the extended pushforward atlas B = (7,), A
of the C'7* atlas A. By Lemma 13.2, g determines a C'* arc exchange system
E(g), with respect to the atlas B. By Lemma 13.10, the C'* arc exchange
system F(g) determines a C''* exchange pseudo-group, and so the C'* atlas
B determines a C'* self-renormalizable structure S that contains B. [J

Lemma 13.12. The map G — ¢(G) is a one-to-one correspondence between
C'™ conjugacy classes of C'T Anosov diffeomorphisms G € G and C'* con-
jugacy classes of C1T golden diffeomporphisms g € R that are C'T fived
points of renormalization.

Proof. By Theorem 10.19, the map G — S(G) determines a one-to-one cor-
respondence between C'* Anosov diffeomorphisms, with an invariant mea-
sure absolutely continuous with respect to the Lebesgue measure, and C'+
self-renormalizable structures on T¢. By Lemma 13.11, there is a one-to-one
correspondence between O+ golden diffeomorphisms ¢(S(G)), that are O+
fixed points of renormalization and C1T self-renormalizable structures S(G).
O

13.3 HR structures

Pinto-Rand’s HR structure associates an affine structure to each stable and
unstable leaf segment in such a way that these vary Holder continuously with
the leaf and are invariant under G 4.
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Let G be a C'* Anosov diffeomorphism, and let £%(G, p) be an unstable
lamination atlas associated to a Riemannian metric p. If I is a stable leaf
segment, then by |I| = |I|,, we mean the length of the stable leaf containing
I, measured using the Riemannian metric p. Let A : T — T be the topological
conjugacy between the automorphism G4 and the Anosov diffeomorphism G.
Using the mean value theorem and the fact that G is C'*<, for some a > 0,
for all short unstable leaf segments K of G4 and all leaf segments I and J
contained in K, the unstable realized ratio function rg given by

e
relld) = I G h )]

is well-defined. By Theorem 10.16, we get the following equivalence:

Theorem 13.13. The map G — rg determines a one-to-one correspondence
between C' conjugacy classes of Anosov diffeomorphisms, with an invariant
measure that is absolutely continuous with respect to the Lebesgue measure,
and unstable ratio functions.

Let sol denote the set of all ordered pairs (I, J) of unstable spanning leaf
segments of Markov rectangles, such that the intersection of I and J consists
of a single endpoint.

By Lemma 3.3, the map r — r|sol gives a one-to-one correspondence
between unstable ratio functions and unstable solenoid functions.

Let SOL be the set consisting of all unstable solenoid functions. The set
SOL has a natural metric. Combining Theorem 13.13 with Lemma 3.3, we
obtain the following corollary.

Corollary 13.14. The map G — rglsol determines a one-to-one correspon-
dence between C'* conjugacy classes of Anosov diffeomorphisms, with an in-
variant measure that is absolutely continuous with respect to the Lebesgue
measure, and unstable solenoid functions in SOL.

13.4 Fibonacci decomposition

The Fibonacci numbers Fy, Fy, F3, ..., are inductively given by the well-
known relation Fj, 4o = Fj, 11+ Fp, n > 1, where F; and F» are both equal to
1. We say that a finite sequence Fy,, ..., I, is a Fibonacci decomposition of

a natural number i € N, if the following properties are satisfied:

(i) i = Fuy + -+ Fo;

(ii) Fl, is the biggest Fibonacci number smaller than i—(F,, + - -+ + Fy,,,)
for every 0 < k < p;

(iii) If F,,, = Fy then ny is even, and if F,,, = F, then n; is odd.
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Like this, every natural number ¢ € N has a unique Fibonacci decomposi-
tion.
We define the Fibonacci shift op : N — N as follows: For every i € N

let Fy,, Fn,,...,Fn, be the Fibonacci decomposition associated to i, i.e.
i = Fp, + ...+ Fp,. We define op(i) = Fp 41 + -+ + Fyyq1. Hence, let-
ting Fry, s ..., P, be the Fibonacci decomposition associated to ¢ € N, if

F,, # Fy then 03" (i) = F, 1+ -+ F,_1, and if F,,, = F then o' (i) = 0.
For simplicity of notation, we will denote o (i) by o(7).

13.4.1 Matching condition

The matching condition is linked to the invariance under the Anosov dy-
namics of the affine structures along the unstable leaves, as we will make it
clear in §13.3 (see the geometric interpretation of the matching condition in
Figure 13.10). Let L = {i € N : i > 2}. We say that a sequence (a;);cy
satisfies the matching condition, if, for every i = F,, +- -+ F,,, the following
conditions hold:

(i) If F,, = Fy or, F,,, = F5 and n; odd, then

Go(iy = i (g1 +1)
(ii) If F,,, = F3 or, ng > 3 and even, then

Ao(i) = @i (a;(li)q + 1) :
(iii) If F,,, = F3 and ny even or ng > 3 and odd, then

ai (14 ag(iy-1)
ao(i)—1 (1 + ao(i)+1)

Ao (i) =

Therefore, every sequence (b;) ie1\o(1) determines, uniquely, a sequence (a;); .
as follows: for every i € L\o(LL), we define a; = b; and, for every i € o(LL), we
define a,(;) using the matching condition and the elements a; of the sequence

with j € {j:2<j < o(i) Vj €L} already determined.

13.4.2 Boundary condition

Similarly to the matching condition, the boundary condition is linked to the
affine structures along the boundaries of a Markov partition for the Anosov
dynamics, as we will make it clear in §13.3 (see the geometric interpretation
of the boundary condition in Figure 13.9). A sequence (a;); satisfies the
boundary condition, if the following limits are well-defined and satisfy the
inequalities:

(i) limi—qoo ap'ys (L+ap'y ) #0;
(i) lim; 400 ap, (1 +ap,41) # 0.
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Fig. 13.8. The exponentially fast Fibonacci repetitive condition.

13.4.3 The exponentially fast Fibonacci repetitive property

The exponentially fast Fibonacci repetitive property is linked to the Hélder
continuity along transversals of the affine structures of the unstable leaves of
the Anosov diffeomorphism (see the geometric interpretation of the exponen-
tially fast Fibonacci repetitive property in Figure 13.8).

A sequence (a;),;cy is said to be exponentially fast Fibonacci repetitive, if
there exist constants C' > 0 and 0 < pu < 1 such that

lai+r, —ai| < Cp",

for every n >3 and 2 <i < Fj 1.

13.4.4 Golden tilings

A tiling T = {I; C R : i € L} of the positive real line is a collection of tiling
intervals I;, with the following properties:

(i) the tiling intervals are closed intervals;

(ii) the union U;er I; is equal to the positive real line;

(iii) any two distinct intervals have disjoint interiors;

(iv) for every i € L the intersection of the tiling intervals I; and I;4q is
only a point, which is an endpoint, simultaneously, of both intervals.

Thetilings 7y = {I; CR: i€ L} and 7, = {J; C R : i € L} of the positive
real line are in the same affine class, if there exists an affine map h: R — R

such that h (I;) = J;, for every i € LL. Thus, every positive sequence (a;);c;
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determines a unique affine class of tilings 7 = {I; CR: ¢ € L} such that
a; = |Ii41| / |1;], and vice-versa.

Definition 13.15. A golden sequence (a;);c; s an ewxponentially fast Fi-
bonacci repetitive sequence that satisfies the matching and the boundary con-
ditions. A tiling T = {I; CR : i € L} of the positive real line is golden, if the
corresponding sequence (a; = |Ii11]/|1i]);cp is a golden sequence.

13.4.5 Golden tilings versus solenoid functions

Let Wy be the positive vertical axis. Hence, W = w(W}) is the unstable leaf
with only one endpoint z = (0, 0) that is the fixed point of G4, and W passes
through all the unstable boundaries of the Markov rectangles A and B.

Recall that L = {i € N : ¢ > 2}. Let K; € W be the union of all the
unstable boundaries of the Markov rectangles. Let K5, K3,... € W be the
unstable leaves with the following properties: (i) K; is an unstable spanning
leaf of a Markov rectangle, for every ¢ > 1; (i) K; N K41 = {y;} is a common
boundary point of both K; and K; 1, for every ¢ > 1. By construction, the
set

L={(K;Ki1),1>2}

is contained in sol and it is dense in sol.
For every golden tiling 7 = {I; C R: i € L} with associated golden se-
quence (a;);c, let o7 : £ — R* be defined by o7 ((I;,I;11)) = a;.

Theorem 13.16. The map T — o7 gives a one-to-one correspondence be-
tween golden tilings and solenoid functions. In particular, if Tr is the rigid
golden tiling, then o, is the solenoid function corresponding to the C1* con-
Jugacy class of the Anosov automorphism G4, i.e. 0, = 015-

Proof. Let m : Ny — T be the marking defined by m(0) = G~!(y;) and
m(i) = y;, for every i > 1. Let Ja and Jg be the boundaries of the rectangles
A and B in R?, contained in the horizontal axis. There is a natural inclusion
inc : m(Ja UJg) — Sa that associates to each point © € m(Ja) the point
0°(z,A) € Sy, and to each point z € w(Jg) the point £°(x,B) € S4. we
observe that (i) m(Ng) C w(Ja U Jg), (ii) inc o m(0) = inc o m(1), and (iii)
incom(i) = g% (0), where 0 = ma({(z,A)) = m4({(2,B)) and g4 is the golden
rigid rotation determined by the Anosov automorphism G 4, with respect to
the atlas A(G 4, E). The closest returns of g4 to 0 are given by the sequence
g? (0),gi3 (0),..., where Fy, F3, Fy,... is the Fibonacci sequence. Hence, if
K;, K;y1 € ma(A), then 7 satisfies the condition (i) of the rigid golden tiling;
if K; € ma(A) and K;+1 € m4(B), then ¢ satisfies the condition (ii) of the rigid
golden tiling; if K; € m4(B) and K;+1 € m4(A) then 7 satisfies the condition
(iii) of the rigid golden tiling. Hence, the golden sequence (a;);cn associated to
the rigid golden tiling 7 has the property r; = K;+1/K;. Hence, o0g, = o15,.
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Fig. 13.9. The boundary condition for the sequence A.

Now, let 7 = {I; CR: i € L} be a golden tiling with associated golden
sequence A = (a;);. . Since the tiling 7 satisfies the exponentially fast Fib-
bonaci repetitive property, we get that o7 has a Holder continuous extension
&7 to sol. Since the golden sequence A satisfies the matching condition (see
Figure 13.10), we get that o7 satisfies the matching condition and, by conti-
nuity, its extension 67 also satisfies the matching condition. Let I}, and I%,
be the left and right boundaries of the Markov rectangle M € {A,B} (see
Figure 13.9). The leaf I* is equal to I} U I5 and to Iy U I%. Let Iy be the
primary leaf segment with a single common endpoint with the primary leaf
segment I;. By the above construction, we have

AR

0

= hm AFy; (1 + aF2i+1)
i—00

and
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Fig. 13.10. The matching condition for the sequence A for the three possible cases:
condition (i) corresponds to I,—1 € B and I; € A; condition (ii) corresponds to
I;_1 € A and I; € B; condition (iii) corresponds to I;—1 € A and I; € A;

I+ |1t
7| B||Io|| Al :J(Io:fgg) (1+J(Ijlg:ff4))

= lim ap,, 14+ap, ., +1
oo 2i4+1 ( 2i+1+ ) )
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where (|| +|15]) / [To| and (|I5] + |[I4]) / [1o| mean the ratios of these leaf
segments given by the solenoid function. Since the tiling 7 satisfies the bound-
ary condition (see Figure 13.9), we get that

AR AR
|| | o]

(13.2)

By the above construction, we have

|113|I+2|IZ =0 (l: 1) (1+o(Iy:17))
- ot 1)
and
1Tl + 15| _

] 0(12:154) (1—!—0([54:[59))

o —1 -1
- Zlig.lo aF(27',+1) +2 (1 + aF(27:+1) +1) :
Since the tiling 7 satisfies the boundary condition (see Figure 13.9) we get
that _ ' . .
5+ 4] ]+ |15
12| o]

By the equalities (13.2) and (13.3), we obtain that sol is well-defined in
the unstable spanning leaf segments of the unstable boundaries of the Markov
rectangle and satisfy the boundary condition. Hence, a golden tiling 7 deter-
mines a Holder solenoid function 67 : sol — R, and vice-versa. [

(13.3)

13.4.6 Golden tilings versus Anosov diffeomorphisms

Let G be the set of all smooth Anosov difeomorphisms, with an invariant
measure absolutely continuous with respect to the Lebesgue measure, that are
topologically conjugated to the Anosov automorphism G(z,y) = (x + y, ).
Pinto et al. [154] proved that there is a one-to-one correspondence between

(i) golden tilings;

(ii) smooth conjugacy classes of golden diffeomorphism of the circle that
are fixed point of renormalization;

(iii) smooth conjugacy classes of Anosov difeomorphisms in G;

(iv) Pinto-Rand’s solenoid functions.

Pinto et al. [154] proved the existence of an infinite dimensional space of
golden tilings. However, we are only able to construct explicitly the following
golden tiling 7r = {I,, C R :m € L}: for every i = F,, 4 ...+ Fy,,
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(i) if F,,, = Fy or, F,,, = F3 and ny odd, then a; = v~ 1;
(i) if F,,, = F3 or, ng > 3 and even, then a; = 7;
(iii) if F,,, = F5 and ny even or ng > 3 and odd, then a; = 1.

We call 7g the golden rigid tiling. Pinto et al. [154] proved that an
Anosov diffeomorphism G € G with a C1t2v9mund complete system of un-
stable holonomies corresponds to the rigid golden tiling.

13.5 Further literature

A. Pinto and D. Sullivan [175] proved a related result for C'* conjugacy classes
of expanding circle maps (see also Apendix C). Pinto et al. [153] extend the
results of this chapter to Anosov diffeomorphisms. This chapter is based on
Pinto and Rand [161] and Pinto, Almeida and Portela [154].



14

Pseudo-Anosov diffeomorphisms in
pseudo-surfaces

There are diffeomorphisms on a compact surface S with uniformly hyper-
bolic 1 dimensional stable and unstable foliations if and only if S is a torus:
the Anosov diffeomorphisms. What is happening on the other surfaces? This
question leads to the study of pseudo-Anosov maps. Both Anosov and pseudo-
Anosov maps appear as periodic points of the geodesic Teichmiiller flow T} on
the unitary tangent bundle of the moduli space over S. We observe that the
points of pseudo-Anosov maps are regular (the foliations are like the ones for
the Anosov automorphisms) except for a finite set of points, called singulari-
ties, which are characterized by their number of prongs k. The stable and un-
stable foliations near the singularities are determined by the real and the imag-
inary parts of the quadratic differential /2%=2(dz)2. By a coordinate change
u(z) = 2F/? the quadratic differential 2*=2(dz)? gives rise to the quadratic
differential (du)? and, in this new coordinates, the pseudo-Anosov maps are
uniform contractions and expansions of the stable and unstable foliations.
This fact inspired the construction of Pinto-Rand’s pseudo-smooth structures,
near the singularities, such that the pseudo-Anosov maps are smooth for this
pseudo-smooth structures, and have the property that the stable and unsta-
ble foliations are uniformly contracted and expanded by the pseudo-Anosov
dynamics. We define a pseudo-linear algebra, the first step in constructing
the notion of the derivative of a map at a singularity. In this way, we ob-
tain a pseudo-smooth structure at the singularity, leading to Pinto-Rand’s
pseudo-smooth manifolds, pseudo-smooth submanifolds, pseudo-smooth split-
tings and pseudo-smooth diffeomorphisms. The Stable Manifold Theorem, for
pseudo-smooth manifolds, is presented giving the associated pseudo-Anosov
diffeomorphisms.

14.1 Affine pseudo-Anosov maps

Let A. be a conformal structure on a compact surface S. Two conformal
structures A. and B, are equivalent if, and only if, there is a conformal map
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h such that A, = h*(B.). The moduli space Mg = {[A.]} has a natural
metric given by the minimal quasi-conformal distortion of the maps from the
elements of a class [A.] to the elements of the other class [B.].

The geodesic (Teichmiiller) flow T} on the unitary tangent bundle of the
moduli space has a dense set of periodic orbits. If the surface S is a torus,
then the periodic points correspond to Anosov automorphisms. If the surface
S is not a torus, then the periodic points correspond to pseudo-Anosov maps.

All the points of an Anosov automorphism are regular. The points of a
pseudo-Anosov maps are regular, except for a finite set of points called sin-
gularities. A regular point is locally characterized by a quadratic differential
(dz)%. The stable and unstable foliations are determined by the real and the
imaginary parts of /(dz)? = *dz.

The singularities of pseudo-Anosov maps are characterized by their num-
ber of prongs k. A k-prong singularity is locally characterized by a quadratic
differential 2%~2(dz)2. The stable and unstable foliations are determined by
the real and the imaginary parts of \/25~2(dz)2. If the pseudo-Anosov map
has a singularity with an odd number of prongs, then the stable and unstable
foliations are non-orientable.

By a coordinate change u(z) = 2¥/2, the quadratic differential 2*~2(dz)?
gives rise to the quadratic differential (du)?. In this new coordinates, the
pseudo-Anosov maps are locally affine contractions and expansions of the
stable and unstable foliations by A~! and )\, respectively.

How can we regard the image of u(z) = 2k/2?7 The answer to this question
leads us to the construction of Pinto-Rand’s paper models, where the pseudo-
Anosov maps constructed above are affine.

14.2 Paper models Y

Let H = {(z,y) € R? : y > 0} denote the upper half plane with the Euclidean
metric dg. Consider the space Ujcz, H;r which is the disjoint union of & copies
of H, with Zy = Z/kZ. Let the paper models X}, be the space obtained from
Ujez, Hjr by identifying (z,0) € H(;41)> with (—z,0) € Hj, for all z > 0.
Let s € X be the point determined by (0,0) € H;, for every j € Zj. The
Euclidean metric dg on the upper half planes H,, naturally define a flat metric
on X \ {s} which extends to a continuous metric di on X} (see Figure 14.1).

The map i : R — X% is an isometry if, and only if, there is an isometry
ig : H — X such that ig(z,0) = i(z), for all z € R (see Figure 14.2).

We say that:

o [ C XYy isa straight line in XYy, if, and only if, there is an isometry i : R — X,
such that [ = i(R);

o [, p C Xy is a semu-straight line in Xy, with origin at a and passing
through b, if, and only if, there is an isometry ¢ : R — X} such that
lo—p = i([a’, +00)) with i(a’) = a and i(b') = b, for some points a’ < V';
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Fig. 14.2. There is a straight line passing through a and b. There is no straight line
passing through a and c.

o I, C Xy is a segment straight line in X}, with endpoints @ and b, if, and
only if, there is an isometry ¢ : R — X such that l,;, = i([a’,b']) with
i(a’) = a and i(b') = b, for some points a’ < b'. The interior intl, ; of I,
is equal to Iy \ {a, b}.

Let Is_., and ls_;, be two semi-straight lines in X;. To fix ideas, let us
suppose that Is_., C Hjr and ls—p C Hjipnyr, with j,j +n € Zy. Let
ls—c be the semi-straight line formed by the points of H;, and H;, 1), that
were identified at the construction of Y. Analogously, let ;4 be the semi-
straight line formed by the points of H;,_1)r and H; ), that were iden-
tified at the construction of Xj. Let a € [0,7] be the angle <t(ls_q,ls—c)
between the semi-straight lines I;_., and l5_., and let § € [0, 7] be the angle
<A(ls—d, ls—p) between the semi-straight lines ;4 and l;_;,. We say that the
angle <(ls—q,ls—p) between the semi-straight lines ls_., and ls_y is given by

<[(ls~>a7l54>b) =a+ (n — 1)7T + ﬁ

Given a € R/k7R and two points z,y € X, we say that they are in an
a-angular region, if <(ls—z,ls—y) < a (see Figure 14.3).
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Fig. 14.3. The angle <(ls—a,ls—p) = a+ 7+ .

14.3 Pseudo-linear algebra

Given two points z,y € X, we say that y = y — x is a vector if, and only if,
there is a segment straight line I, , C X} with endpoints x and y; we call
the origin and y the endpoint of the vector y — x. The norm ||y — z|| of the
vector y — x is given by di(x,y).

Given a vector y = y—x and a constant A € R, the vector w—a = A(y—x)
is well-defined if, and only if, there is an isometry iy : H — X} with the
following property: there are points xpy, yg, wy € H such that

(i) » =im(rn), y = iu(ym) and w = ig(wy);
(i) wy — o = Myn — 7n);

(iii) if s € intly 4, then s € intl, ,;

(iv) if s =z, then A > 0.

We note that the vector A(y — z) is well-defined, for all 0 < A < 1. The
above conditions (iii) and (iv) imply that the vector w — = does not depend
upon the isometry considered, and so w — x is uniquely determined.

Given two vectors y = y—x and z = z —x with the same origin, the vector
w = w—x, with w = y+ 12, is equal to the sum of the vectors y —x with z —x
if, and only if, there is an isometry iy : H — X with the following property:
there exists a constant A > 0 and there are points xy, ym, zm, wg € H such
that (see Figure 14.4)

(i) the vectorsy —x = Ay—x), 2’ —z =Az—2z) and w' —z = AMw — )
are well-defined;

(ii) z =im(en), ¥ =inlyn), 2’ = in(zm) and v’ = ig(wy);

(iii) wu = ym + 2m — Tm;

(iv) if s € intly, ., then s € intl, , Uintl, ,.

The above condition (iv) implies that the vector w = w — x does not depend
upon the isometry considered. If s is a singularity, with order k, then there
are k distinct vectors 1 — s, ..., x, — s, all with norm equal to one, such that
T — S+ xip1 —8=8—s, for all i € Zy, (see Figure 14.5).
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Fig. 14.4. u1 + u2 = a and ((u1,us), (u2,us)) is a basis of V.

A wyl
Hy, H,

180° | _180°

N
Wy 1800\ Jlgoo 1%
H37[ Hg,,

Y W‘?

Fig. 14.5. + is not associative: (w1 +wz2)+wz = wa; w1+ (w2 +wsz) = wy. There
is not a unique ”inverse”: w1 +wgz = 0; w1 + wa = 0, where 0 = s — 5. w2 + Wy is
not well-defined.

The pseudo-linear space V, at x is the set of all vectors with origin at =,
together with the operations of addition of vectors and of multiplication of a
vector by a constant, as constructed above. Let I, be either (i) the empty set
or (ii) a semi-straight line contained in a semi-straight line with origin at x.
The branched linear space V;_ is given by V \ intl, (see Figure 14.6).

A pseudo-linear subspace S, of a pseudo-linear space V, (see Figure 14.7)
is a subset of V, with the following properties:

(i) For all u,v € S, such that u+ v is well-defined, we have that u+v €
Sz;

(ii) For all A € R and u € S, such that Au is well-defined, we have that
Au € S,.

A full pseudo-linear space S, is a pseudo-linear subspace S, with the following
property: If u € S, and v € V,, are such that u+ v = 0, then v € S,. Hence,
a full pseudo-linear subspace Sg, Sy # Vg, at the singularity s, with order k&,
is the image of an isometry i : Z,% — V.
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Fig. 14.6. The branched linear space V;_ .

Fig. 14.7. Pseudo-linear subspaces S2 and SZ at x.

A pseudo-affine subspace S at a point € Xy \ {s}, with S, # V,, is the
image of an isometry i : A — V, with A equal either R or Y}.

A map L:V; — V, is linear (see Figures 14.8 and 14.9), if the set V;,
is a branched linear space in Xy, V, is a pseudo-linear space in Xy, and L
satisfies the following properties:

(i) For every v,w € V,; such that the vectors v+ w and L(v) + L(w)
are well-defined, we have L(v + w) = L(v) + L(w);

(if) For every A € R and v € V,; such that the vectors Av and L(A\v) are
well-defined, we have L(Av) = AL(v);

(iii) L(a—z) = s —y, where a is the origin of I, a —z € V is the vector
with origin at x and s —y € V,, is the vector with origin at y.

Given two linear maps Ly : V;, — V, and Ly : V; — V_, there is a unique
linear map L3 : V;; — V_ such that L3|V;, NV, = Lyo Ly, where [}, might be
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L(b) L(a)

Fig. 14.9. Linear map at the point x.

distinct of I, (see Figure 14.10). Hence, the composition Lo o Ly of two linear
maps is well-defined by L3 = Ls o Ly, and so it is a linear map.

Fig. 14.10. The composition Ls = L2 o L1 is well-defined.

A map L, : Vi, — V, is an isomorphism if, and only if, there is a linear
map Ly : V;, — V, such that LyoL[V;,NLy " (V;,) and LioLs|V,,NL; " (Vy,)
are the identity maps. We note that if the linear map L exists, then it is
unique. Hence, the inverse map Lfl of Ly is well-defined by Lfl = Ls. The
kernel of a linear map L : V;, — V, is equal to the intersection V; NS, of a
pseudo-linear subspace S, with V;_.

We say that a vector y — x has a parallel transport from x to z (see Figure
14.11), if there are a vector w — z, a constant A, with |A\| < 1, and an isometry
ig : H — X} with the following property: there are points xy, ym, 2, wy € H
such that

(i) w' —z=XMw —2) and ¢y — 2 = A(y — ) are well-defined;
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(i) z =ig(an), z =iu(zm), ¥ = in(yn) and w’ = ig(wy);
(i) wa — 2m = yu — Tm;
(iv) if s € I, \ {w}, then s € intl, ,.

The parallel transport is uniquely determined, if s ¢ I, \ {w} or if s €
Lw \ {w} Nintl, ,. Let V,_,, be the set of all vectors that have a parallel
transport from x to z. The parallel transport map P,_., : V.., — V, is well-
defined by P,_,.(u) = v, where the vector v is the parallel transport of the
vector u from x to z, when V,_,, is non-empty.

Fig. 14.11. Parallel transport from x to s.

We note that the parallel transport map P,_,, is a linear map, except in
the case where x = s and z # s, because Ps_,, is just defined in an open 27-
angular region. However, P, _,; : V;. — V is a linear map and Ps_, ,oPP,_,.|V,_
is the identity.

We say that a map G : V! — V., is an m-multilinear map, if, for

every (ap,...,a;,-1,0,a;41,...,8,,), there is V;,, where [; depends upon
(ai,...,8-1,0,8;41,...,ay), such that the map g : V;, — V, defined by
g(a;) = G(ay,...,a;,...,a,) is a linear map.

Lemma 14.1. Let L : Vi — V., be an m-multilinear map. Let x2 and y2
be such that the parallel transport maps Py, .z, and Py, .., are well-defined.
Suppose that if x1 is a singularity with order k, then xo is a singularity with
order 2nk, for some n > 1. Then, there is an m-multilinear map Lp : V7! —
Vy, such that

Lp (Pwl—‘ivz (Vl)’ ooy Poyoy (Vm)) =Py, —y, (L(V17 e ’Vm)) )
whenever both sides are well-defined.

We call the above linear map Lp the parallel transport of L from (x1,y1) to
(z2,y2). We note that the parallel transport Lp of L is an isomorphism.

Proof. The map Py, _.y,0Lj0 P;ll_,z , has a unique extension to a linear map.
O
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Let Ly : Vi’ —V,, and Ly : V! — V,, be two m-multilinear maps. Let
0 < h <1 be such that L;(v) and La(v) are well-defined, for all v with ||v|| =
h, and such that there is w(v) with the property that w(v) + L1(v) = La(v).
We define the distance d(Ly, Ls) between the m-multilinear maps Ly and Lo

as follows:

400, if h=0

llw ()|l
R

d(Ly,Ls) = {

Let Ly : Vi —V,, and Ly : V]! — V,, be two m-multilinear maps. Let
L be the set of all parallel transport Lp of Ly from (xa,ys) to (z1,y1). We
define the distance d(L1, La) between the m-multilinear maps Ly and Lo as
follows:

maxy , otherwise

+oo, if L=10
miny, ,er, d(L1, Lp), otherwise

d(Ly,Ls) = {

We note that d(Ly, Ls) = d(Ls, Ly).

14.4 Pseudo-differentiable maps

Let f: A C Xy — Xy be a map defined on an open neighbourhood A of x
in Y. We say that the map f is pseudo-differentiable at x, if there is a linear
map D, f :V; — V) with the following property: For all v € V,;_, there
exists a constant hg > 0 such that there is a unique vector w(h, v) satisfying

w(h,v)+ f(z) = f(z + hv),
for all 0 < h < hg, and

D,f(v) = Jim *Y)

By induction, let us suppose that the (m — 1)*®-derivative D=1 f : V7 —
V(2 of f is well-defined in an open set A containing x. We say that f is m
pseudo-differentiable at x, if there is an m-multilinear map

D;nf . V;n b Vf(w)

with the following property: For all v € V', there exists a constant ho(v) > 0
such that there is a unique vector w(h, v) satisfying

wW(h,Vi,. ., Vin) +D;”_1f(v1,...,vm) = D;’:hlvlf(v%...,vm)7

for all 0 < h < ho(v), and
m T 1
Dl f(vi, ..., vim) = }ZI_)IHO hw(h,vl,...,vm).

Amap f: A— Xy is C™, with m € N, in the open set A C X%, if f is
m-differentiable for all x € A, and the m-derivative D, f varies continuously
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with . We say that f is a C™"% withm € Nand 0 < a < 1, if f is C™ and
there exists ¢ > 0 such that

D2 f = Dy fI| < cllx =yl

for all z,y € A with the property that there is a parallel transport L, from z
to y.

We say that B, = B.(z,s) C A is an avoid singularity cone, if d(z,y) =
ed(z,s) and o = d(x, s)/e (see Figure 14.12).

Fig. 14.12. Avoid singularity cone.

Theorem 14.2. (Taylor’s Theorem) Let f : A C X, — Xy be a C™ pseudo-
map defined on an open set A. Let B. C A be an avoid singularity cone and
0 < e <1 small. Then, for all x,y € B: with ||y—x| < ¢, the vectors zm,(z,y)
and W, (z,y) are well-defined by

Zm (2,y) = ( <D$f(y—x) —|—Dif(y—:c,y—x)) +) +
1 m
fy) = f(@) = 2 (2, y) + Wi (2, y).
Furthermore,
W (z,9)[ < x(ly = z)lly — ™,
where x : RY — R{ is a continuous map with x(0) = 0.

Let l1,...,lox be semi-straight lines with origin at s such that 0 <
<(l;,li41) < 7 and <(l3, i1 2) = 7 for every i € Zaog. Then, S} = U;ez,, l2; and
552 = Ujez,, l2i+1 are pseudo-linear subspaces at the singularity s. We call the
direct sum St @ S? of S} and S? to the set of all pairs (u,v) of vectors with
the property that if u; € l;, then w;41 € l;41, for all ¢ € Zgy,. By construction,
there are one-to-one maps

6::V,— Slgs?
Oy : Xy — St s?
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given by ©;'(u,v) = u+ v and ;' (u,v) = (u+ v) + s. We say that

((ugy...,u9k-1),(uz,...,ug)) is a basis of Vg, if u; € l; and u; + u;42 = 0,

for every i € Zoy, (see Figures 14.13 and 14.14).

,

Us

Fig. 14.13. u1 + uz = w and ((u1,us, us), (uz, usa, ug)) is a basis of V.

Fig. 14.14. u1 + uz = a and ((u1, us), (uz,u4)) is a basis of V.

For every i € Zaoy, let u; € I; be such that ||u;|| = 1. Let Dg, = R?\
((—00,0) x {0}). We define the map K, : Dg, — V at the singularity by
au; +bu;yq, if a,6>0
_ aui—|—bui_1, 1fa20,b§0
K’L(a’ b) - au;42 + bui+1, if a S 0, b>0
au;_o+bu;_1, if a<0,b6<0

The set of maps K1, ..., Koy is called a coordinate system for V4 (&2 X}) given
by Sl @ SQ.
Lemma 14.3. Let K, ..., Ko, be a coordinate system for Xy.
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(i) Let L : Vi, — Vi be a linear map at the singularity. Then, there is
a unique linear map L' : R? — R? such that L'(a,b) = Kj_l oLoK; =
(a,b), where j = j(i,a,b) has the property that L o K;(a,b) € Dg;.
(ii) A map f: A— Xy is C" on A C Xy if, and only if, Kj_1 ofokK;
is C", where j = j(i,a,b) has the property that f o K;(a,b) € Dg;.

14.4.1 C" pseudo-manifolds

Let M be a topological space. A chart ¢ : U — X} is a homeomorphism onto
its image defined on an open set U of M (recall that Xy = R?). If k # 2, then
we call ¢: U — X a singular chart. A topological atlas A of M is a collection
of charts

Cp Uy — X,

such that the union Uge U, of the open sets cover M. A C" pseudo-atlas A
of M is a topological atlas A of M with the following properties: (i) A has
just a finite set of singular charts; (ii) the overlap maps

€y © cgl 1oy (Ua NUy) = o (Up NUY)

are C" diffeomorphisms. A topological space M with a C" pseudo-atlas A is
called a C" pseudo-manifold, that we will denote by the pair (M, .A). A topo-
logical space N contained in a C" manifold (M, .A) is a pseudo-submanifold
of M, if there is a collection B of charts

eg: Vp — 2,

with the following properties (see Figure 14.15):

(i) The set N is contained in the union UzenVy;

(ii) For all x € N, e,(N NV,) is the intersection of a pseudo-linear sub-
space Se_ (z) at e;(x) with an open set of M;

(iii) The dimension of S, (4 is 1;

(iv) The overlap maps

exoc,t iU NVy) = en(UpNV,)

between the charts ¢, € A and e, € B are C" diffeomorphisms.

Hence, the first derivative at every point is locally a bijection over a corre-
sponding pseudo-linear subspace with dimension 1. We call the above charts
e, the submanifold charts of N.

Definition 14.4. Let (M, A) and (M', A") be C" manifolds. The map f :
M — M’ is pseudo C" if, and only if, the maps ¢, o f o e;l are C" with
respect to charts ¢, € A and ey € A'. The map f: M — M’ is C" pseudo-
diffeomorphism if, and only if, f : M — M’ is a homeomomorphism and the
maps ¢ o f o c;l are C" with respect to charts ¢, € A and ¢, € A’.
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N] 12

L
N>

Fig. 14.15. The full subspace S, = U?_;l; at the singularity, and the pseudo-
submanifold N = U?ZlNi.

14.4.2 Pseudo-tangent spaces

The pseudo-tangent fiber bundle T Xy of X is the set Uzex, Vi, with the
natural induced topology by Y. We also call the pseudo-linear space V, at
x the pseudo-tangent space Tp Xy at © (Tp X, =2 V,).

The pseudo-tangent space T, M at x € M of a C" pseudo-manifold (M, .A)
is a pseudo-linear space isomorphic to T¢, (;)2X%,, where ¢, : Uy — Xy, is
a chart in A with € U,. The tangent fiber bundle TM of a C" manifold
(M, A) is the topological set U,ecp T, M, with the induced topology by the
topological sets

Ua:EUxTcl,(z)Ekz'

The tangent space T, N at x € N of a C" submanifold N of M is a pseudo-
linear subspace T,; N C T, M isomorphic to the pseudo-linear subspace Se_ (.
at e, (z). The tangent fiber subbundle TN C TM of a C" submanifold N of
M is the topological set Uye vToN.

14.4.3 Pseudo-inner product on Xy

Let I, C V, x V, be the set of all pairs (u,v) € I, such that |<(u,v)| < 7.
A pseudo-inner product
i:1, = R

at a point z € X is a bi-linear map with the following properties:

i(u,v) =i(v,u), for all (u,v) € I;
i(u,u) > 0, for all (u,u) € I;
i(u,u) =0 if, and only if, u =0 (== — ).

A C" pseudo-Riemannian metric in an open set U C X is a map
<, > UzeUI$ — R

with the following properties:



196 14 Pseudo-Anosov diffeomorphisms in pseudo-surfaces

<,>,=<,> |I, is an inner product;
For every isometry iy : H — X%, the pullback by iy

<y—x,z—x >, =< iu(y) —iu(z),in(2) —in(r) > @

of the inner products <,>;,(;) in U induces a C" Riemannian metric in
1
ig (U).

Let (M, A) be a C" manifold. Let J,, C T, M x T, M be the pull-back by the
derivative of the chart ¢; : U; — X, in A of I, (). A C" pseudo-Riemannian
metric in a C" manifold (M, A) is a map

<,> UzenmJz = R

such that, for every chart ¢; : U; — X, in A, the push-forward of <,> is a
C" Riemannian metric <, >, (v, in ¢;(Us).

We say that (z,u;) and (x,v,) are direction equivalent (z,uy) ~ (z,vy)
if, and only if, u, and v, belong to a same dimension 1 full subspace S,.
T}/ ~ is the [direction set. A C™ direction field is a continuous map

¢12k—>TZk/N

such that for every isometry iy : H — X, the map QAS :H — TH/ ~ given by
¢ =dig'opoigis C".
A C" splitting is a pair (¢s, ¢,,) of C” direction fields such that, for every
x € Xy, we have
Va =84, @) & Spu @),

where Sy () is a dimension 1 full subspace containing ¢, (x).

Definition 14.5. Let (M, A) be a C" pseudo-manifold with a pseudo-Rie-
mannian metric. A C" pseudo-diffeomorphism f : M — M is a C” pseudo-
Anosov diffeomorphism, if M has a 1 dimensional smooth splitting E*® E" of
the tangent bundle, with the following properties: (i) the splitting is invariant
under Tf, and (i) Tf expands uniformly E* and contracts uniformly E*.

The set of all C" pseudo-Anosov diffeomorphisms on M is an open set.

Theorem 14.6. (Stable Manifold Theorem) If f : M — M is a C" pseudo-
Anosov diffeomorphism, then the stable and unstable sets at the points of A
are C" pseudo-submanifolds with dimension 1.

Proof. First, we prove that the stable and unstable sets through the sin-
gularities are C" pseudo-submanifolds. Then, we prove that the stable and
unstable sets through the other points are also C” pseudo-submanifolds. The
singularities are periodic points, because f is a pseudo-diffeomorphism and so
the image of a singularity is a singularity with the same order. Let us con-
struct the unstable manifold at the singularity s (for simplicity f(s) = s). Let
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B cuty - - B cur at a singularity s be the cut sets represented in Figure 14.16.
By the Whitney’s extension theorem, there is a C" diffeomorphism F} on the
plane such that Fi|g, ., = f. By the Hirsch and Pugh [48] Stable Manifold
Theorem, the unstable set passing through (0,0) of F} is a C" submanifold
w* = Wi U Wy'. Doing the same with respect to Fj; .4+, we get that the
unstable set

at the singularity is a C" submanifold tangent to the unstable subspace (see
Figure 14.17).

4

b s
El,cut €
u u
€ | f
45°( 599 J45°
o o
o o
o o
o o
o o

Fig. 14.16. A FE1 cut cut set at a singularity.

u u
3 6‘15 €

.
J| ek
)

Fig. 14.17. The unstable set at a singularity s € Xs.

Away from the singularities, let (x,)nez be an orbit of f. If x,, € E;, cut,
then we take the C" diffeomorphism F;, such that F; |E;, ¢, = f in a neigh-
bourhood of z,,. Applying the Hirsch and Pugh [48] Stable Manifold Theorem
to this orbit, we get that the unstable set at every point of the orbit is a C"
submanifold tangent to the unstable subspace. [J
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14.5 C™ foliations

A C'* pseudo-foliation satisfies the properties of a C” foliation with the extra
turntable condition that we now describe. If s is a singularity, with order
k = k(s), then a singular leaf W* on M, containing s, is such that W* \ {s}
is the union of k disjoint leaves £}, j € Zj, whose closures intersect in s. The
components ¢4, ..., ¢ of W(s,e) \ s are called separatrices of s. We call W*
a singular spinal set and call the sets ¢4 emph the separatrices of s.

A C'* foliation satisfies the turntable condition: if for all singular spinal
sets W* with separatrices £, j € Zj, there are leaf charts (ij,E;), such that
the maps defined by i;,|¢5 = —i; and i;;|¢; = i; are smooth. A C'* folia-
tion induced by a C'* pseudo-Anosov diffeomorphism satisfies the turntable
condition (see Pinto and Rand [160]).

The HR structures and the solenoid functions also apply to C” pseudo-
Anosov diffeomorphisms with the extra turntable condition that we now de-
scribe.

For any triple (v1,v2,v3) of points vy, v and vs contained in same ¢-leaf,
we define the solenoid limit s?(v1,ve,vs) as follows. For all ¢ > 0, let

i i i i i i i i .
(Zla ZQa ZB)a (227 ZSa 24)’ cety (zn,;—szni—l’ Zn,) € SOI
be a sequence of triples such that for some 1 < j; < n;

vy = lim fi(z}) , vy = lim ff(z;) and vz = lim ff(z:l)

11— 00

The solenoid limit s?(v1,va,vs) is equal to

—2
s Yo (su(z1, 22, 23) - 8025, 2415 2542))
57 (v1,v9,v3) = Gi—2 .

ior (8u(z1, 22, 23) - su(25, 2541, Zj42))

For all singularities s, with order k = k(s), and for all i € Zg, let a; =
(v, 8,v;41) be a triple contained in a leaf £% which intersects an ' boundary
of a Markov rectangle just in the points v; and v;41 or in the points v;, s and
vi+1. The limit solenoids s% (a;) satisfy the following turntable condition:

k

If k(s) =1 and vy = vy, then s*(vy, s,v) = 1.

The solenoid functions determined by C" pseudo-Anosov diffeomorphisms
satisfy the turntable condition (see Pinto and Rand [160]).

The train-tracks and the self-renormalizable structures also apply to C”
pseudo-Anosov diffeomorphisms with the extra turntable condition that we
now describe.
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A C'* atlas B satisfies the turntable condition at a singularity s, with order
k = k(s): if for all singular spinal sets on the train-track with separatrices 6},
J € Zy, there are leaf charts (ij, £%), such that the maps defined by 4;,[¢} = —i;
and 4, |¢} = i; are smooth.

A C' foliation induced by a C'* pseudo-Anosov determines a C''* train-
track atlas satisfying the turntable condition that comes from the turntable
condition of a C''* foliation. For example, let s be a singularity with order
3, as in Figure 14.1. The Markov partition determines a singular spinal set
S* with separatrices I3, j € Zy, such that there are train-track charts (45, 2;),
whose maps defined by 7;;|¢5 = —i; and i;,[¢; = i; are smooth.

14.6 Further literature

The theory developed in this book has a natural extension to C" pseudo-
Anosov diffeomorphisms using the turntable conditions (see Pinto and Rand
[160]). Pinto and Pujals [155] relate the pseudo-Anosov diffeomorphisms with
the Pujals and Sambarino [181, 184] non-uniformly hyperbolic diffeomor-
phisms. The sympletic forms are defined similarly to the Riemannian metric.
Let (M, A) be a C" pseudo-manifold with a pseudo-volume form w. Pinto and
Viana [176] proved that there is a residual set R contained in the set of all
C'! pseudo-diffeomorphisms, preserving the volume form, such that if f € R,
then either f is a C' pseudo-diffeomorphism or has almost everywhere both
Lyapunov exponents zero. In that way we recover the duality given by Mané-
Bochi Theorem in the torus to the other surfaces. This chapter is based on
Pinto [152] and Pinto and Rand [160].



A

Appendix A: Classifying C'T structures on the
real line

We demonstrate the relations proposed by Sullivan between distinct degrees
of smoothness of a homeomorphism of a real line and distinct bounds of the
ratio and cross-ratio distortions of intervals of a fixed grid. We emphasize
that to prove these relations, we do not have to check the distinct bounds of
the ratio and cross-ratio distortions for all intervals, but just for the intervals
belonging to a fixed grid.

A.1 The grid
Given B>1, M >1and 2:N—N, a (B, M) grid
Go={lzCl:n>1and B=1,...,02(n)}

of a closed interval I is a collection of grid intervals Iy at level n with the
following properties: (i) The grid intervals are closed intervals; (ii) For every
n > 1, the union UQS{)IZ} of all grid intervals I, at level n, is equal to the
interval I; (iii) For every n > 1, any two distinct grid intervals at level n have
disjoint interiors; (iv) For every 1 < 8 < (2(n), the intersection of the grid
intervals Ijj and Ij;,, is only an endpoint common to both intervals; (v) For
every n > 1, the set of all endpoints of the intervals I at level n is contained
in the set of all end points of the intervals Ig“ at level n + 1; (vi) For every
n > 1 and for every 1 < 8 < 2(n), we have B~! < [T}, |/|I3| < B; (vii) For
every n > 1 and for every 1 < a < £2(n), the grid interval I” contains at least
two grid intervals at level n + 1, and contains at most M grid intervals also
at level n + 1.

Let A : I — J be a homeomorphism between two compact intervals I and
J on the real line, and let G, be a grid of I. We say that two closed intervals I3
and Ig are adjacent if their intersection Iz NIy is only an endpoint common
to both intervals. The logarithmic ratio distortion lrd(Ig,Is) between two
adjacent intervals Ig and Ig is given by
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L] |h(1,6')|)
g | [h(I)|
Let Ig, Ig and Ig» be contained in the real line, such that Iz is adjacent to

Ig, and Iy is adjacent to Igr. The cross-ratio cr(Ig,Ig, Igr) is determined
by

lrd(Ig, 1) =log (

I ’ I I 4 I 1"
cr(Is, Iy, Ign) = log (1+ (o] gl + 1o + |1 |> _
1] |Z5|
The cross-ratio distortion crd(Ig,Ig, Ig/) is given by

crd(Ig, Ig, Ign) = er(h(I), h(Ig), h(Ign)) — er(Ip, g, Igr) .

A.2 Cross-ratio distortion of grids

Let Ig and Ig be two intervals contained in the real line. We define the ratio
r(Ig,Ig) between the intervals Ig and Ig by

15|
T(Iﬂalﬁ/): |IZ| .

Let I3, Ig and Ig» be contained in the real line, such that Iz is adjacent to
Iy, and Ig is adjacent to Ig~. Recall that the cross-ratio cr(Ig, I, Igr) is
given by

g | gl + [1s/| + |I,8”|) _

er(Ig,Ig, Ig) = log (1—|— A T

We note that

er(Ig, Ig, Igr) =log (1 +r(Ig, Ip))(1 +7(Lgr, Ig1))) -

Let h: I C R — J C R be a homeomorphism, and let G, be a grid of
the compact interval I. We will use the following definitions and notations
throughout this section:

(1) We will denote by Jj the interval h(Ij3) where I} is a grid interval. We
will denote by r(n, 3) the ratio 7(I, Ij, ;) between the grid intervals
I and I}, and we will denote by rp,(n, 8) the ratio r(Jg, Jj, ;).

(ii) Let Ig be an interval contained in I (not necessarily a grid interval).
The average derivative dh(Ig) is given by

dh(I5) = “ﬁﬁ”

We will denote by dh(n, 3) the average derivative dh(Ij) of the grid
interval I7.
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(iii) The logarithmic average derivative ldh(Ig) is given by
ldh(I3) = log(dh(Ig)) .

We will denote by Idh(n, 8) the logarithmic average derivative Idh(I};)
of the grid interval I7.

(iv) Let Ig and Ig be intervals contained in I (not necessarily grid in-
tervals). We recall that the logarithmic ratio distortion lrd(Is, Is/) is

given by
15| h(~’ﬁ’)|) '
(g | |h(13)]

lrd(1g, 1) = log (

Hence, we have

r(Jp; Jg) dh(Iy)
Ird(Is,15) = log o ly) log ()
We will denote by Ird(n, 3) the logarithmic ratio distortion Ird(Ij, I, ;)
of the grid intervals I and Ij .
(v) Let the intervals Ig, Ig and Ig~ in I (not necessarily grid intervals)
be such that Iz is adjacent to Iz and Ig is adjacent to Ig~. We recall
that the cross-ratio distortion crd(Ig,Ig/, Ig) is given by

crd(Ig, Ig, Ign) = cr(h(Ig), h(Is), h(Ign)) — cr(lg, Igr, Ign) .

We note that

crd(Is, Iy, Ig) = log (1 +r(h(Ip), h(Ip)) 1 +7"(h(fﬁ~)7h(fﬁ,))> .

1+7r(Ig, 1) 1+ r(Igm, Igr)

(A1)
For all grid intervals Iy, I3, , and I}, ,, we will denote by cr(n, B) and
crp(n, B) the cross-ratios cr (I, I3, 1,15, o) and cr(Jg, Jj 4, Jf, o) re-
spectively. We will denote by crd(n, 3) the cross-ratio distortion given
by crp(n, 8) — er(n, B).

Remark A.1.  (a) We will call properties (vi) and (vii) of a (B,M) grid
G, of an interval I, the bounded geometry property of the grid.
(b) By the bounded geometry property of a (B,M) grid G, there are
constants 0 < By < Bs < 1, just depending upon B and M, such that

for alln > 1 and for all grid intervals I} and Ig+1 such that Ig'H cI.
(¢) We call a (1,2) grid G of I a symmetric grid of I, i.e. (i) all the
intervals at the same level n have the same length, and (ii) each grid
interval at level n is equal to the union of two grid intervals at level
n+ 1.
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A.3 Quasisymmetric homeomorphisms

The definition of a quasisymmetric homeomorphism that we present in this
appendix is more adapted to our problem and, apparently, is stronger than the
usual one, where the constant d of the quasisymmetric condition in Definition
33, below, is taken to be equal to 1. However, in Lemma A.3, we will prove
that they are equivalent.

Definition 33 Letd > 1 and k > 1. The homeomorphism h : I — J satisfies
the (d, k) quasisymmetric condition, if

trd(I5, 1) < log(k) . (A:2)

for all intervals 1g,Ig C I with d=* < |Ig/|/|I5] < d. The homeomorphism h
s quasisymmetric, if for every d > 1 there exists kg > 1 such that h satisfies
the (d, kq) quasisymmetric condition.

Lemma A.2. Let h : I — J be a homeomorphism and let G be a grid of a
compact interval I. The following statements are equivalent:

(i) The homeomorphism h : I — J is quasisymmetric.
(i) There is k(Gq) > 1 such that

Irn(n, B)] < k(Ga) , (A.3)
for everyn > 1 and every 1 < 8 < 2(n).

Let G, be a grid of I. From Lemma A.2, we obtain that a homeomorphism
h: I — Jis quasisymmetric if, and only if, the set of all intervals Jj form a
(B, M) grid for some B > 1 and M > 1.
Proof of Lemma A.2. Let us prove that statement (i) implies statement (ii).
For every level n > 1 and every 1 < 8 < §2(n), let £ — 61, x,x+ d2 € I be such
that I} = [v — d1,2] and Ijj,, = [z, 2 + J]. Hence,

rr(n,B8)  h(z+ ) — h(x)

r(n,8)  h(z) —h(z —61)
Since h : I — J is (k, B) quasisymmetric, for some k = k(B), we have

h(l‘ + 62) — h(x) 01
h(z) — h(z — 01) 62

< <k,

and so, we get

k=t <rp(n, B)/r(n,B) < k . (A.4)
Since, by the bounded geometry property of a grid G, there is B > 1 such
that B~ <r(n,3) < B, we get k~'B~1 < ry(n,3) < kB.

Let us prove that statement (ii) implies statement (i). Let B > 1and M > 1 be
as in the bounded geometry property of a grid. Let d > 1. Let x — 1, z,x+d2 €
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I, be such that 6; > 0, § > 0 and d=* < §/6; < d. Let Ly, Lo, Ry and Ry be
the intervals as constructed in Lemma A.7 with the constant o« = 2 in Lemma
A.7. Hence, we have that

m—2 1
L] = ot (14 3 [ et +nad) |

i=l+1 j=I

m—1 ¢

Lo = [ {1+ Y [T r(no +m0,9) |

i=l j=I

r—2 1

[Ba| = 1t | D0 [T r(no + ) |
i=m j=l
r—1 [

Ral = 7o [ S0 T r(no + )
i=m—1 j=I

Hence, by monotonicity of the homeomorphism h, we obtain that
A [Ln] Az +02) = hz) & _ [P(Ea)] |Lo|
[W(L2)| [Ra| ~ h(x) = h(z —61) 62 ~ |h(L1)| |Ral -

Since, by the bounded geometry property of a grid, B~! < r(ng +n1,j) < B
and, by Lemma A.7, 1 <m < r and r — < ny(B, M,d), we get that there is
C1 = C1(B,ny) > 1 such that
|L1| _ 1+ 37070 l+1 HJ —117(no +n1, )
1 T
|R2‘ S 11 i=1417(no + 11, j)
m—1 ) .
|L2|71+Z [Tj=; r(no +na, )
|R1‘ die HJ ,7(no +n1,5)

By inequality (A.3) of statement (ii), there is & = k(Gp) > 1 such that
k=Y < rp(ng +n1,7) < k for every 1 < j < £2(ng + n1). Hence, there is
Cy = Cy(k,n2) > 1 such that

(A.5)

SCl7

o <cy. (A.6)

‘h(R1)| e H] ,Th(no 411, 7)

=l |h(L2)| L+ >0 HJ L Tr(no +n1,7) <G,
‘h(R2)| Z Hj lrh(no +n1a.7)

G < Ih(L)] 1+ H] L r(no +n1,j) =G (A7)

Putting together equalities (A.5), (A.6) and (A.7), we obtain that

Vo BRI L] _ bl +62) = h(a) 8y _ BB Lo _

UG S )] Rel = h() — hla — 60) 8 = ()] [Ra]

<CiCy .

O
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Lemma A.3. If, for some dy > 1 and kg > 1, a homeomorphism h : [ — J
satisfies the (do, ko) quasisymmetric condition, then h is quasisymmetric.

Proof. If a homeomorphism h : I — J satisfies the (dy, ko) quasisymmetric
condition for some dy > 1 and kg > 1, then h satisfies statement (ii) of Lemma
A.2 with respect to a symmetric grid (see definition of a symmetric grid in
Remark A.1). Hence, by statement (i) of Lemma A.2, the homeomorphism h
is quasisymmetric. [

Lemma A.4. Let h : I — J be a homeomorphism and Go a grid of the
compact interval I.

(i) If h: I — J is quasisymmetric, then there is Cy > 0 such that
crp(n, B) < Co

for everyn > 1 and every 1 < 8 < 2(n) — 1.
(i1) If there is Co > 1 such that, for everyn > 1 and every 1 < § <
N2(n) -1,

cru(n, 8) < Co

then, for every closed interval K contained in the interior of I, the
homeomorphism h restricted to K is quasisymmetric.

Proof. Let us prove statement (i). By Lemma A.2, there is C; > 1 such that
Ct < rp(n, B) < Oy for every level n and every 1 < 3 < §2(n). Therefore,
there is Cy > 0 such that, for every level n and every 1 < 8 < £2(n) — 1,

lern(n, B)] = [log (1 + 71 (n, B))(1 +ra(n, B+ 1)) 1) [ < Ca . (A.8)

Let us prove statement (ii). By the bounded geometry property of a grid,

there is ng > 1 large enough such that the grid intervals I7° and I?Z%n)—l do
not intersect the interval L. The grid G of I induces, by restriction, a grid

of the interval L' = Ugig)_zfg‘) which contains L. Hence, by Lemma A.2, it

is enough to prove that there is C; > 1 such that Cfl < rp(n,B) < Cq for
every grid interval Iy C L'. Now, we will consider separately the following
two possible cases: either (i) ry(n,5) <1 or (i) rn(n,5) > 1.

Case (i). Let rn(n, ) = [J5,,]/|J5] < 1. By hypotheses of statement (ii),
there is C5 > 1 such that

Jl |5 |+ g+ |5
crh(n,ﬁ_l):10g<1+ 51 1l + 175 |5+1|>§02_

TGl |51
Hence, there is C3 > 1 such that
B VBl VBl + LI+ T
T gl T gl TG4

Sc3a
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and so C3 ' < rp(n, B) < 1.
Case (ii). Let rp(n, 3) = |J5,,1/]J5] > 1. By hypotheses, there is C2 > 1 such

that
| TGl 151+ [ TG ] + [ T55sl <G
P |5 2] B

erp(n, B) = log <1 +
Hence, there is C3 > 1 such that

L2 MBal _ Bl VB T+ )

<= < — - <Cs,
|51 |51 | /52l

and so 1 < rp(n,B) < Cs. O

A.4 Horizontal and vertical translations of ratio
distortions

Lemmas A.5 and A.6 are the key to understand the relations between ratio
and cross-ratio distortions. We will use them in the following subsections. In
what follows, we will use the following notations:

= max {|lrd(n,ﬁ+i1)l7“d(n,5+i2)‘}

0<ig <iza<p

Lemma A.5. Let h: I C R — J C R be a quasisymmetric homeomorphism
and let G be a grid of the closed interval I. Then, the logarithmic ratio
distortion and the cross-ratio distortion satisfy the following estimates:

(i) (cross-ratios distortion versus ratio distortion)

Ird(n,8)  Ird(n,5+1)
L4+rn, )~ 1+r(n,B+1)
|75, |lrd(n,B) |15, |lrd(n,B8+1)
= =Tt - —— £ O(Li(n,,1)). (A.9)

151+ 11541 5l + 5l

erd(n, ) = +O(L1(n, B,1))

(i) (Ird-horizontal translations) There is a constant C(i) > 0, not de-
pending upon the level n and not depending upon 1 < 8 < 2(n), such
that
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i1 ,
lrd(n, 3 +1) = (H r(n, B+ k)) %{f;)’)lrd(n, 3) + C(i)My (n, B,i)
k=0 1)
=l + i _ ,
— erd(n, B) £ C(i)M(n,B,1i) . (A.10)

(iii) (Ird-vertical translations) Let I~ and I27{ be two adjacent grid

intervals. Take 8 = B(n, ) and p = p(n,a) such that I, ..., 1},  are
all the grid intervals contained in the union I~ U Ig;ll Then, for
every 0 < i < p, we have

n—1 n—1
Mo 14 asil g 40)20(Ma(n, B,p) - (A1)

Irdin—1,a) =
A N T

Proof. By Taylor series expansion, we get

Th(nvﬂ) . 2
T d) 1+ lrd(n, B8) £ O(lrd(n, 8)%) (A.12)
T(nvﬁ) _ 1 _ 2
o B) 1 —Ird(n,B) £ O(lrd(n,B)*) . (A.13)
Let us prove equality (A.9). By definition of cross-ratio distortion, we have
B 14+ rp(n, 5) 1+ry(n,B+1)7 1
erd(n, B) = log T r(n.9) + log Tr g
Using equality (A.12), we get
1+Th(na6) _ rh(n,ﬂ)r(n,ﬁ)_l—l
on T gy =os (1+ S )
_lrd(n, 3)) 5
ETTYIE + O(lrd(n, B)7) . (A.14)

Similarly, using equality (A.13), we obtain

r(”:ﬂ + l)rh(nvﬁ + 1)_1 — 1)
T4 r(n, 51 1)

1+ Th(n,ﬁ + 1)_1

I
08 1+7(n,f+1)"1

= log (1—1—

—lrd(n,B+1)

1Y rmpt1) +0O(rd(n,3+1)%) . (A.15)

Putting together equations (A.14) and (A.15), we get

e LT 1 g+ )
erd(n, 0) = og S ok

_ lrd(n,B))  lrd(n,f+1) rd(n. BY2. Ird(n 9
147(n,B) 1t 1+r(n,ﬁ+1)i0(l d(n, B)", trd(n, 5+ 1)7) .
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Let us prove equality (A.10). Using equality (A.9), we get

1+ r(n, ﬂJerrl)
L+r(n,f4i)~"

= trd(n, B+ i)r(n, f+ 5 O ti+])

T+ r(m, B+ 10)
+ O(M;(n, B +i,1)) .

Irdin,f+i+1) =lrd(n, +1) + O(My(n,B+1i,1))

Hence, we obtain

i—1

hﬂmﬂ+ﬂhﬂmmll(dmﬁ+m

1+Nmﬂ+k+n>

1l 1+ 7(n, B + k)
= trdtn, ) T TL e+ 4 COM 5.0

where the constant C(i) > 0 does not depend upon n and upon 1 < g < £2(n).

Since
b

1—1
1 I |+ 15,
+7" 54‘2 Hrn5+k |[3+| ‘B++1|
C1+4r(n,f) Pt 5+ 115,

we get

1+7r(n,B+1)

lrd(n, B + 1) = lrd(n, B) 11 (1, 5)

T] 7.8+ ) £ M . 5.

k=0

5l + 5] .
= lrd(n,ﬁ)m + C( )Ml(na/BaZ) .

Let us prove equality (A.11). Let 0 < m = m(n,a) < p be such that
Ig, e Ig+m are all the grid intervals contained in 17! and Ig+77l+1, el Ig+p
are all the grid intervals contained in I”~!. For simplicity of exposition, we
introduce the following definitions:

(i) We define ag = 0, apn,0 = 0 and, for every 0 < j < p, we define

m | = Jy
aj:||§:;|3|:Hr(n7ﬂ+i) and ap; = |§f H (n,B+1) .
B i=0

(ii) We define

1a ,_ el
15 15

[ Ja '

R= :
|75

1
R;L: ‘Ja—&-l' )

Ry, =
751

Thus,
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-1

p—1 m—1 p—1
/ 2 : 2 : / 2 :

R = aj , R = aj , Rh = Qh,j 5 Rh = (2
j=m 3=0 j=m

J

3

Il
o

(iii) We define

m-1  [j-1 p—1
E= a; (erd(n,ﬁ+i)> and E':Zaj (erd 5—1—1) .

j=1 i=0 j=m

We will separate the proof of equality (A.11) in three parts. In the first part,
we will prove that

E' E
Irdln—1,a) = 7R + O(Lza(n, B,p)) . (A.16)
In the second part, we will prove that
E' E o]+ ol
=== zrd(n,ﬂ)n—+ + O(M;(n,3,p)) . (A.17)
R’ R 5]+ 5]

In the third part, we will use the previous parts to prove equality (A.11) in
the case where i = 0. Then, we will use equality (A.10) to extend, for every
0 <i < p, the proof of equality (A.11).

First part. By equality (A.12), we have that

r(n, B+1i) =rn,B+i)(1+Ilrd(n, 5 +1)) £ O(rd((n, 8 +1)?) .

Hence, for every 1 < j < p, we get

ap,j = t[’fh(”,ﬂJri)
= H r(n, B+ i)(1+Ird(n, B + i) £ O(rd((n, B +1)%)))
= H r(n, B+ 1) (1 + ilrd(n,ﬁ +1) £ O(La(n, B+ Lj)))
=0 =0

J
=a; +aj erd(mﬁ +1i) + O (a;La(n, B+ 1,5)) .

i=0
Thus,
m—1
Rn=3 an;
§=0
m—1 m—1 Jj—1 m—1
= aj+2aj Ird(n,+1) 0O ZaJLQnﬂj)
Jj=0 Jj=1 i=0 j=0

= R+ E+O(RLy(n, B,m))) . (A.18)
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Similarly, we have
p—1
h = Z an,;j
= Zaj—&—ZaJerdn B+1) :I:(’)(ZaJL2 n ﬁj)

=m =0

= R/ + E'+ O(R'Ly(n, 3,p)) . (A.19)

By equalities (A.18) and (A.19), we obtain that

/
lrd(n—1,a) = log %Rﬂh
R/+E/:|:O(R/L2(naﬂap)) R+EiO(RL2(na6a m))
= log —log
R R
E F
“ 7 R + O(La(n, B,p)) -

Second part. By equality (A.10), for every 1 < j < p, we obtain

Jj—1 j—1
erd(nvﬂ—’_l)_ (all—’_rnl@—i_l))

g

Ird(n, B) £ O(Mi(n, 3, Z)))

i=0 i=0 1+r(n,5)
rd(n,B3) .
= i 7 :l: M
T, 5] o+ ass) £ OV (0 5,9)
Hence, we obtain that
m—1 Jj—1
E= aJerd(n B+1)
j=1  i=0

lrd(n 5 J’l

aj

Il
NG
/N

J

lrd(n,B) "= i m—1
:mzaﬂzaz+az+l :l:O Zalenﬂ])

J=1 =0 J=1
Ird(n,f3)

= WR(CU +...—|—a7,L_1):|:O(RM1(n7ﬁ’m)) . (A.QO)

Similarly, we have

j—1

1
a; Z lrd(n, 3;)
i=0

j=m

p—
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Ird(n, 3) =ttt

= T(H)J:Zmajzz a; +aiy1) £ O 7ZmaJMl n, 3, 7)
Ird(n,3) ,

=—F _R(1+42 oot 2a,,— . _
1+Nmﬂﬁ” +2a1 4+ ... +20m-1F+am+...+ap_1)
+O(R'Mi(n,8,p)) - (A.21)

Putting together equalities (A.20) and (A.21), we obtain that

E' E _ Ird(n,B)
ﬁ _ E — m(l +CL1 + ... +Clp_1) iO(Ml(n7ﬂvp))

]+ 13 +1|:|:(9(M1(n B.p)) .

= lrd(nyﬁ)|ln| +|I +1|

Third part. In the case where i = 0, equality (A.11) follows, from putting
together equalities (A.16) and (A.17), since

E' E

Ird(n = 1,0) = = = &+ O(La(n, B,p))
o]+ 154l
= lrd(n, B) =2t L O(My(n, B, p)) .
rd(n ﬂ)|f§|+| T (Mx(n, B,p))

By equality (A.10), for every 0 < i < p, we have

|1 + |10 (It 4 |10
et rd(n, ) = Ird(n, B + i) = O(M,(n, B, p
T+ 115, ) = T, A A ) £ O, B.p))
Thus,

I'ﬂ

Ird(n — 1,a) = zrd(nﬁ)w + O(Mz(n, 8, p))
5]+ 115,
In—|—1n

‘ IRl + 5
UJ
Lemma A.6. Let h: I CR — J C R be a homeomorphism and G a grid of

the closed interval I. For every level n and every 0 < i < 2(n) — 1, let a(n,1)
and b(n, i) be given by

14+ rp(n, i)
1+ r(n,i)

(1) Then, for every 1 <i < £2(n) — 1, we have

a(n,i) = and b(n,i) = exp(—crd(n,i)) .

a(n,i)a(n,i— 1)b(n,i —1) = (A.22)
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(i) Let n > 1 and B,p € {2,...,2(n) — 1} have the following proper-

ties:

(a) There is € > 1 such that a(n, ) > ¢.

(b) There is v < 1 such that v < b(n,B + i) < v~ L, for every
0<i<p.

Then, for every 1 < i < p, we have

a(n,B+i) > 1+ wgr(n,ﬁ+k)
NS L (B

where B > 1 is given by the bounded geometry property of the grid.
Proof. Let us prove equality (A.22). By hypotheses, we have

b(n,i— 1) = exp(—crd(n,i — 1))
1+r(ni—1) 1+r(n,i)!
C 1+rp(nyi— 1) 1+ rp(n,6) 1
_1 1+ 7r(n,i) ra(n,i)

=a(ni—1) 1+ rp(n,i) 7"(7‘1,2‘)
=a(n,i— 1)1a(n,i)1% .
Thus,
. . o Ta(n,i)
b(n,i—1)a(n,i — 1)a(n,i) = ()

Let us prove inequality (A.23). By definition of a(n, i) and by equality (A.22),
we have

N 14 Th(na Z)

a(n,i) = 14+ 7r(n,1)
. - N Th(nai)
b(n,i — Da(n,i — Da(n,i) = 774(” B

Hence, we get

a(n, i) (1 +r(n,i)) =14+ rp(n,i)
rp(n,i) = b(n,i — a(n,i — Da(n,i)r(n,i) .

Thus,
a(n,i)(L+r(n,7)) =14+ b(n,i — a(n,i — Da(n,i)r(n,i) ,

and so
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a(n,i) = (1 —r(n,i)(b(n,i — (a(n,i—1) —1) +b(n,i —1) —1)~*
Therefore, for every n > 1, 8,p € {2,...,02(n) — 1} and 1 < i < p, we get
a(n, B+i)—1 > r(n, B+1)(b(n, B+i—1)(a(n,B+i—1)—1)+b(n, f+i—1)—1) .
Hence, by induction in 1 <7 < p, we get
a(n,B+1i)—12> (a(n,B) — 1) ﬁr(n,ﬁ+k)b(n,ﬂ+k— 1)+
k=1

%

1—1
+r(n,B+1)Y (b(n, B+k—1) = 1) [[r(n, B+ b(n, B+1).
k=1 =k

(A.24)

Using that B~! < r(n, 3 + k) < B by the bounded geometry property of the
grid, we get

k=1

(a(n,ﬁ)—l)Hr(n,ﬁ—Fk) (n,B+k—1)>(e— 1)y Hrnﬂ+k)
k=1

> (e *21)’% ﬁ r(n, B+ k) + % ) (A.25)

Furthermore, noting that v — 1 < 0, we have
i i—1

r(n,B+1) Y (b(n,B+k—1)=1)[[r(n, 8+ Db(n, B+1)

k=1 =k
>B(y—1)) (By )*
k=1
. —1\i
>Bm—n%j%%:%. (A.26)

Putting inequalities (A.24), (A.25) and (A.26) together, we obtain that

, (=11 1 (e—1)y'B~" 1— (By Y

O

A.5 Uniformly asymptotically affine (uaa)
homeomorphisms

The definition of uniformly asymptotically affine homeomorphism that we
introduce in this chapter is more adapted to our problem and, apparently, is
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stronger than the usual one for symmetric maps, where the constant d of the
(uua) condition in Definition 34, below, is taken to be equal to 1. However, in
Lemma A.9, we will prove that they are equivalent.

Definition 34 Let d > 1 and ¢ : R{ — R{ be a continuous function with
e(0) = 0. The homeomorphism h : I — J satisfies the (d, &) uniformly asymp-
totically affine condition, if

lird(Is, 1g)| < e(|1g| + |Ig]) , (A.27)

for all intervals Ig, I C I with d=* < |Iz|/|Ig| < d. The map h is uniformly
asymptotically affine (uaa), if for every d > 1 there exists €4 such that h
satisfies the (d,eq) uniformly asymptotically affine condition.

We will use the following lemma in the proof of Lemma A.8, below.

Lemma A.7. Let « > 1 and d > 1. Let G be a (B, M) grid of a compact
interval I. Let x — 61, x,x + 0o contained in I be such that 61 > 0, do > 0
and d=' < 65/81 < d. Then, there are intervals Ly, Ly, Ry and Ry with the
following properties:

(1)

Ly Clz—01,2) CLy and Ry C[w,z+ d2) C Ra . (A.28)
(i)
*1<H<@<a and a’1<@<@<a. (A.29)
(51 (51 52 52

(#ii) Let ng = no(z — 91,2, + 62,Gn) > 1 be the biggest integer such
that

[I — 51,$ + 52} C Igo Ulgil,

for some 1 < 8 < 2(ng). Then, there are integers ny = nq(«, B, M, d)
and ng = nay(a, B, M, d) such that

_ —1 no+n _ no+n
Ly = U?;H-l]i o, Ly = ;Zl‘[i o,
— -1 no+ _ no+
Ry =U ", L7, Ry =U, I,

for some l,m,r with the property thatl <m <r andr —1 < ns.

Proof. Let 0 < By = B1(B,M) < By = Ba(B, M) < 1 be as in Remark A.1.
By construction of ng, there is I with the property that I"*! C [z —
81,7, + 2). In particular, we have that either 170t C I7° or I+l C 1591
Thus, using the bounded geometry property of a grid and Remark A.1, we
obtain that

BB < [I2oHY <6y + 61 (A.30)
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Since d=! < §5/8; < d, by inequality (A.30), we get

61> (1+ D) ' (65+ 01)
> (1+D)'B'BI;°| . (A.31)

Since [z — 61,2 + 02] C I3° U I59,, by the bounded geometry property of a
grid, we obtain that

o1 < 15+ 54|
§(14—B)H"ﬂ. (A.32)

By inequalities (A.31) and (A.32), there is A = A(By, B1,d) > 1 such that

A_1|Ig°| <1 < A[IR°] . (A.33)
Similarly, we have
A*1|Ig°| < by < A[I5°] . (A.34)

Take 0 < f(a) < 1such that a™! <1-60 < 1+60 < a. Let ny = n1(B, Ba, A, )
be the smallest integer such that

Byt < B7'9A7!)2. (A.35)

Let | < m < r be such that x —d; € [°T™, 2 € I"*t™ and z + &5 € [Mot™,
Then, by the bounded geometry property of a grid, there is ny = 2Mn; > 1
such that r — [ < ny. Hence, the intervals

Ly = Ul Iet™ | Ly =Um ot
no+n no+n
R1—Ul m+1IO o RQ—U: mflo !

satisfy property (i) and property (iii) of Lemma A.7. Let us prove that the in-
tervals Ly, Ly, Ry and Ry satisfy property (ii) of Lemma A.7. By the bounded
geometry property of a grid and inequality (A.35), we get

I < BB I < 047N I0/2, (A.36)
for all I <4 <r. Thus, by inequalities (A.33) and (A.36), we get

|L1|/61 > (81 — |00 | — |10 F7]) /6
> (61— 041 |12°]) /61
>1-9. (A.37)

Again, by inequalities (A.33) and (A.36), we get

|La|/81 < (61 + |1 4 | 130 ]) /6y
< (6 +9A’1|IZ°|)/51
<1490, (A.38)
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Similarly, using inequalities (A.34) and (A.36), we obtain that
|R1[/02 >1—60 and |Ry|/d2 <1+6. (A.39)

Noting that a=! < 1—6 < 146 < « and putting together inequalities (A.37),
(A.38) and (A.39), we obtain that the intervals Li, Lo, Ry and Ro satisfy
property (ii) of Lemma A.7. O

Lemma A.8. Let h: I — J be a homeomorphism and I a compact interval.
The following statements are equivalent:

(i) The homeomorphism h : I — J is (uaa).
(ii) There is a sequence 7y, converging to zero, when n tends to infinity,
such that

|lrd(n, B)| < n (A.40)

for every n > 1 and every 1 < 8 < £2(n).

Proof. Let us prove that statement (i) implies statement (ii). Let G be a
(B, M) grid of I. We have that

B~ '<r(n,pB)<B, (A.41)

for every level n > 1 and every 1 < 8 < §2(n). For every level n > 1 and
every 1 < 8 < 2(n), let x — 01, 2,2 + §3 € I be such that I}; = [z — §1, 2] and
If ., = [z, 2 + d2]. Hence,

7“}L(TL7 ﬁ) h(x + 52) — h($) g

r(n.8)  hz) —hx —6) 8%

Since h : I — J is (B, ep) uniformly asymptotically affine, we get
Ird(n,B) < ep([g|+ [1544]) - (A.42)
By Remark A.1, there is By = Ba(B, M) < 1 such that [[3| < BZ|I| and
l15.1| < B3|I|. Let oy = ep(2B3|I]). Hence, by inequality (A.42), we have
lrd(n,B) <ep(|I5] + [15.11)
< ep(2By|I|)

< Qp

for every n and every 1 < 8 < £2(n). Since £5(0) = 0 and ep is continuous at
0, we get that oy, = ep(2B%|I|) converges to zero, when n tends to infinity.

Let us prove that statement (ii) implies statement (i). Let G be a (B, M)
grid of I. Let d > 1. Let © — 01,2, 4+ d2 € I, be such that §; > 0, Jo > 0 and
d=1 < 63/81 < d. For every a > 1, let Ly, Lo, Ry and R be the intervals as
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constructed in Lemma A.7. By inequality (A.28) and by monotonicity of the
homeomorphism h, we obtain that

[W(B)| [La] _ Az +02) = h(z) 61 _ [A(R2)| | Lo

Y — — A .43
ML) [Fal = () = hiw—61) 8 = [W(L1)] 1B (843
By inequality (A.29),
|Lo| [Ro| _ 4

< =22 <o A.44
= Ll R = (A4

By inequalities (A.43) and (A.44), we get
R ] o) @) d R D]

W(L2)] [Ri| ~ B(x) —h(w —61) 02~ [P(L1)] |Re]

By Lemma A.7, we obtain that

|h(R2)| |L1| ) é‘:l ra(no +mn1,5) 1+ Y007 H] (o +n1,5)
[W(L1)| [Ra| Z;;;_l ;:ﬂ(no+nl, ) 14+ l+1H] 1 Th(n0 +na, J) 7
(A.46)
|h(Ry)| [La| — 2052 o T rn(no +n1,5) 1+ S0 ey 7(no + 1, 5)
ALl Bl 22 [T (o +na,d) 14+ 200 Ty alno + na, )

By inequality (A.40), there is Cy > 1 and there is a sequence 7, converging
to zero, when n tends to infinity, such that

rn(no +n1,7)

=14 CoVngin, A.AT7
r(n()'i‘nl,j) O’Y o+n1 ( )

for every ng+n; and for every 1 < j < £2(ng+n1). Without loss of generality,
we will consider that v, is a decreasing sequence. Hence, by inequalities (A.46)
and (A.47), there is Cy = C1(Cp, n2) > 1 such that

|h(R1)| [Le| ’ |h(R2)| |L1|
—| < C1Ypyan, and |log < C1Vngtn, -
’ SRl [Raf| = e S TRl [Raf| = 1ot
Therefore, by inequality (A.45), we obtain that
h(z + d2) — h(x) &
log —————= < 41
’ Og h(x) o h( (5 )52 leYTLU'f"le + Og( )
For every m = 1,2,..., let a,,, = exp(1/8m). Hence, we get
h(z + 62) — h(x) 6

’10g < CiYngtny +1/(2m) . (A.48)

h(z
h(z) — h(z — 61) 05

By Lemma A.7, ng = no(x — d1, %,z + ) > 1 is the biggest integer such that
[ — 01,2 + 2] C I5° U IS, . Hence, there is I7°T! C [z — 81, + 2], Thus,
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[In0Ft| < §, where § = &1 + 2. By Remark A.1, there is 0 < By(B, M) < 1
such that [I70F1] > Bt I|. Hence, we get that Bt || < |[I70+!| < §, and
so
log (9B, '|7 ")
ST log(By)

Therefore, there is a monotone sequence ¢,, > 0 converging to zero, when
m tends to infinity, with the following property: if §; + do < d,,, then ng =
no(x — 01, z, x + d2) is sufficiently large such that C1ypg+n, < 1/(2m). Hence,
by inequality (A.48), for every m > 1 and every dg + 61 < d,,, we have

Ma +82) — h(z) 0,

log 3 ) “h@ = o1) 52

< Cl’Yn0+n1 + 1/(2m) < 1/m . (A4.9)

Therefore, we define the continuous function ep : RT — RT as follows:

(i) €a(0m) =1/(m —1) for every m = 2,3,.. ;

(ii) &4 is affine in every interval [0, 0 — 1];

(iii) Since I is a compact interval and h is a homeomorphism, there is
an extension of €4 to [d2, 00) such that inequality (A.27) is satisfied.

By inequality (A.49), we get that 4 satisfies inequality (A.27). O

Lemma A.9. If h : I — J satisfies the (do,eq,) uniformly asymptotically
affine condition, then the homeomorphism h is (uaa).

Proof. Similarly to the proof that statement (i) implies statement (ii) of
Lemma A.8, we obtain that if h : I — J satisfies the (do,eq,) uniformly
asymptotically affine condition, then satisfies statement (ii) of Lemma A.8
with respect to a symmetric grid (see definition of a symmetric grid in Re-
mark A.1). Since statement (ii) implies statement (i) of Lemma A.2, we get
that the homeomorphism 4 is (uaa). O

Lemma A.10. Let h : I — J be a homeomorphism and Gg a grid of the
compact interval I.

(i) If h : I — J is (uaa), then there is a sequence au, converging to
zero, when n tends to infinity, such that

lerd(n, B)| < an

for everymn > 1 and every 1 < g < £2(n) — 1.
(#) If there is a sequence cu, converging to zero, when n tends to in-
finity, such that for every n > 1 and every 1 < 8 < 2(n) — 1

lerd(n, B)| < ay,

then, for every closed interval K contained in the interior of I, the
homeomorphism h is (uaa) in K.
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Proof. Let us prove statement (i). By Lemma A.8, there is a sequence v,
converging to zero, when n tends to infinity, such that

|ird(n, B)] < vn (A.50)
for every n > 1 and every 1 < § < £2(n). By inequality (A.9), we have that

lrd(n, 8) Ird(n,6+1)

Crd<na6) € 1 +7"(n, /8)*1 B 1 +7“(71,/6+ ]‘)

+ O(lrd(n, B)%, lrd(n, 3 +1)?) .

By the bounded geometry property of a grid, there is B > 1 such that B~
r(n, ) < B. Thus, there is Cy > 1 such that

1 1
Cyl< ————— <C d Cjl<—————<Cy. (A52
O = 14r(np)t =" an O = 14r(np+1) =" (4.52)
Therefore, putting together inequalities (A.50), (A.51) and (A.52), we obtain

that there is C7 > 1 such that |erd(n, 8)| < Ciyy,, for every level n and every
1<8<2(n)—-1.

Let us prove statement (ii). Let us suppose, by contradiction, that there is

go > 0 such that |lrd(n(j), 3(3))| > €0, where Ig((j])) C K and n(j) tends to
infinity, when j tends to infinity. Hence, there is a subsequence m; such that
either ird(n(m;), B(m;)) < —eo for every j > 1, or Ird(n(m;), B(m;)) > eq for
every j > 1. For simplicity of notation, we will denote n(m;) by n;, and 3(m;)
by 8;. It is enough to consider the case where Ird(n;, 5;) > €¢ (if necessary,
after re-ordering all the indices). Thus, there is € = e(gp) > 1 such that, for
every j > 1,

147y, (nj, ﬁj)

L+ 7r(nj, 5;)

Let a(n,i) and b(n, ) be defined as in Lemma A.G:

>e. (A.53)

N L4ry(n,i)
a(”al)*m

1 ) 1 i+ 1)
b.1) = exp(—erd(n, ) = $ ok D

(A.54)

Hence, we have that a(nj, 3;) > € for every j > 1. By hypothesis, the cross-
ratio distortion c¢rd(n, 3) converges uniformly to zero when n tends to infinity.
Thus, there is an increasing sequence 7, converging to one, when n tends to
infinity, such that

Yn < b(n, 1) < '7;1 ) (A.55)
for every 1 < i < 2(n) — 1. Let n = min{(e — 1)/4,1/2}. For every j large
enough, let p; be the maximal integer with the following properties: (i) 'yﬁ; >
n 5 (il) v’ (e —1)/2 > n ; and (iii), letting B > 1 be as given by the bounded
geometry property of the grid,
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(e—1)y'B77
2

1— (By )P

23(177) 1—(3’}/_1)

Since 7y,; converges to one, when j tends to infinity, we obtain that p; also
tends to infinity, when j tends to infinity. By properties (ii) and (iii) of n and
by inequality (A.23), for every j large enough, and for every 1 < ¢ < p;, we
have

i
a(nj,ﬁj—i-i)21+77Hr(nj,ﬁj+k:)>1 . (A.56)
k=1
For every j > 1, let N; be the smallest integer such that there are four grid

intervals Ia__l, I(],\ij, I(]XVJ+1 and I +2 such that

n N N, N, "
Iﬂ; cly,/y and I;7UI," UI +2 cul’] Iﬁj+i .

. . . TLJ ’I’L] . . . .
Since the grid intervals R 1 B +p(j)—1 Are contained in at most four grid

intervals at level N; — 1, we obtain that
Api— (N 1) >pj,

where M > 1 is given by the bounded geometry property of the grid. Thus,
nj — N; tends to infinity, when j tends to infinity. Let us denote by RD(j)
the following ratio:

112711 ’+1\+| sl
o/ | |13 +1‘+| J+2|

_ Ny a5) (A (NG, a5 + 1))
r(Nj, o5)(1+7r(Nj, 05 + 1))

D(j) =

By the bounded geometry property of a grid, we have B~! < r(N;, aj+i) < B
for every —1 < i < 3 and j > 0. By Lemma A.2 and statement (ii) of Lemma
A.4, there is kg > 1 such that kal < rp(Nj, o5 +1) < ko for every —1 <i <3
and j > 0. Hence, there is k = k(B, ko) > 1 such that for every j > 0, we
have

k"' < RD(j) <k . (A.57)

Now, we are going to prove that RD(j) tends to infinity, when j tends to
infinity, and so we will get a contradiction. Let e; < es < ez < e4 be such
that

_ 3 7 N _ ea n;
=U; I . Iaj+2_u, 1

INi .
i=ea+176;+1 i=e3+178+1 °

N_ (D) nj :
I =ue, T N

i=e1” B+t

Hence, we get

|Iozj | |Jozj+1| + | +2| Rl(]) Rh,Q(j) + Rhﬁ(j)

D(j) = : . =
ol | 1127 3 1+ 1120 © Rua(j) Rao(j) + Rs())

(A.58)
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where

€2 — 262 1

Rl(]) |n;11 —1+Z H ’I'Lj,ﬁj +Z

‘ 5]+€2| g=e1 i=q+1

‘J j 6272 6271
. o N\
Rua1(j) = ] =1+ > I rany.8+07"
+e2 g=e1 i=q+1
[P =
. @
Ra(j) = un; =2 T rtn.5, 4+
+e2 g=ez i=ey
€3— 1

L o)l
Rp2(j) = H = Z H rr(ng, B +1)

‘Jﬁ.i+e2| q=e2 i=eq

|IN.7’+2| es—1 q
. « .
Rs(i) = 7 = > I r(ng. 8 +9)
Bﬁ”e? g=e3 i=e2
B
Rus(j) = ‘Jn] |*Z I ru(ng. 8 +) .
+es qg=e3 i=eq

Hence, by inequalities (A.54) and (A.56), for every 1 < ¢ < p;, we get

ru(ng, Bj + 1)

(1, By 1) >1. (A.59)

Thus, we deduce that

_1 r(ng, B +14)
rn(ng, B +1)

= Ri(j) . (A.60)
By inequality (A.59), we obtain

ez—1

Th(nwﬁj +1)

R E , —_—

h2 q=e2 Z]~_£r n] IBJ (nﬁﬁj +Z)
> Ra(j). (A.61)

Now, let us bound Rj, 3(j) in terms of R3(j). Putting together inequalities
(A.22) and (A.56), we obtain

rp(n, i)
r(n, i)

=b(n,i — 1)a(n,i)a(n,i—1)
> b(n,i— 1)a(n,i) . (A.62)
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Noting that e3 — ea < p;, and by inequality (A.55) and property (i) of 1, we
get

6371

1 008 +i=1) =47 >

i:€2
Hence, by inequalities (A.56) and (A.62), we get

—1 ) €3 — 1

3 Th(njﬂﬂj .
LSRR B bn7 +i—1)a(n;, B; +1
IJ B 1) H 520 +i = Dalng, B +1)
€3 — 1
>7]H <1+77H ”nuvﬁ]"’k))
e3—1 1@
zn<1+nZHr<nmwﬁj+k>>
1=eo k=1
> |°};]+1| (A.63)
g4l

Noting that Igj 4 C1 (Z U Ié\gj and by the bounded geometry property of
the grid, we get
Vi
| a]+l|

1511

> B~2B)i " (A.64)

where By < 1 is given in Remark A.l. Putting together inequalities (A.63)
and (A.64), we obtain that

6371

rn(ng, B +1) 92 hN;—n;
H T(n.jﬂ_]+i) >1*B~*B, :
i=eo 79177
Hence,
ez3—1 ea—1 ¢
. rh(nj,ﬁj—i—z T nj,ﬂj—i—z) .
R = n y + /L ng, j + 1
n,3(J) 11:_!2 r(nj, B; + 1) i B qze“l_elg r(n;, B r(nj, B; )
N 6371 6471 q
>n*B2By " ] r(ng B +0) Y [ r(ny 8 +19)
1=e€q g=e3 1=e3
= ?B 2B) " Rs(j) . (A.65)
Noting that Ra(j)Rs(j)~* = |1, +1||Ia 7 ,|7" and by the bounded geometry

property of the grid, we obtain

B < Ry(j)R3(j)"' < B.
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Therefore, putting together inequalities (A.60), (A.61) and (A.65), we obtain
that
Ri(j) Rn2(j) + Rns(j)
Rpa(j) Ra(j) + Rs(j)
Ro(j) + 1*B~2By" " Rs(j)
- Ry (j) + R ()
- 1+ nzB—sBéVrnj
1+B

RD(j) =

Since Bév i7" tends to infinity, when j tends to infinity, we get that RD(j)
also tends to infinity, when j tends to infinity. However, by inequality (A.57),
this is absurd. O

A.6 C't7" diffeomorphisms

Let 0 < » < 1. We say that a homeomorphism h : I — J is C'*" if its
differentiable and its first derivative dh : I — R is r-Holder continuous, i.e.
there is C' > 0 such that, for every z,y € I,

|dh(y) — dh(z)| < Cly — z|" .
In particular, if » = 1, then dh is Lipschitz.

Lemma A.11. Let h : I — J be a homeomorphism, and let I be a compact
interval with a grid Go.

(i) For 0 < r <1, the map h is a C**" diffeomorphism if, and only if,
for every n > 1 and for every 1 < 3 < 2(n), we have that

|lrd(n, B)| < O(L5]") - (A.66)

(i) The map h is affine if, and only if, for every n > 1 and every
1< B < 2(n), we have that

[lrd(n, B)| < 0(|Ig\) . (A.67)

Proof. By the Mean Value Theorem, if h is a C'*" diffeomorphism, then, for
every n > 1 and for every grid interval I}, we get that Ird(n, 8) € O(|I5]"),
and so inequality (A.66) is satisfied. If h is affine, then, for every n > 1 and
for every grid interval I}, we get that lrd(n,3) = 0, and so inequality (A.67)
is satisfied.

Let us prove that inequality (A.66) implies that h is C1*". For every point
Pel let I} 12 ... be a sequence of grid intervals I7 such that P € I}

Q1) TQg?
and 17 C I~ for every n > 1. Let us suppose that I = U;—jI7 ; for
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some j = j(a,) > 1. By inequality (A.66) and using the bounded geometry
of the grid, we obtain that

dh(n —1,an-1) 1+ 25:1 H?c:1 rh(n, an + k)
dh(n, an) 14370 ey (s 0 + F)

1+ 30 [Ty r(nam + k)
=015, -

A similar argument to the one above implies that for all I;} C I, g;_ll, we have

dh(n,apn) =dh(n —1,a,-1) = (9(|Ig;_11 ") .

Hence, using the bounded geometry property of a grid, for every m > 1 and
for every n > m, we get

dh(n,a,) = dh(m, am,) £ O(|13" ") . (A.68)

Thus, the average derivative dh(n, a;,) converges to a value dp, when n tends
to infinity. Let us prove that h is differentiable at P and that dh(P) = dp.
Let L be any interval such that the point P € L. Take the largest m > 1 such
that there is a grid interval I" with the property that L C Uj=_1,0,117% ;. By
the bounded geometry property of a grid, there is C' > 1, not depending upon
P, L and I'", such that
o 1y

Cc < m <C. (A.69)
Then, using inequality (A.66) and the bounded geometry of the grid, for every
j={-1,0,1}, we obtain that

[ldh(m,~ +j) = ldh(m,7)| < O(|L[") ,

and so

dh(m,v + j) = dh(m,~v) £ O(|L]") . (A.70)
For every m > m, take the smallest sequence of adjacent grid intervals
Iy ... 15 o, 5 at level m, such that L C Uiolp , C Uj=—10117% ;. By

inequalities (A.68) and (A.70), for every Ig ., C I'" ;) we get that
dh(m, Bn + i) = dh(m,y +j(i)) £ O(I1} ;")
=dp+O(|L]") .
Hence,
h(L) R 154! .
— hm Z Tdh(m 5n + ’L)
i=0
3 in |Ign+z| T
=0
dp £ O(|L|") . (A.71)
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Therefore, for every P € I, the homeomorphism h is differentiable at P and

dh(P) = dp. Let us check that dh is r-Holder continuous. For every P, P’ € I,

let L be the closed interval [P, P’]. Using inequality (A.71), we obtain that
h(L)  h(L)

dh(P") — dh(P) = I T + O(|L[")

— +0(LI")

and so dh is r-Holder continuous.
Let us prove that inequality (A.67) implies that h is affine. A similar argument
to the one above gives us that h is differentiable and that

|dh(P") — dh(P)| < o(|P' - P|) |, (A.72)

for every P, P’ € I. Hence, we get that

n—1

dh(P") — dh(P)| < lim
|
=0

o <P+ (i+1)(P’P))

n

—an(p+ 1)

n
. P —-P
< lim no =0,
n

n—oo

and so h is an affine map. O
Lemma A.12. Let 0 < r < 1. Let h: I — J be a homeomorphism and Go a
grid of the compact interval I.

(i) If h: I — J is a C**" diffeomorphism, then, for every n > 1 and
every 1 < 8 < 2(n) — 1, we have that

|erd(n, B)] < O(|I5]") - (A.73)
(i) If, for everyn > 1 and every 1 < 8 < 2(n) — 1, we have that
lerd(n, 8)| < O(|15]") (A.74)

then, for every closed interval K contained in the interior of I, the
homeomorphism h|K restricted to K is a C**" diffeomorphism.

Proof. Proof of statement (i). By Lemma A.11, for every n > 1 and for every
1 < B < £2(n), we have that [Ird(n,3)] < O(|I3]"). Hence, by the bounded
geometry property of a grid and by inequality (A.9), we get |erd(n, )| <
o1z,

Proof of statement (ii). Let K be a closed interval contained in the interior of
I. By Lemmas A.8 and A.10, there is a decreasing sequence of positive reals
€n which converges to 0, when n tends to oo, such that

|ird(n, B)| < leal , (A.75)
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for all n > 1 and for all grid interval Ij; intersecting K. For every grid in-
terval I7~1 intersecting K, let k; = k1(n,a) and kg = ka(n, «) be such that
U,}éikljg =1ty Ig;ll Let the integers 8 and i be such that ky < 8 < ko
and k1 < 8+ 14 < k9. By the bounded geometry property of a grid, and by

inequalities (A.10) and (A.73), we get
Ird(n, B+ i) = 0O (|lrd(n, 3)| + (15| + [[5,,])") -
Therefore,
La(n, B,p) = £0O (Ird(n, B)* + (5| + [I5.411)*") - (A.76)
By inequalities (A.11) and (A.76), we get
I+ 11y

-1
lrdin—1,a) = n—nJrlllrd(n,ﬁ—i-i):I:O (lrd(n,ﬁ)2 + (5] + |Ig+1|)”) )
5l + G i1
(A.77)

Let us suppose, by contradiction, that there is a sequence of grid intervals Ig]’
and a sequence of positive reals |e;| which tends to infinity, when j tends to
infinity, such that

rd(n; ;) = e; (113 | + 157, ])" (A.78)

Using that the number of grid intervals at every level n is Tfinite, we obtain that
there exists a subsequence m; of j such that I ﬁmj el ﬁmj . Therefore, there
™

i+l
exists a sequence of grid intervals I} ) 2 ,»+-- with the following properties:
(i) for every i > 1, I}t! C I} ;

(i) for every ¢ > 1, let a; be determined such that
lrd(i, ) = ai (|5, | + Lo )" - (A.79)
Then, there is a subsequence m; of j such that |a;| < |a,,,| for every
1 <i<my, and |a,,,| tends to infinity, when j tends to infinity.

Let us denote |I', | + |I),, ;| by B;. Using inequality (A.77) inductively, we
get

Bm]‘ S ij . 2 r
Ird(my, Bm,) = B, lrd(1,a1) £ O (;_2 E(M(l’ai) + B; )) (A.80)
By the bounded geometry property of a grid, there is 0 < 6 < 1 such that
By, k—
— < H" A81
5 <0 (A81)

for every 1 <i < m; and for every 1 < k < m;. Noting that |a;| < [am,|, by
inequalities (A.79) and (A.81), we get
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T alB{Bm.
Lrd(1, ) = AZ1Em
B, ") =g
= +0 (|amj\Bfnj9(1_T)mj) . (A.82)

By inequality (A.75), a;B; < €;, and |a;| < [am,| for i < m;. Hence, by
inequalities (A.79) and (A.81), we obtain that

ai(aiBI)(B;ﬂij) + B;”ij
B;
- 10 ((|am_j i + 1)B£nj9(1”)(mf“) . (A.83)

B’H’LN .
g (ird(i,0)? + BY) =

Using inequalities (A.82) and (A.83) in inequality (A.80), we get

lrd(m;, Bm. | ,
|7" (m]76 ,)‘ <0 <0(1—T)mj +Z((€i+|amj—l)g(l—r)(mj—z))>

|a'mj |Brnj i=2

am.|"t X ,
<0 <9(1—r)mj + % + Z (Eie(l—r)(mj—l))> . <A84)
=2

Since €; converges to zero, when ¢ tends to infinity, inequality (A.84) implies
that there is jo > 0 such that, for every j > jo, we get
|lrd(mj’ﬁmj)| < |amj|B’;’Lj ;

which contradicts (A.79). O

A.7 C?*7" diffeomorphisms

Let 0 < r < 1. We say that a homeomorphism h : I — J is C?17 if its twice
differentiable and its second derivative d?h : I — R is r-Holder continuous.
We will state and prove Lemma A.13 which we will use later in the proof of
Lemma A.14, below.

Lemma A.13. Let G, be a grid of the closed interval I. Leth: I CR — J C
R be a homeomorphism such that for everyn > 1 and every 1 < 8 < 2(n)—1,

lerd(n, B)| < O([I5[**7) , (A.85)

where 0 < r < 1. Then, for every closed interval K contained in the interior
of I, the logarithmic ratio distortion and the cross-ratio distortion satisfy the
following estimates:

(1) There is a constant C(i) > 0, not depending upon the level n and
not depending upon 1 < 8 < £2(n), such that
B Gl + 5]

N el - pAell + NI 1+r_ A.
trd(mn, B +1) = SRt ird(n, 8) £ CQITEI. (4.86)
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(ii) Let I7=Y and I/ be two adjacent grid intervals. Let Iy and Iy,

be grid intervals contained in the union I"~1 U IZ+11 Then,

Inl
S L TP B £O(II*) . (AST)

lrd(n — ].,O[) = W
B+1

Proof. By Lemma A.12, for every 0 < s < 1, the homeomorphism h|K is C1 7%,
and so the map ¢ : I — R is well-defined by 1(z) = logdh(z). By bounded
geometry property of a grid and by inequality (A.85), for every integer ¢, there
is a positive constant F;(i) such that

lerd(n, 8+ 1)l < Ex(@)(I5"7) (A.88)

for every grid interval Iz and 0 < ji <. Take s < 1 such that 2s =1+
and 0 < jy < i. By inequality (A.85) and statement (ii) of Lemma A.12, h is
C'*s. Hence, using the bounded geometry property of a grid and statement
(i) of Lemma A.11, we obtain that

|lrd(n, B+ ju)lrd(n, 8 + j2)| < O(g,;,1° 151 5,1°)
< Ex(i)([15M7), (A.89)
where Fs (i) is a positive constant depending upon i. Using inequalities (A.88)

and (A.89) in (A.10), we get inequality (A.86). Furthermore, using inequalities
(A.88) and (A.89) in (A.11), we get inequality (A.87). O

Lemma A.14. Let 0 < r < 1. Let h: I — J be a homeomorphism and Go a
grid of the compact interval I.
(i) If h: T — J is C**7, then
lerd(n, B)] < O(|15**7)
for everym > 1 and every 1 < 5 < 2(n) —
(i) If, for every n > 1 and every 1 < 8 < 2(n) — 1, we have that
lerd(n, B)| < O(II5**7) (A.90)

then, for every closed interval K contained in the interior of I, the
homeomorphism h|K restricted to K is C*+7.

Proof. Proof of statement (i): Let h be C?T" and let ¢ : I — R be given
by ¥(x) = logdh(z). For every n > 1, let I7 = [z,y], I}, = [y,2] and
I, = = [z,w] be adjacent grid intervals, at level n. By Taylor series, we get
(W(I3)] € |Ly|dh(y) + |1} [Pd®h(y) £ O 15]**7)
(L 1)| € |14 ]dh(y) — |y Pd*h(y) £ O( Ly )
(WL 0)] € |14 |dh(2) + [ I3 [Pd®h(z) £ O( 1344 [7F7)
[W(L10)] € | soldh(2) — |17 5 *d*h(z) £ O 7+2|2”)~
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Therefore,

(M)l 13 dh(y) — [T |d*h(y) £ O3, ]T)
(| I dh(y) + (17 |d2Rh(y) £ O(| I3 [1+7)

U(y)

" d
el— (I + 13— 9

O+ [1544D")

and so

dip(y)

trd(n, ) € (1] + 112, ) 52

O+ 117D") -

Similarly, we get

dy(z)
trd(n,y +1) € =171 | + 1F542) —5— £ O + [1740)")-
Therefore, by inequality (A.9), the cross-ratio distortion c(n,v) € £O(|I}]").

Proof of statement (ii). We prove statement (ii), first in the case where 0 <
r < 1 and secondly in the case where r = 1.

Case 0 < r < 1. By Lemma A.12, for every 0 < s < 1, the homeomorphism
h|K is C***, and so the map v : I — R is well-defined by v(x) = log dh(z).
For every point P € I, let Iél , 1227 ... be a sequence of grid intervals Ij; such
that P € I} and I} C I "HEI for every n > 1. By the bounded geometry
property of a grid and by inequality (A.90), for every grid interval Iy C

Ui=—1,0115 1+w we have that
lerd(n, B)] < O} [7) . (A.91)

By inequality (A.87), we have

l;"il(ln 12%1 1) _ ird(n,o;n) Lo(r ).
e L+ e T+ I8 ]

Hence, by the bounded geometry property of a grid, for every m > 1 and for
every n > m, we get that

lrd(n,o;n) _rd(m, ap) Lo
I VGl 1 T+ 1 ]

. (A.92)

QAm

Thus, Ird(n,a,)/|I5 | + |13, 11| converges to a value dp, when n tends to
infinity. Let us prove that 1) is differentiable at P and that di)(P) = 2dp. Let
L = [x,y] be any interval such that the point P € L. Take the largest m > 1
such that there is a grid interval I'" with the property that L C Uj=_1,0,1 17} ;.
By the bounded geometry property of a grid, there is C' > 1, not depending
upon P, L and I7", such that
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o 1
C<—<C. (A.93)
L]
For every n > m, take the smallest sequence of adjacent grid intervals
Ig ..., 15 4, , at level n, such that L C Uilofﬁn+i C Uj=—1,0,117} ;. Hence,
by definition of the logarithmic ratio distortion, we get

Y(z) = lim Idh(Ij )

n—oo
and
d(y) = lim ldh(If ;) -
Therefore,

V) =) A ) — LR

y—x n—o0 y—x
e rd(I7
i im0 M) (A.94)
n— 00 y — X
By inequalities (A.92) and (A.93), for every If |, C I, . ;) ;we get

: n n Ird(m,~ + j(i))
le(”?ﬁn + Z) = (‘I,Bn+7«| + |Iﬂn+i+l|) (II 3 )| + ‘[ @ 1| + O(| ~+35 () ‘ )
+J y+i(0)+

= (\15n+i| + |I,gn+i+1|) (dp £ O(|L]")) . (A.95)

Putting together (A.94) and (A.95), we obtain that

ip—1
. n +
¢(y) 1,[)(17) = lim (dP 4 0(‘L|T)E | 5n+z| | +1+1‘
y — n—oo y —
|+ In +2 Zn—l "
iy 2 O Bl VB +250 E
n—00 y—x
— 2dp + O(|L]"). (A.96)

Therefore, for every P € I, the homeomorphism ¢ is differentiable at P
and dy(P) = 2dp. Let us check that di is r-Holder continuous. For every
P,P" €1, let L be the closed interval [P, P']. Using (A.96), we obtain that

()~ ap(p) = PV UP) WP U

= +O(|L[") ,

+O(|L[")

and so dv is r-Hoélder continuous.

Case r = 1. By the above argument, h is C?** for every 0 < s < 1 and so,
in particular, h is CtHEPschitz Thys, by Lemma A.11, for every n > 1 and
every 1 < 8 < £2(n) — 1 we get that
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|ird(n, B)] < O(|13])

which implies that inequality (A.87) is also satisfied for » = 1. Now, a similar
argument to the one above gives that di is Lipschitz. O

A.8 Cross-ratio distortion and smoothness

In this section, we prove the following result.

Theorem A.15. Let h : I — J be a homeomorphism between two compact
intervals I and J on the real line, and let G be a grid of I.

(i) If h has the degree of smoothness presented in a line of Table 2,
and dh(z) # 0 for all x € I (not applicable for quasisymmetric and
(uaa) homeomorphisms), then the logarithmic ratio distortion satisfies
the bounds presented in the same line with respect to all grid inter-
vals. Conversely, if the logarithmic ratio distortion satisfies the bounds
presented in a line of Table 2 with respect to all grid intervals, then
h : I — J has the degree of smoothness presented in the same line,
and dh(z) # 0 for all x € I (not applicable for quasisymmetric and
(uaa) homeomorphisms).

The smoothness of h The order of lrd (Ig, IgH)
Quasisymmetric 0(1)
=T

(uaa) 0 ( Iy ) Iy

Ci+e o (||

OlJrLipschitz O Ig )
Affine 0 ( Iy

Table 2.

(i) If h has the degree of smoothness presented in a line of Table 3,
and dh(x) # 0 for all x € I (not applicable for quasisymmetric and
(uaa) homeomorphisms), then the cross-ratio distortion satisfies the
bounds presented in the same line with respect to all grid intervals.
Conwversely, if the cross-ratio distortion satisfies the bounds presented
in a line of Table 3 with respect to all grid intervals, then, for every
closed interval K contained in the interior of I, the homeomorphism
h|K restricted to K has the degree of smoothness presented in the same
line, and dh(x) # 0 for all x € I (not applicable for quasisymmetric
and (uaa) homeomorphisms).
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The smoothness of h The order of crd (Ig, Ig.q, Ig+2)
Quasisymmetric 0 (1)
=T
(vaa) 0 (‘Ig ) Iy
oo o (|rg]"
1+a
oo 0 (‘Ig
02+Lipschitz O < Ig 2)
Table 3.

We point out that some of the difficulties and usefulness of these results
come from the fact that (i) we just compute the bounds of the ratio and
cross- ratio distortions with respect to a countable set of intervals fixed by a
grid, and (ii) we do not restrict the grid intervals, at the same level, to have
necessarily the same lengths. In hyperbolic dynamics, these grids are naturally
determined by Markov partitions.

Proof of Theorem A.15. The equivalences presented for quasisymmetric home-
omorphisms follow from Lemma A.2 with respect to ratio distortion and from
Lemma A.4 with respect to cross-ratio distortion, noting that the ratios r(n, )
and the cross-ratios cr(n, 3) are uniformly bounded by the bounded geometry
property of the grid. The equivalences presented for uniformly asymptotically
affine (uaa) homeomorphisms follow from Lemma A.8 with respect to ratio
distortion and from Lemma A.10 with respect to cross- ratio distortion. The
equivalences presented for 1+, Clt+Lipschitz anq affine diffeomorphisms fol-
low from Lemma A.11 with respect to ratio distortion and from Lemma A.12
with respect to cross-ratio distortion. The equivalences presented for C2+®
and C%tLipschitz diffeomorphisms follow from Lemma A.14. O

A.9 Further literature

The quasisymmetric homeomorphisms of the real line extend to quasiconfor-
mal homeomorphisms of the upper half-plane, by the Beurling-Ahlfors exten-
sion theorem (see Ahlfors and Beurling [3]). The uniformly asymptotically
affine (uaa) (or, equivalently, symmetric) homeomorphisms are the boundary
values of quasiconformal homeomorphisms of the upper half-plane whose con-
formal distortion tends to zero at the boundary (see Gardiner and Sullivan
[42]). (Uaa) homeomorphisms turn out to be precisely those homeomorphisms
which have boundary dilatation equal to one, in the sense of Strebel [216]. The
(uaa) homeomorphisms of a circle comprise the closure, in the quasisymmet-
ric topology, of the real-analytic homeomorphisms and this closure contains
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the set of C'! diffeomorphisms (see Gardiner and Sullivan [42]). Furthermore,
any two C" expanding circle maps conjugated by a (uaa) homeomorphism are
C" conjugated (see Ferreira and Pinto [38]). In Gardiner and Sullivan [42],
Jacobson and Swiatek [51], de Melo and van Strien [99], Pinto and Rand [158]
and Pinto and Sullivan [175] other relations are also presented between dis-
tinct degrees of smoothness of a homeomorphism of the real line with distinct
bounds of ratio and cross-ratio distortions of intervals. This chapter is based
on Pinto and Sullivan [175].



B

Appendix B: Classifying C'* structures on
Cantor sets

We present a classification of C1T® structures on trees embedded in the real
line. This is an extension of the results of Sullivan on embeddings of the binary
tree to trees with arbitrary topology and to embeddings without bounded
geometry and with contact points.

B.1 Smooth structures on trees

A tree consists of a set of vertices of the form Vy = U,>0T5,, where each T),
is a finite set, together with a directed graph on these vertices such that each
t € T,,, n > 1, has a unique edge leaving it. This edge joins ¢ (the daughter)
to m(t) € T,,—1 (its mother). We inductively define m?(t) € T,,_,. We call
mP(t) the p-ancestor of t.

Given a tree T, we define the limit set or set of ends L as the set of all
sequences t = totq ... such that m(t;11) = ¢;, for all i > 0. We endow Ly with
the metric d where

d(S()Sl e 7t0t1 .. ) = 2—n7

ifs;=t;, forall0<i<n-—1and s, #t,.

If t = toty ... € Ly, then by t|n we denote the finite words tg...¢,—1. Let
Ly, denote the set of s € Ly such that s|n = t|n. This is called an n-cylinder
of the tree. If L is an open subset of Ly containing L, and i : L — R a
continuous mapping, then we denote by Cy,; the smallest closed interval in
R that contains i(Ly),). This is also called an n-cylinder. Note that both Ly,
and Cy),,; are determined by t,,_1. Therefore, we shall often write these as
L, , and Cy, , ;. Say that s ~ ¢, if i(s) = i(2).

We shall only be interested in mappings ¢ that respect the cylinder struc-
ture of L in the following way. We demand that if s|n # t|n, then

lIlt(jﬁ‘n7Z n lHtCﬂThZ - @

The mapping ¢ : L — R induces a mapping L/ ~— R that we also denote
by 1.
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Definition B.1. Such a pair (i,L) is a chart of L, if L is an open set of
Ly with respect to the metric d and the induced map i : L/ ~— R is an
embedding.

Two charts (¢, L) and (j, K) are compatible, if the equivalence relation ~
corresponding to i agrees with that of j on LN K. They are C'*® compatible,
if they are compatible and the mapping joi~! from i(L N K) to j(L N K) has
a C+2 extension to a neighbourhood of i(L N K) in R.

Definition B.2. A structure on Lt is a set of compatible charts that cover
Lp. A C'*® structure on Ly is a structure such that the charts are C11e
compatible charts that cover Ly. A C1T structure is a structure such that
the charts C'P compatible, for all 0 < § < a.

A finite set of C1T® compatible charts that cover Ly defines a C'+ struc-
ture on L7. Suppose Lt has a smooth structure. We say that h : Ly — Lt is
it structure preserving, if for all charts (¢, L) and (i’, L’) of the structure when-
ever t € L and h(t) € L', then the chart (i’ o h, L) is compatible with (i, L).
Then, we say that a structure-preserving map h : Ly — Ly is smooth if its
representatives in local charts are smooth in the following sense: if ¢ € L and
h(t) € L', where (i, L) and (i, L’) are charts in the structure, then i’ o hoi~!
has a smooth extension to a neighbourhood of i(¢) in R. Similarly, we define
smooth maps between different spaces.

Remark B.3. We shall mostly be concerned with situations where either (i) the
smooth structure is defined by a single chart or (ii) the structure is defined
by a single embedding of Ly/ ~ into the circle or into a train-track.

If S is a C1*< structure on L7 and i is a chart of S, then we say that s|n
and £|n are adjacent, if there is no u € Ly such that Cy; lies between Cy),, ;
and Cyj,,; and that they are in contact, if Cyp,; N Cyjp i # 0. Note that this
conditions are independent of the choice of the chart i of S that contains Ly,
and Ly, in its domain. It does however depend upon S, so we only use this
terminology when we have a specific structure in mind. If sjn = s¢...8,_1
and tln = tg...t,—1, then we say that s,—1 and t,_1 are adjacent (resp. in
contact), if s|n and t|n are.

Definition B.4. Two C'*% structures S and T on Ly are C'*%-equivalent,
if the identity is a C'T diffeomorphism when it is considered as a map from
Lo with one structure to Ly with the other. They are C'T® -equivalent, if
the identity is a CY*8 diffeomorphism, for all 0 < 3 < .

B.1.1 Examples
Standard binary Cantor set

Consider the binary tree T shown in Figure B.1. We can index the vertices
of the tree by the finite words €g...e,_1 of Os and 1s in such way that the
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Fig. B.1. A binary tree.

mother of the vertex t =¢¢...e, ism(t) =¢eg...e,—1 and so that g ...&,-10
lies to the left of eg...e,_11. Now, to each vertex t = ¢ ...e,_1 associate a
closed interval Iy so that Iy C Iy, ), Ico..c,,_,0 is to the left of I, . .1 and

IEQ...ET,,_l == IEQ...En_lo U Gao...En_1 U IEO...E»",_117

where Gg,.. ., , is an open interval between I, ., ,0 and I, ., ,1. We
assume that the ratios |G;|/|I;| are bounded away from 0. Then, the lengths
of the intervals I, ., , go to 0 exponentially fast as n — oo, and therefore

C= mnzo er...sn,l [50.4.571,,1

is a Cantor set.

Let X = {0,1}%20 denote the set of infinite right-handed words epé . . . of
0s and 1s. Clearly, L7 can be identified with X, since each t = tot1... € Lp
can be identified with a word gge; ... in X. The mapping ¢ : ¥ — R defined
by

i(EQEl .. ) = ngOIEO...e,,L,l

gives an embedding of Ly into R. This is the simplest non-trivial example
of an embedded tree. We shall be interested in embedded trees such as this
where the analogue of the Cantor set C is generated in one way or another
by a dynamical system.

Very often, the set C = i(Ly) will be an invariant set of a hyperbolic
dynamical system. For example, there is a map o defined on Ly above by

o(eper...) =€162....

This induces a map ¢’ on C' = i(Lr) that is candidate for a hyperbolic system.
Using our results, we give necessary and sufficient for this map to be smooth
in the sense that it has a C1T® extension to R as a Markov map such as that
shown in Figure B.2.

In the above case, the equivalence relation ~ is trivial and there are no
contact points. But now consider the case where the tree is embedded in
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Fig. B.2. A cookie-cutter.

this way but where the gaps G; are empty. In this case, ¢ maps Ly onto an
interval but is not an embedding, because it is not injective. The equivalence
relation ~ on L7 is non-trivial: it identifies the points gg...£,1000... and
€o...€,0111.... Thus, h is injective on all but a countable set. The space
Lt/ ~ is homeomorphic to an interval. However, note that L7 has much
more structure than an interval, because of the points marked by the cylinder
structure. In particular, there are uncountable many smooth structures on
L7, but only one on the interval.

We could regard the vertex set of T as U, >¢T},, where T,, is the set of
intervals I.,. ., , and the edge relation of 1" is inclusion. In such a case, we
say that T is defined by the cylinder structure.

Rotations of the circle

This is another example with contact points. Consider the rotation R, (x) =
r + a, where « is an irrational number such that 0 < a < 1, represented as
the discontinuous mapping

p o lrta x € Ja—1,0]
T lz+a—1, z€[0,q]

Let p,, /g, be the nth rational approximant of «. Consider the orbit R, (0), ...,
R4, —1)a(0). This partitions the interval [« — 1, o] into g, 41 closed intervals.
Let T,, denote the set of such intervals and let T" be the tree whose vertex
set is U,>07y, and such that the mother of v € T;, is the interval T,,_; that
contains v. Thus, T is again defined by the cylinder structure. If t,t; ... € Ly,
then i(tot1 ...) = Np>oty defines an embedding of T with contact points.

Of course, any map that is topologically conjugate to R, would generate
the tree T', but a different embedding. The question of determining whether
two such mappings are smoothly conjugate boils down to showing that these
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embeddings determine the same smooth structure on Lp. The approach used
in the theory of renormalization is to show that this tree T' can be generated by
a Markov family (F,)nez., as defined in Rand [189]. This Markov family and

its convergence properties determine the C** structure on Ly as is proved
in Pinto and Rand [157].

B.2 Basic definitions

We start by introducing some basic definitions.

Gaps

Fix a C'*® structure S on L. If s and t are adjacent but not in contact, then
there is a gap between i(L,) and i(L;). We will add a symbol gs; = g;.5 to T},
to stand for this gap, if m(s) = m(t). For the chart (¢, L), we let G, ;; denote
the smallest closed interval containing the gap. Let T,, denote the set T}, with
all the gap symbols g adjoined. Let Vi = UnleNn. If mP(s) = mP(t), then
Gs.ti = Grr—1(s),mr—1(1),i-

Primary atlas

Suppose that S is a C'**  structure on Lp. Then, clearly there exists N > 0
such that if Tn = {t1,...,t;}, then there are charts (i;,U;) of S, 1 < j < g,
such that the open subset U; contains the N-cylinder L;;. We call such a
system of charts a primary Nz atlas Z with Nz = N.

Fix such a primary Nz atlas Z = {(i;,U;)};=1,.. 4. Define C, 7 as the
interval Cj;;, where j is such that m"(t) = t;, for some r > 1. Similarly,
define G ¢ 7 as the gap G, if s and t are non-contact adjacent points with
m(s) = m(t).

If t,s € T, are adjacent and in contact, define the scalar

1
dst 1= §(|Ct,I| +1Cs zl)-

If t,s € T,, are adjacent but not in contact, let ¢, be the vertex such that
G5,z C Cpyty),z but Gy sz is not contained in Cy, 7. If Cy # Cpy(y), then
define ¢t; = ¢. Otherwise, let ¢; be a descendent of ¢ such that C%, 7 is adjacent
to Gi 5,17, Cty 7 # Crz but Cm(tl),I = (7. Define the scalar

Gs.7]
‘Ct17I|

1
Ots,7 = §|Ct1.,I|

Let ', s’ be the vertices such that m(#') =t and m(s’) = s. Define the scalar
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€t,s,7 = 5t,s,I - 6t’,s’,I-

If t € T, is in contact, let the connected set al be the union of n cylinders
and gaps containing Cy z. The number of n-cylinders and gaps contained in
C 1 is bounded independently of ¢ and n.

Scaling tree
(i) The scaling tree oz (t):

_ |G|
|Cmt),z]

This defines a function

G
and o7(ge.s) = M

o7 t .
(¥ |Crt),z]

oT: U T, — [0, 1].

n>Nz, 7

The fact that it is not necessarily defined for small n is not important.

Ratios distortions

Now, suppose that in addition to the structure S and its primary Nz-
atlas 7, we have another structure 7 and a primary N s-atlas J for
it. Redefine N7 s = max(Nz, Ns) + 1. To each t € T,,, n > N 7, we
associate the following ratios:

(i) vy
t
yt:'l—aj()‘.
oz(t)
(iii) vy s: If ¢, s € T}, are in contact,
_‘ |Cez| |Cs,7]
vy = |1 — = 2
Cszl |Cr 7]

B.3 (1 4+ a)-contact equivalence

Let S and 7 be C'T  structures on Ly and let Z (resp. J) be a primary
atlas for S (resp. 7). We are going to prove that a sufficient condition for S
and 7 to be C'T% _equivalent is that Z ~ 7. It is sufficient to prove it locally
at each point t € Lp. Let ¢ : Uy — R be a chart in Z and 5 : V; — R be a
chart in J with ¢ € Uy N V. Then, it suffices to show that, for some open
subsets U and V of Uy N V; containing ¢, the mapping joi~! : i(U) — j(V)
has a C1T®  extension to R. If this is the case, for all such ¢, then the result
holds globally. We can restrict our analysis to the case where
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(i) the smallest closed interval I containing ¢(U) is a cylinder Ci;, for
some t € Ty,, where Ny > Nz 7 or else is the union of two adjacent
cylinders of this form that are in contact; and

(ii) where the smallest closed interval J containing j(V') consists of the
corresponding cylinders for j.

Now, let I" (resp. J™) be the set of endpoints of the cylinders Cy; (resp. Cy;),
where t € T,,, n > N and Cy; C I (resp. C;; C J). Then, joi~ 1 maps I onto
J™ and is a homeomorphism of the closure I*° of U,>x,I" onto the closure
J* of Up>n,Jd". We will construct a sequence of C* mappings L,, such that

(i) L, agrees with joi™! on Un,<j<nl’;

(ii) L, is a Cauchy sequence in the space of C'*¢ functions on I, for all
€ < a, and, therefore, converges to a C'+t*  function L., on L.

(iii) the mapping L, gives the required smooth extension of j o i~
proves the theorem.

L and

B.3.1 (1 4+ «) scale and contact equivalence

Define the scalar A; s 7 as follows. Let ¢,s € T}, be adjacent vertices, not in
contact, such that m(t) = m(s). Define

A ={z€T,:z<t and m(z) =m(t)}

and - R
Ar={z€T,:z>t and m(z) =m(t)}.

We now define the scalars F, . 1 ; and F; 5 A 7. If s € A, define the scalar
Ft,s,Z,I = 05,7, otherwise define Ft,s,Z,I = dts,7 + |Ct z|. Similarly, define
t,s,ATL- Let

At7S7I = min {Z Vz|Cz,I| =+ VtFt,s,A,I} .

Roughly, A; s 7 — viFy s, A1 is given by the weighted average of the cylinder
lengths |C, 7| using weights v,.

Definition B.5. We say that two such primary atlases T and J are (1+ a)-
scale equivalent, if, for all 0 < e < a < 1, there exists a decreasing function
f = fe: Z>o — R with the following properties:

() S0 () < o;

(i) for all t € T,,, vy < f(n);

(i) for all s € Ty, adjacent to t but not in contact with it, and all
n > Nz 7, if m(s) =m(t),

(

—(1+ _
At7SaIet,s,I 7 + Vtet,;I < f(?’l),
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while if m(s) #m(t) and e, sz > 0, then

-
5t,s,IVt€t7£’;s) < f(n).

Definition B.6. We say that two such primary atlases T and J are (14 «)-
contact equivalent, if, for all € such that 0 < ¢ < «a < 1, there exists a
decreasing function f = f. : Z>¢o — R with the following properties:

(1) 3oneo f(n) < o0

(i1) for all t,s € T,,, n > Nz 7 such that t and s are in contact,
visdy sz < f(n) and 1|Chz < f(n).

By condition (ii) of the Definition B.5, for allt € T},, O(|Cy.z|) = O(|Ct.7|),
as easily proven in Lemma B.8. Therefore, Definitions B.5 and B.6 are sym-
metric in Z and J.

Definition B.7. We say that two such primary atlases T and J are (1 + «)-
equivalent (Z ~ J), if they are (1 + )-scale equivalent and (1 + «)-contact
equivalent.

B.3.2 A refinement of the equivalence property

Lemma B.8. |C, 7|/|C}, 7] is bounded away from 0 and oo, i.e. |Cy z|/|Ci.g| =
0:(1).

Proof. For all t = toty... € Ly, define Q(t;) = In(|Cy; z|/|Ct, 7]), for all
J = 0. By definition of v, |Q(tj—1) — Q(t;)| < O(vs,). By the (1 + «a)-scale
equivalence,

n

|Q(tNI,J) - Q(tn)| <0 Z v | <c,

J=N+1

for some constant c;. As the set Ty, , is finite, |Q(¢,)| is bounded above,
independently of n and t,. [

Corollary B.9. Ift € T,,, n > Nz 7,

ICral  [Cm,gl
|Ct,l" |Cm(t),I|

If s,t € Ty, are adjacent but not in contact and m(s) = m(t), then

< O(wy). (B.1)

Gisgl  1Cng),l
e : < O(vy, ). B.2
IGrszl Ozl Cs..) (B.2)
If they are in contact, then
Cral  1Csg]
2 — < O(vs). B.3
Gzl [Curl | = 91 B3
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Proof. This follows directly from the definition of v4, v, , and v and the
boundedness of |C; z|/|Ct, 7| O

B.3.3 The map L,

For all n > Nz 7, and all t € T,, with adjacent vertices s and r, define the
map L, as the affine map such that L,(P, s 7) = P,s,7 and Ly(P, ;1) = Pir 7.
Therefore, for z € {s,r},

G gl

Lt(l') = |Ct1—|

(= Pio1)+ Prsg.

To each s,t € T,,, n > Nz,7, we associate the intervals Cy s 7, Dy s 7 and
E,; ;7 that we will use in the construction of the sequence of C* mappings
L,, (see Figure B.3).

o Cst1, Cisz and Dy, 1 If t,s € T, are adjacent and in contact, define
P, ;1 = P, 7 as the common point between the closed sets C; 7 and Cs 7.
Define the closed sets C; s 7 and Cj ¢ 7, respectively, as the sets obtained
from Cy r and from Cj 1, by rescaling them by the factor 1/2, keeping the
point P, , 7 fixed. Define Dy s 7 = C} s 1UCs 4 7. Note that |D; s 7| = dy s 7.
If t, s € T;, are adjacent but not in contact, define P; , 7 and P+ 7, respec-
tively, as the common points of the closed sets Cy 7 and Cs 7 with the gap
Gy s,7. Define the closed sets Cy s 7 and Cs ¢ 7, respectively, as the intervals
contained into the gap Gt s 7, with endpoints P; s 7 and P, ;7 and length
6t7s,I and 6s,t,I~

o F;,7: Let t1,51 € T,41 be the adjacent vertices such that Gy, s, 7 =
Gt,s,I- Define Et,s,l' = Ct,s,I \ Ct173171'. Note that Ot,I = Om(t),Z if, and
only if, E; s 7 = (). Moreover, |Ey s 7| = e; 5.7. Let t;, s, € Ty and ¢, s; € T}
be adjacent vertices such that Gy, s, 7 = G, s, 7- Then, By, s, 7 and Ey; 5, 1
have the important property that intE, 5, zNintEy; ,; 7 = (). This property
is used later on in the construction of the map L,,.

Lemma B.10. (i) For k equal to 0 and 1 and for all n > Nz 7 and
all pairs of adjacent vertices t,s € T,, that are in contact,

Lt — Lsllor < O(ve,5|De s,z l_k) (B.4)
in the domain Dy 4 1.
(i1) For all vertices t € T,, and alln > Nz 7,
1Lt = Lty llco < O(fe(n)) (B.5)

in the domain Ci 1. For all adjacent vertices s and t not in contact,
if m(s) =m(t), one has

Lt = Lingyllco < O(Ats,7) (B.6)
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CS Ps.t C,
Cv t | Cl s
< DS’[ >
(a)
L, L
CS I Il‘ N CZ
I I
Cs,t Ct,s
(b)
Cy | G

(c)
Fig. B.3. The intervals C s, Cst, Ds+ and Ey .

in the domain Cy 1. If m(s) # m(t) and Ey sz =0, then Ly = L)
in Crs 1. If m(s) # m(t) and E 57 # 0, one has

I1Lt = Lin)llco < O] Cls.1]) (B.7)

in the domain C s 1. Moreover,
[dLt = ALy llco < O(vt) (B.8)

in the domains Cy 1 and E; 4 1.

Proof. Firstly, we prove inequality (B.4). By Corollary B.9 and since
Li(Prsz) = Ls(Prsz) = Prsg = Pspg and o — Py s 7| < O(|Dy s 11),
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C Cs,
o) - L) = | G2t = T o = Pro| < OWalDiaal)  (B9)
" Cigl _[Ces
dL; — dL,| = | =L DTl < 5).
| t | |Ct,I| |Os,I| —O(Vt,)

Let us prove inequality (B.5). Let v, z,r € T}, be such that m(v) = m(z) =
m(r) = m(t) and z is the only vertex between v and 7. By definition of L),
and as L,(P, 1) = Ly(P,, 1), we obtain by Corollary B.9

ICrnw,gl 107l
ICmty .zl 1Cez
H L) (Perz) — Li(Pzr 1)
< O (v2|Cez| + | Ly (Peyrz) — Ly (Pep1)]) -

|Lm(t)(Pv,z,I) - Lz(P'u,z,I)| <

|Py2z = Pzl +

Let r1,v1 € A1 = A, and 7r2,v2 € Ay = A; be such that r; and 7o are
adjacent to ¢t and v; and vy have adjacent vertices z; and zo, respectively,
such that m(z1) # m(t) # m(z2). Let ¢ be equal to 1 or 2. By definition of
Lm(t) and Lvi,

Lm(t)(PUuZuI) = L'Ui (Pvi,zi,f)' (BlO)
By inequalities (B.9) and (B.10),
|Lm(t)(Pt,T-;,I) - L”"i (Pt,ri’l') S O (Z V'U|C'U,I|> . (Bll)
vEA;

For all x € C, 1, by Corollary B.9 and inequality (B.11),
ICrnw,gl 107l
|Cm(t),I| |Oz,l'

+|Lm(t) (Pt;ThI) - LTi (Pt,Ti,I)|

<0 <Vt|ct,z| + > uv|cv,z|>

veEA;
<O (fo(n)|Cry z]) < O(f(n)).

Let us prove inequality (B.6). For all x € C} 5 7, by definition of A; ; 7, by
Corollary B.9 and inequality (B.11),

[ Ly () — Li(2)] <

‘J} - Ptﬂ‘i,Il +

ICmy,7l |C, 7]
Loy (x) — Ly(z)| < ~— — :
Lon(o(2) — L) \wm(m' -

| L) (Pr,s,z) — Li(Prsz)] < O(Ats7)-

|z — Prsz| +

Let us prove inequality (B.7). By definition, L;(Ps,7) = L) (Pr,s,7)- For
all x € Cy 5 7, by Corollary B.9,



246 B Appendix B: Classifying C** structures on Cantor sets

ICogl  |Cmin.5]
Li(x _Lm L) = ) - 7
|Li(2) ()| ’|Ct7z| |Cont) 2]

< O (14|Cs.1]) -

|z — Pps 1l

Moreover, inequality (B.8) follows by Corollary B.9, because

ICial  |Cms),l
ICtzl  |Come) 2l

|st - dLm(t)| = S O(Vt).

B.3.4 The definition of the contact and gap maps

Lemma B.11. For all 6 > 0, there exists a C™ map ¢ : [0,0] — [0,1] such
that $(0) =0 on [0,6/3], ¢ =1 on [26/3,1] and ||@||cr+e < cid™*+®)  where
¢k depends only upon k € Z>o and not on e € (0,1] or 4.

Proof. Find such a function ¢q for the case § = 1 and then deduce the general
case by letting ¢(z) = ¢o(d~1z). O

If s and t are adjacent vertices in T,,, we use Lemma B.11 to choose
functions ¢ s on Gy s 7 and ¢s ¢+ = ¢ s on Dy s 7 with the following properties.

(i) érs =0 (resp. ¥ s = 0) on the left-hand third of Ey s 7 (resp. Dy s.1)
and ¢ps = 1 (resp. ¥y s = 1) on the left-hand third of E, ;7 (resp.
Dt7S,I)'

(i)

[¢esllcr < O (|Bszl™P) (B.12)

and
[Yesllor < O(|Drszl™P), (B.13)

for all reals p between 0 and 2 and where the constants are independent
of all the data.

Extend ¢ to all of the gap D; sz as a smooth map by taking it as
constant outside F; s 7. We call the ¢; ; gap maps and the v, ; contact maps.

Note that, for all n, m > Nz, 7 and all non-contact adjacent vertices ¢, s, €
T,, and ta, s € Ty, such that {s1,¢1} # {s2,t2}, the domains of the gap maps
where they are different from 0 or 1 do not overlap. For all n > N and all
contact adjacent vertices t3,ss € T, and t4,s4 € Ty, such that {s3,t3} #
{s4,t4}, the domains of the contact maps do not overlap. Moreover, they do
not overlap with any domain of any gap map ¢y, s,, where ts,so € T, and
m < n.
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B.3.5 The map L,

For all n > Ny and all vertices t € T}, define the map L, on Cyz C I as
follows. For all vertices s; in contact with ¢, L,, = L, on C; 7\ U;Cy s 7. If s is
in contact with ¢ and s is on the left of ¢, then define L,, on C s 7 by

Ln = ¢t,sLt + (1 - '(/Jt,s)Ls-
If s is on the right of ¢, then define L,, on Cy 51 by

Ln = wt,sLs + (1 - wt,s)Lb

Extension of L,, to the gaps

For all n > Ny and all non-contact adjacent vertices ¢, s € T,,, suppose that ¢
os on the left of s. If E; s 7 = (), define the map L,, on Cy 57 by L, |Ct s 17 = L.
If E, 57 # 0, define the map L,, on Cy 51 by

Ln|Ct,s,I = Lm(t)(bt,s + Lt(l - ¢t,5)-

If Es;7 = 0, define the map L, on Cs; 71 by L,|Csy7 = Ls. If Eg; 7 # 0,
define the map L,, on Cs 1 by

Ln|Cs,t,I = Lm(s)(1 - Qbs,t) + Ls¢s,t-

Finally, in Gy 57 \ (Ct 57U Cs1.7), define L,, = L,,_1.

Let t1,s1 € T,—1 be such that m(t;) = ¢t and m(s;) = s and E; s 7 # 0 and
Eg i1 # (0. The map L, is equal to Ly in Cy 57 \ Et 57 = Ct, s, 7. The map
L,, changes smoothly in Ey s 7 to Ly, = Ly ) = Lpn—1. The map L, is equal to
Lp_1in Gy sz )\ (Crs7UCs 7). Again the map L, = Ly,_1 = Ly,(s) changes
smoothly in E, ;7 such that L, = L, in Cs ;7\ Est1 = Cs, t, 7. Therefore,
the map L,, patches together smoothly in Gy 7. If Ey 57 = 0, then in C 4 7,
by definition of the map Ly, 1, Ly—1 = Ly,(¢) and the map Ly, ;) = Ly = L.
Therefore, L, = L,_1 in C; 4 7. Similarly, if Es ;7 = @, then L, = L,_q in
Cs,t,l"

This construction builds an infinitely differentiable map L,, that is defined
on the closed interval I and that maps I diffeomorphically onto J.

B.3.6 The sequence of maps L,, converge

The space of C'*¢ maps on I, for all 0 < € < o, with the C'*¢ norm, is a
Banach space. In this section, we present a prove that the sequence (L, )n> N,
is a Cauchy sequence in this space and therefore converges. First, we prove
the following lemma.
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Lemma B.12. Suppose t € T,, and n > Ny. Then, in the three subsets Cy 1\
UsCt,s,I; Dt,s,I and Gt,s,I;

[ Ln = Ly—1|lci+e < O(fe(n —1)).
The constants of the inequality only depend upon T and J .

Proof. We break the proof down into 3 cases corresponding to behavior in the
three subsets Cyz \ UsCy s 1, Dt s 7 and Gy s 7.

(i) For Cy 1 \ UsC} 5 7, where s is in contact with ¢. By Lemma B.10,
[Ln — Ln-1llci+s = | Lt = Lyl cr+e < O(fe(n)).

(ii) For Dy sz = Cp 52U Cs 7. Suppose s is on the left of t. We will
study Ly, — L, _; in the domain C; 5 7. By a similar argument, we have
the same result in Cs; 7.

Lp—Li = sLi + (1 =) Ls — Ly = (1 — 4y 5)(Ls — Ly).
By inequality (B.4),
|Ln — Li| < |1 = thes|[Ls — Le| < O(v,5|Dis,zl)-
Moreover, by Lemma B.10 and inequality (B.13),
|dLy, — dL¢| < |ty s||Ls — Le| + |1,s]|dLs — dLe| < O(1r,).
and

[dLn — dLil[ce < l[dipesllo=|ILs — Lellco +
FlldesllcollLs — Lello= + lldipe,sll o= [|dLs — dLtl|co
§ O(Vt,s|Dt,s,I|7€>~

Therefore,
[ Ln — Le|loi+e < OWt,5|Dy,s x| ).

If m(s) # m(t), then, by Lemma B.10 and the last inequality,
”Ln - Ln—IHC1+E < ”Ln - LtHC1+E + ||Ln - Lm(t)||c71+6
+ | Lty = Ln—1llc1+=
< O(v,5|Dysz17%) + O(fe(n)) +
FOWimn(),m(s)| Dim(),m(s).z1)
< O(f.(n—1)).

If m(s) = m(t), then Ly,;) = Ly, 1 or

1Lty = Ln-tllcrse € OWm) 2| Diniry 2.2 7%) < Ofe(n = 1),
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where z is a contact vertex of m(t). Therefore, in the domain Cy ; 7,
[ Ln — Ln-1llc1+ < O(fe(n —1)).
By a similar argument, in the domain C ; 7, we obtain in D, 7,
[Ln — Lon—1llci+e < O(fe(n —1)).

(iii) For Gy,s,z. Suppose that ¢ is on the left of s. By definition of the
domains of the gap maps, L, = L,_; in the gap G s 1, except in the
intervals Cy s 7 and Cs 4 7. If Ey g7 =0, then L,, = L,,_; in Cy 5 7. If
Et,s,I 7é @, then in Ct,s,I

Ln - Lnfl = Lm(t)((z)t,s - ]-) + Lt(l - (z)t,s) = (Lt - Lm(t))(]- - ¢t,s)~
If m(t) = m(s), by Lemma B.10 and inequality (B.12),

L = Ln—1llco < [Lt = Lin)||1 — ¢¢| < O(vy),

|dLy, — dLn—1llco < |Lt — Linylldde| + |dLy — Ly ||1 — ot
<0 (At,s,I|Et,s,I|71) + O(y)

and

|dLn, — dLn—1llce < [[Lt = Lincoyllce ldgellco + ([ Lt — L llco ldeell o= +
H[dLi — ALy llcol|1 — d¢llc-

S O (l/t|Et’S,I|1_E_1) + O (At,s,I|Et,s,I‘_(1+8)) +
+0 (Vt|Et,s,I|_E)
<0 (At,s,I\Et,s,ﬂ_(HE)) + O (n|Esz|™7).

Similarly, in Cs 7, if Esy7 = 0, then L, = L,_1. If E5; 7 # 0 and
m(s) = m(t), then in Cy 4 7,

||Ln - Ln—1||C1+5 S @) (At,s,l'

Et,s7I|7(1+€)) + @ (l/s‘Es,t,I|7€) .

If m(t) # m(s) and E; s 7 # (), we have by Lemma B.10 and inequality
(B.12), that in the domain C; s 1

[Ln — Lon-1llco < [Lt = Liny |11 = ¢4 < O (1|Cs.21)

|[dLn — dLy—1llco < [Lt = Linoylldde| + |dLt — dLpry|[1 — o]
< O (w|Crszl|Eryszl™)

and
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[dLn — dLyp—1llce < Lt = Lin)llce ldéellco + 1Lt — Lingy llcolldeellc= +
+||dL; — dLm(t)||C°||1 — ¢illce

< 0 (lCh B0+,

Similarly, in Cs .1,

1Ln — Lp_i|lcis- <O (Vt|cs,t,z||Esﬂ 7<1+s>) .

O

Lemma B.13. The sequence of maps (Lyp)n>n, s a Cauchy sequence in the
domain I with respect to the C1*¢ norm. In fact, || L, —Ly—1| c1+e < O(f-(n—

1)).

Proof. For all vertices t € T,,, define P, as the middle point of C} 7 and for
all non-contact vertices ¢, s € T,,, define @ s as the endpoint of Cy s 7 that is
not common to Cyz. Denote dL,, — dL,_1 by B,. By inequality (B.8),

1Ba(Py)| < O(1y) and |dBn(Qrs)| = 0. (B.14)

For all =,y € I, if the closed interval between x and y is contained in the
union of a bounded number of domains of the form C; 7 or Cy, | 7, then, by
Lemma B.12,

|Bn(y) — Bn(z)]

ly — x|

Otherwise, take P, (resp. P,) to be the nearest point of the form P, or @y s to
x (resp. y) in the closed interval between x and y. Let us consider the case that
P, = P, and P, = P,. By inequalities (B.14) and (B.15) and (1 + «)-contact
equivalence,

|Bn(y) — Bn(z)] < |Bn(y) _Bn(Py>| ‘Bn(Py”
ly — z|° B ly — Pyl |Cs 2|

FO(feln = 1)) + 0 (nlCezl ™) +
+O (mmr@) +O(fo(n—1))

Similarly, for the other cases. Therefore, || Ly, — Lyp—1]ci-e < O(fe(n — 1))
and, by condition (i) of Definition B.5, L,, is a Cauchy sequence. [

< O(fe(n—1)). (B.15)

+
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B.3.7 The map L

Since the sequence (Ly)n>n, is a Cauchy sequence in C'*¢(I), it converges
to a function Lo, € C1Fe.

Lemma B.14. The map Lo is a C'T  diffeomorphism of I onto J that
extends i~1oj.

Proof. By Lemma B.8, for all t € T,,, |C;.7|/|Ctz| is bounded away from 0
and oo and, by the hypotheses of (1+ «)-scale equivalence and (14 «)-contact
equivalence, if s,t € T,, are adjacent, (i) At sz|Ftsz|™' — 0, (ii) v — 0 as
n — oo, and (iii) vs; — 0 depending if s is in contact with ¢ or not and if
they have the same mother. Thus, there exists ¢y > 0,0 < e < e, and N; >0
such that if n > Ny, then, for all s,t € T},

g1 < |Cm(t),._’7|/‘cm(t),f|; (@] (At7s,I|Et,s,I|_1 + Vt) <e and O(Vt,s) <g,

when defined.

We break down the proof into four parts corresponding to the sets Cy 7 \
(UsCt.s.7), Dt sz, where s is adjacent and in contact with ¢; Cy s 7, Cs 7 and
Gis1\ (Crs7UCs 1), if s is adjacent and not in contact with ¢.

(1) In CtJ \ Ct75,z. dL; = |Ct,j|/|0t,1| > £e1.

(if) In Dy, 7. Suppose that s is on the left of ¢. Then, in the domain
D, 1, by the inequalities (B.4) and (B.13),

‘dLn‘ = |wt,det + d¢t,sLt + (]- - wt,s)dLs - dwt,sLs‘
2 |dLs| - ‘dwt,s(Lt - Ls) + wt,s(st - dLs)|
> |CS"7|/|CS,I| — O(Vt7s) >e1—e >0,

(iii) In Cy s 7. Suppose tis on the left of s. Similarly, if ¢ is on the right of
s. Then, in the domain Cy s 7, if Ey s 7 = 0, one has |dL,,| = |dL:| > €.
If By s 7 # 0, then, by Lemma B.10 and inequality (B.12),

|dLn| = |¢t,det + d¢t,sLt + (1 - ¢t7s)dLm(t) - d¢t,sLm(t)|
> |dLyyy| = |dde,s(Li = Liyp)) + G1,s(dL — dLyy )|
2 |Cm(t),J|/‘Cm(t),I| -0 (At,s,I‘Et,s,I|71 + Vt) > —€> 0,

(iv) In Gys7 \ (Crs,z U Csy 7). In different subsets of this set, the
map L, = L,_;, for some j € N. We suppose, by induction, that
L,_; > &1 —e > 0. For that take Ny = max{Ny, N1}.

Therefore, |dL,| > 1 —e > 0 in I, for all n > Ny, which implies that
|Loo| > 1 —e > 0.
By construction, L, (Cy 1) = Ct 7, for all t € T,,,, No < m < n, and

therefore Lo, equals i~! o j on the closure of Un>n I™.
As Lo (C, 1) = Cy, 7, for all vertices t € T, and all n > Ny, L is a

C'*te conjugacy between the charts i and j.
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B.3.8 Sufficient condition for C1+® -equivalent

Theorem B.15. Let S and T be C'**®  structures on Lt and let T (resp.
J ) be a primary atlas for S (resp. T ). A sufficient condition for S and T to
be C1T _equivalent is that T ~ J .

Proof. Tt is sufficient to prove the theorem locally at each point ¢ € Lp. Let
1: Uy — R be achart in 7 and j : V, — R be a chart in J with ¢t € Uy N Vj.
Then, it suffices to show that, for some open subsets U and V' of Uy N Vj
containing ¢, the mapping joi~!:i(U) — j(V) has a C1T®  extension to R.
If this is the case, for all such ¢, then the result holds globally. We can restrict
our analysis to the case where

(i) the smallest closed interval I containing i(U) is a cylinder C,;, for
some t € T,, where Ny > Nz 7 or else is the union of two adjacent
cylinders of this form that are in contact; and

(ii) where the smallest closed interval J containing j(V') consists of the
corresponding cylinders for j.

Now, let I" (resp. J”) be the set of endpoints of the cylinders C;; (resp.
Ct,;), where t € T;,, n > Ny and Cy; C I (resp. C;; C J). Then, joi~! maps
I" onto J” and is a homeomorphism of the closure I*° of U,>n,I™ onto the
closure J*° of U, >n,J". By Lemmas B.12 and B.14, there is a sequence of
C*° mappings L,, such that
(i) L, agrees with joi™! on Un,<j<nl’;

(ii) L, is a Cauchy sequence in the space of C1T¢ functions on I, for all

€ < a, and, therefore, converges to a C'T®  function L., on I.
(iii) the mapping L, gives the required smooth extension of j o i~

proves the theorem.

L and

|
The proof of Theorem B.16 is similar to the proof of Theorem B.15, taking
€ equal to a.

Theorem B.16. Let € be equal to a in Definitions B.5 and B.6. The C1t
structures S and T are C'T -equivalent, if T ~ J.

B.3.9 Necessary condition for C11® -equivalent

Theorem B.15 gave a sufficient condition for S and 7 be C'*% -equivalent.
The following theorem gives a necessary condition that is very closely related.

Theorem B.17. Let S and T be C'*t® structures on Ly with ~y-controlled
geometries and T and J be, respectively, primary atlases for S and T. If S
and T are C* " _equivalent, then T L 7.
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Proof. Suppose that the structures S and 7 are C'*P-equivalent, for all
0 < B < «. Let the respective primary atlas Z and J have «-controlled ge-
ometry, where 0 < v < . This equivalence means that the identity is a C'*7
diffeomorphism between the two structures. Thus, if (¢, U) is a chart of Z and
(4, V) is a chart of J such that Cy,.)z C U and Cp,(;),7 C V, then there
exists a C11P diffeomorphism A : R — R such that h(C(2),z) = Cpu(z),7 and
h(Ci 1) = C\,g, for all descendents ¢ of m(z).
By the Mean Value Theorem, there are points u,v € Cy, 1),z such that

|[dh(w)| = [Cone).g|/|Cmeey.z| and |dh(v)| = [Ct7|/|C: ]

Moreover, since h is C'*#, we have that |dh(u) — dh(v)| < O(|Cyne) z|P)-
Therefore,

|Ct,7| |Cm(t)7I

< O (|Cnr) zI”) < Olgp.e(n)). (B.16)

vy = |1 —
' ‘ [Congey,7] 1Cez]

By a similar argument,

o |Gt,s,j| |Cm(t),I|
‘Cm(t),J| |Gt,s,I‘

Vor,s < O (ICnw 2l?) < Olgse(n)).  (BAT)

Therefore,

Apsz <0 <|Cm(t),z|ﬁ <Z C.1 >>
z€EA

< O (|Cmay zI™™) < O(gp,-(n)).

By the hypotheses of Theorem B.17, if m(t) = m(s), then

At,s,I

Epsz|” U 4 y|Ey 7] ° < O (Icm(t),1|1+ﬂ|Et,s,I|_(l+€)> +
+O (ICnt) 2’| Btz 7%)
<0 (\Cm(t),ﬂ1+ﬂ|Et,s,I|_(l+€)>
< O(gp.e(n)).

If m(t) # m(s) and Ey; 51 # 0, then
Vt|Ct,s,I||Et,s,I|_(1+6) <O (‘Cm(t),I|B|Ct,s,I||Et,s,I‘_(1+E)> < O(gg.e(n)).

Thus, the conditions of Definition B.5 are verified, if for f.(n) one takes
cg.e(n), where ¢ > 0 is some constant. Therefore, the atlases Z and J are
(1 4 ~y)-scale equivalent.

If ¢ is in contact, then, by inequality (B.16),
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v|Ciz|™ < O (|Cmi 2|’1Crzl ™)
< O(gp.e(n))-

If s and t are in contact, then, by the Mean Value Theorem, there exist
u € Cy 7 and v € Cy 1 such that

[dh(u)| = |Cs 7|/|Cs.z| and |dh(v)| = |Cyg]/|Crz].
Since the map h is C115,

|dh(z) — dh(v)| < O ((Cs.z

+ |Cs,I|)ﬂ) <0 (lDt,s,Z|ﬂ) .

Therefore,
1Ctgl|Csz

Cs, 7| |Crzl

< O(|Dys1l”) (B.18)

Vt,s: 1-—

and y
t,s —

—2— < O(|Dy,s,2]°7%) < O(gp,c(n)).

|Dt,s,I|s = (| t, ,I| ) (gﬂ, ( ))
The last inequality follows from the hypotheses of the theorem.

Thus, taking f.(n) = cgg.(n), the conditions of Definition B.6 are verified.

Therefore, the atlases 7 and J are (1 + +y)-contact equivalent. This completes
the proof that Z and J are (1 + )-equivalent. OJ

Lemma B.18. For C'*®  structures on Ly with a-controlled geometry, the
Definition B.21 is equivalent to Definition B.7.

Proof. Definition B.7 implies Definition B.21, because, by Theorem B.15, the
Ot structures S and 7 are C1T -equivalent and by a-controlled geome-
try Theorem B.17 holds with v = «a. Therefore, by inequalities (B.16), (B.17)
and (B.18), we obtain Definition B.21. Definition B.21 implies Definition B.7
by a straightforward calculation, using the a-controlled geometry property of
the structure S. O

B.4 Smooth structures with a-controlled geometry and
bounded geometry

The results of the following sections are implied by the general theory on
smooth structures that we will present in Section B.3.

Definition B.19. A C't®  structure S on Ly has ~-controlled geometry, if,
for some primary atlas T and for all € such that 0 < € < v < «, there exists 8
such that e < B < a and there exists a decreasing function g = gg : Zn>0 —
R with the following properties:

(i) 3= 9(n) < oo;
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(i) for all t € T),, |Cy z|? < g(n);
(iii) for all t,s € T, that are adjacent but not in contact, if m(t) =
m(s), then

Conte 2l e 57 < (),

while if m(t) # m(s) and e; sz > 0, then
[Coney 2100070 < 9ln);

(iv) for allt,s € T,, that are in contact, we have that dt o1 <g(n) and
Cin).2l’ICrz| % < g(n).

If the structure S on Ly does not have gaps, then condition (iii) is trivial
satisfied and (ii) follows from (iv). An important example is given by the case
of smooth structures generated by smooth circle maps.

Let Z and J be different primary atlas for S on Ly. By smoothness of the
structure S, there is a constant ¢ > 0 such that, for all t € T,,, O(|C;z|) =
O(|Ct,7]). Therefore, Definition B.19 is independent of the atlas considered.
Similarly, let S and 7 be C'*-equivalent structures on L7. Then, S has -
controlled geometry if, and only if, 7 has ~y-controlled geometry.

In Lemma B.25 below, we show that a structure with bounded geometry
has y-controlled geometry, for all 0 < v < 1.

Lemma B.20. The structure S has a-controlled geometry, if the following
condition is verified: The gaps of the structure S have length greater or equal
to the cylinders adjacent to it. Letl : Z>o — R and L : Z>o — R be positive
functions such that, for all t € T,, l(n) < oz(t) < L(n). Then, for all 0 <
€ <7, there is v < B < a such that

COnverges.

Proof. For all t € T,,,
C
i) < A9l < 1), (B.19)

For all t € Tm
n
[1i6) <zl < HL (B.20)
= i=1

1
Conditions (i), (ii) and (iv) in the definition of ~-controlled geometry are
verified by inequality (B.20), for a decreasing function ¢ = gg. : Z>0 — R
such that
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Let us prove that condition (iii) is also verified. For all adjacent vertices ¢, s €
T,, that are not in contact, we have by definition that

|Gt,s,I
|Ct271‘

5t,s,I = |Ct7I|

Recall that t, is the vertex such that Ci, 7 and G,z have the same
mother and Cy, 7 is an ancestor of C;z. Therefore, by inequality (B.19),
l(n)\Om(t),ﬂ < |Ct71 < L(n)|cm(t)’1‘. Thus,

5t,s,I < L(n)|cm(t),1|‘Gt,s,l'|/|0t2,l'|

and
ets,7 > (1= L(n)l(n)|Cp) zl|Gt,s.21/|Ct, 1l

By hypotheses |C, 7|/|Gt,s,z] < O(1), thus

|Cm(t),I|1+Be;S(’1;E) <0 (l(n)7(1+5)|0m(t),z|ﬁ*€)
< O(g(n)).

Hence,

Coney 21 81z, 5 < O (10)~ 49| Cony 2172 L))
< O(g(n)).
Therefore, for all 0 < v < 1, the structure S has -controlled geometry. O

By Lemma B.20, if the structure S has gaps, the number of vertices with
the same mother can increase polynomially or exponentially from level n to
level n 4+ 1 and S be a structure with y-controlled geometry. For instance, let
0< B <p<landpy(n)=aon™+...and ¢,(n) = byn™+... be polynomials
of degree m, where ag,by > 0. If I(n) = P~ and L(n) = p% (™ then the
structure S has a-controlled geometry.

Condition (ii) can easily be modified to allow that a vertex ¢ and its an-
cestors to at most m*(t) could define the same cylinders, for some k > 1 not
depending upon the vertex t.

Moreover, ~-controlled geometry include cases, in opposition to Lemma
B.20, where the length of the cylinders does not decrease as fast as in the case
of bounded geometry. For these cases, v can be different of a. Therefore, -
controlled geometry is a concept much more general than bounded geometry.

Definition B.21. Let S and T be C'7*  structures on Ly with a-controlled
geometries and T and J be, respectively, primary atlases for S and T. The
structures S and T are (1 + a)-equivalent (S & 7)), if, for all 0 < B < «
and for allt € T),, v < (9(\C'm(t)’1|ﬁ) and for all s in contact with t, v, s <

0 (d, ).
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The following theorem is an immediate consequence of the general theory
on smooth structures in Section B.3.

Putting together Lemma B.18 and Theorems B.15 and B.17, we obtain
the following result:

Corollary B.22. Let S and T be C'T®  structures with a-controlled geome-
tries on Ly. The CYT® structures on Ly, S and T are C' -equivalent if,
and only if, S~ T.

Putting together Lemma B.18 and Theorem B.16, we get the following
result.

Corollary B.23. Let 3 be equal to a in the Definitions B.19 and B.21.
Then, the C'< structures S and T with a-controlled geometries are C1Te-
equivalent, if S ~ T .

An interesting feature of Corollary B.22 is that it gives a balanced equiva-
lence between the scaling of the partition structures and the degree of smooth-
ness between them.

A compatible chart (i, L) with the C'T® " structure S can be regarded as
a smooth structure 7 on L. Let the structure &’ on L be the restriction of the
structure S to L. Then, (i, L) is a compatible C1T®  chart of S if, and only
if, T~ S,

The definitions and results of this section are independent of the primary
atlas chosen for the smooth structures on L. This is due to the facts that:

(i) the structures have a-controlled geometry and this property is inde-
pendent of the primary atlas considered;

(ii) by Corollary B.22, the structures S and 7', with primary atlas Z and
J, respectively, are C't%-equivalent if, and only if, Z ~ 7.

(iii) Thus, if Z and J are different primary atlas for the same structure
S, they are (1 + «)-equivalent, which implies that

(iv) the definition of (1 4+ «)-equivalence is independent of the primary
atlas considered.

(v) Therefore, Corollary B.22 is independent of the primary atlas consid-
ered.

B.4.1 Bounded geometry

Definition B.24. A structure S has bounded geometry, if, for some primary
atlas T, oz(t) is bounded away from 0, i.e. there exists 0 < § < 1 such that
oz(t) > 6, for allt € T,,, n > Nz.7. Recall that oz(t) = |Ct,z1/|1Cmt),z| and
07(9t,s) = |Gt,5,21/|Crme),z|- Moreover, there is 1 > 0 such that, for allt € T,
if oz (t) = 1, then oz(m!(t)) < 1.
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The definition of bounded geometry for a smooth structure S does not
depend of the atlas considered, although the constant § is not necessarily the
same for different primary atlas.

Some examples of smooth structures with bounded geometry are the ones
generated by smooth circle maps with rotation number of constant type, by
the closure of the orbit of the critical point of unimodal maps infinitely renor-
malizable with bounded geometry and by Markov maps.

Lemma B.25. A structure S with bounded geometry has a-controlled geom-
etry, for all0 < a < 1.

Proof. By bounded geometry, for all t € T},, there is 1 < j < [ such that

Cezl  _ 1 ana ACl

_ <1-29. B.21
|Crmi=1(1) 1] |Coi ),z (B.21)

Clearly, for all t € T),,
O(0") < |Cozl < O((1 — &)™/, (B.22)

Conditions (i), (ii) and (iv) in the definition of a-controlled geometry are
verified, by (B.22), for the decreasing function g = gg. : Z>¢o — R given by

g(n) = (1 —)"")"~,

for some constant ¢ > 0. Let us prove that condition (iii) is also verified. For
all adjacent vertices t, s € T;,, that are not in contact, we have, by definition,

that
|Gt,s,I|

|Ct2,I| .
Recall that t; is the vertex such that Cy, 7 # Cuyy)z = Cmp),z and to
is the vertex such that C;, 7 and Gy sz have the same mother and Ci, 1
is an ancestor of Cyz. Therefore, by (B.21), |Gisz|/|Ciz] = O(1) and
O(Cr2]) = O(Con(enyz]) = OCom(ry2l). Thss, 8.z = O({Ciney 2 1)

Let t/,s' € T,,41 be such that m(t') = t and m(s') = s and ¢} is the vertex
such that Cy, 7 # Crur)z = Oy z- I €457 = 05,7 — Or,5r,7 # 0, then, by
(B.21),

1
Ots,7 = §|Ct1,l'|

|Cf/1,1| > |Ct1,I

—|Cy 1

= |Cone)) 2l = 1Cy 2| > 6|Craar) 2| = |C4, |-
Therefore, if e; s 7 # 0, then
O(et,s,z) = O(|C, z]) = O(|Cr(ry 1) = O(04,5,7),

that, together with (B.22), proves condition (iii) of the definition of a-
controlled geometry. [

Putting together Lemma B.25 and Corollary B.22, we obtain the following
result.
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Theorem B.26. Let S and T be C*t  structures on Ly with bounded ge-
ometry. Then, S and T are C'T -equivalent if, and only if, S ~ T.

Definition B.27. (i) S is a C'T structure on Lt if, and only if, S is
a CY*¢ structure, for some € > 0.
(ii) The structures S and T are C'*-equivalent if, and only if, they
are C'*e-equivalent, for some ¢ > 0.
(#ii) The structures S and T are (14)-equivalent (S N T ) if, and only
if, there is X € (0,1) such that, for allt € T,,, v, < O(\") and if s is
in contact with t, then vy, < O(A™).

Theorem B.28. Let S and T be C'* structures on Lt with bounded geometry
and T (resp. J) be primary atlas. For bounded geometry, a necessary and
sufficient condition for the C'T structures S and T to be C'*-equivalent is

that S < T.

Proof. Let 0 < & < 1 be such that S and 7 are C'<" structures on L.

Let us prove if, for all ¢ € T,, and all s in contact with ¢, v; < O(A™) and

vis < O(A"), then there is 0 < 8 < &’ such that S and 7 are C1*P-equivalent.
Take 0 < € < &’ such that A < 6°. By bounded geometry,

vy < O(N") < O((6")°) < O(|Cy, /)
and
v,s < O(A") < O((6")°) < O(6 5.1)-

Therefore, the structures S and 7 are (1 + €)-equivalent, and by Corollary
B.26 they are the C'*F-equivalent for some 0 < 3 < .

Let us prove that if there is 0 < 8 < &’ such that S and 7 are C'+5-
equivalent, then there is 0 < A < 1 such that, for all ¢ € T},, and s in contact
with ¢, vy < O(A") and vy, < O(A\™).

Let 0 < e < fand 0 < A < 1 be such that A > (1 — §)/. By Corollary
B.26, the structures S and 7 are (1 + ()-equivalent, and by (B.22) in proof
of Lemma B.25,

v < O(Cr, 2l) <O (((1=0)"")7) < O(\")

and

v <O, ) < O (((L=6)"/F) < 00",

that proves the theorem. [J

B.5 Further literature

This chapter is based on Pinto and Rand [158].
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Appendix C: Expanding dynamics of the circle

We discuss two questions about degree d smooth expanding circle maps, with
d > 2. (i) We characterize the sequences of asymptotic length ratios which
occur for systems with Holder continuous derivative. The sequence of asymp-
totic length ratios are precisely those given by a positive Holder continuous
function s (solenoid function) on the Cantor set C of d-adic integers satisfying
a functional equation called the matching condition. In the case of the 2-adic
integer Cantor set, the functional equation is

s(x) 1
sQe+1) = s(2z) <1 * s(2x — 1)> -

We also present a one-to-one correspondence between solenoid functions and
affine classes of exponentially fast d-adic tilings of the real line that are
fixed points of the d-amalgamation operator. (ii) We calculate the precise
maximum possible level of smoothness for a representative of the system,
up to diffeomorphic conjugacy, in terms of the functions s and cr(z) =
(1 + s(x))/(1 + (s(z + 1))71). For example, in the Lipschitz structure on C
determined by s, the maximum smoothness is C'+® for 0 < o < 1 if, and only
if, s is a-Holder continuous. The maximum smoothness is C?1¢ for 0 < o < 1
if, and only if, cr is (1 + «)-Holder. A curious connection with Mostow type
rigidity is provided by the fact that s must be constant if it is a-Holder for
a>1.

C.1 CttHdlder structures U for the expanding circle
map E

In this section, we present the definition of a C1tH6!der oxpanding circle map
FE with respect to a structure U and give its characterization in terms of the
ratio distortion of E at small scales with respect to the charts in U.

The expanding circle map E = E(d) : S — S, with degree d > 2, is given
by E(z) = 2% in complex notation. Let p € S be one of the fixed points of the
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expanding circle map E. The Markov intervals of the expanding circle map
FE are the adjacent closed intervals Iy, ..., I;_1 with non empty interior such
that only their boundaries are contained in the set {E~1(p)} of pre-images
of the fixed point p € S. Choose the interval Iy such that In N I;—1 = {p}.
Let the branch expanding circle map E; : I; — S be the restriction of the
expanding circle map E to the Markov interval I;, for all 0 < ¢ < d. Let the
interval Io, ..o, be Egto... 0 EZY(S). The n™-level of the interval partition
of the expanding circle map E is the set of all closed intervals I, ., € 5.

A C1tHslder diffeomorphism h : I — J is a C'*¢ diffeomorphism for
some € > 0 (the notion of a quasisymmetric homeomorphism and of a C1*¢
diffeomorphism h : I — J are the usual ones and are presented in sections
A.3 and A.6, respectively.)

Definition 35 The expanding circle map E : S — S is C1THoder with re-
spect to a structure U on the circle S if for every finite cover U’ of U,

(i) there is an & > 0 with the property that for all charts u : I — R
and v : J — R contained in U' and for all intervals K C I such that
E(K) C J, the maps vo Eou™t|u(K) are C1*¢ and their C*T¢ norms
are bounded away from zero and infinity;

(ii) there are constants ¢ > 0 and v > 1 such that, for everyn > 0 and
everyx € S, |(voE"ou™1) (z)| > cv™, whereu: I — R andv:J — R
are any two charts in U’ such that € u(I) and E™ ou(x) € J.

Remark C.1. The above condition (ii) is equivalent to say that all C1+Holder
expanding maps, that we consider in this chapter, are quasisymmetric conju-
gated to the affine expanding map £ = E(d) : S — S given by E(z) = 2¢ in

complex notation.

It is well-known that quasisymmetry implies Holder continuity, but, in
general, the opposite is not true. However, in the above remark, condition (ii)
is also equivalent to say that the affine expanding map is Holder conjugated
to the C1THdlder oxpanding maps that we consider in this chapter.

Lemma C.2. The expanding circle map E : S — S is C1THMer yith respect
to a structure U if, and only if, for every finite cover U' of U, there are
constants 0 < p < 1 and b > 1 with the following property: for all charts u :
J—R and v: K — R contained in U' and for all adjacent intervals I, . o,
and Ig, .. g, at level n of the interval partition such that Iy, . o, ,18,..8, CJ
and E(Iq, ..a,), E(Ip,. p,) C K, we have that

ey o) il ou)| [0(Es,5.))
S s 5] sy ) [0y ]| = ©

Lemma C.2 follows from Theorem A.15 in Section A.2 and Remark C.1.
By using the Mean Value Theorem we obtain the following result for a
Clt+Hslder oxpanding circle map E : S — S with respect to a structure U.

<b and |log (u™) .
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For every finite cover U’ of U, there is an € > 0, with the property that for all
charts v : J — R and v : K — R contained in U’ and for all adjacent intervals
I and I, such that I, I’ C J and E™(I), E™(I') C K, for some n > 1, we have

W v n v LWYe 5
log @R @) | = O E" (D) Vu(EXI))F). (C.1)

C.2 Solenoids (E,S)

In this section, we introduce the notion of a (thca) solenoid (E,S) and we
prove that a C1THder expanding circle map E with respect to a structure U
determines a unique (thca) solenoid.

The sequence x = (..., x3,x2,T1,To) I8 an inverse path of the expanding
circle map F if E(x,) = x,—1, for all n > 1. The topological solenoid S
consists of all inverse paths x = (..., z3, 22,21, 20) of the expanding circle
map E with the product topology. The solenoid map E is the bijective map
defined by B

E(x) = (...x0, E(xg)).

The projection map m = 7g : S — S is defined by m(x) = z¢. A fiber or
transversal over xo € S is the set of all points x € S such that 7(x) = zo. A
fiber is topologically a Cantor set {0,...,d—1}". A leaf £ = L, is the set of
all points w € S path connected to the pomt z e S. A local leaf L' is a path
connected subset of a leaf. A local leaf £’ is adjacent to a local leaf £, if £’
intersected with £” is equal to a unique point.

The monodromy map M : S — S is defined such that the local leaf starting
on x and ending on M (x) after being projected by 7 is an anti-clockwise arc
starting on x, going around the circle once, and ending on the point z¢. Since
the orbit of any point x € S under M is dense on its fiber (see Lemma C.5
in Section C.3), we get that all leaves £ of the solenoid S are dense. Hence,
the topological solenoid is a compact set and is the twist product of the circle
S with the Cantor set {0,...,d — 1}, where the twist is determined by the
monodromy map.

We define a metric m on each transversal as follows: Let 0 < p < 1. For
every x and y in the same fiber, we define m(x,y) = p" if z,, = y,, and

Ln41 # Yn+1-

Definition 36 The solenoid (E,S) is transversely continuous affine (tca) if
(i) every leaf L has an affine structure; (ii) the solenoid map E preserves
the affine structure on the leaves; and (iii) the ratio between the lengths
of adjacent leaves, determined by their affine structures, varies continuously
along transversals. The solenoid (E .S ) is transversely Holder continuous affine
(thca) if the solenoid is (tca) and the ratio between adjacent leaves determined
by their affine structure varies Hélder continuously along transversals.
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We say that (x,y,z) is a triple, if the points x, y and z are distinct and
are contained in the same leaf £ of S. Let T be the set of all triples (x,y,2). A
function r : T — R* is invariant by the action of the solenoid map E if, and
only if, for all triples (x,y,2z) € T, we have 7(x,y,2z) = 7(E(x), E(y), E(z)). A
function r : T — RT wvaries Hélder continuously along fibers or, equivalently,
transversals if, and only if, for all triples (x,y,z), (x’,y’,z’) € T such that x
and x’ are in the same fiber, y and y’ are in the same fiber, and z and z’ are

in the same fiber, we have

log(r(x,y,2)) —log(r(x,y’, z'))| < max{m(x,x'),m(y,y'), m(z,2)} .

Definition 37 A leaf ratio function r : T" — R* is a continuous function
mvariant by the action of the solenoid map E and satisfying the following
matching condition: for all triples (x,w,y), (w,y,z) € T,

(X, wW,y)r(w,y, )
1+r(x,wy)

r(x,y z) =

A Hoélder leaf ratio function r : T — R7T is a leaf ratio function varying Hélder
continuously along fibers.

Lemma C.3. There is a one-to-one correspondence between (thca) solenoids
(E,S) and Holder leaf ratio functions v : T — RT.

Proof. The affine structures on the leaves of the (thca) solenoid S determine
a function r : T — R* that varies continuously along leaves, and satisfies
the matching condition. The converse is also true. Moreover, (i) the solenoid
map S preserves the affine structure on the leaves if and only if the function
r: T — R is invariant by the action of the solenoid map E and (ii) the ratio
between adjacent leaves determined by their affine structure changes Holder
continuously along transversals if and only if the function r : T — R™T varies
Holder continuously along fibers. [

Lemma C.4. A C'HH8er copanding circle map E : S — S with respect to a
structure U generates a Hélder leaf ratio function ry : T — RT.

Proof. Let U’ be a finite cover of U. For every triple (x,y,z) € T and every n
large enough, let u,, : J,, — R be a chart contained in U’ such that x,,,y,, 2, €
Jpn. Using (C.1), ry(x,y,z) is well-defined by

ru(x,y,z) = lim |tn(Yn) = un(zn)]
U( Y ) nlﬂoo |un(xn)—un(yn)|

By construction, ry is invariant by the dynamics of the solenoid map and
satisfies the matching condition. Again, using (C.1), we obtain that ry is a
continuous function varying Hdélder continuously along transversals. Hence,
ry is a leaf ratio function. O
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C.3 Solenoid functions s : C — R

In this section, we will introduce the notion of a solenoid function whose
domain is a fiber of the solenoid. We will show that a Holder leaf ratio function
determines a Holder solenoid function and that a Holder solenoid function
determines an element in the set of sequences A(d) defined below.

Definition 38 Let the space A(d) be the set of all sequences {a1,as,...} of
positive real numbers with the following properties:

(i) there is 0 < v < 1 such that a,/am < V' if n —m is divisible by d*
and
(i) ay,as, ... satisfies

[T e (24:1 LS Qi+
Q= . (C.2)
1+ Z Hl =j Adm—1

A geometric interpretation of the sequences contained in the set A(d) is
given by the d-adic tilings and grids of the real line defined in Section C.4,
below.

Let > a;d" be a d-adic number. The d-adic numbers

n—1 [e%e} [e%e)
S (d-1d'+> aid  and  (a,+1)d"+ Y a;d’
1=—00 i=n i=n+1

such that a, +1 < d are d-adic equivalent. The d-adic set 2 is the topological
Cantor set {0,...,d — 1} of all d-adic numbers modulo the above d-adic
equivalence. The product map dx : 2 — §2 is the multiplication by d of the
d-adic numbers. The add 1 map 1+ : 2 — 2 is the sum of 1 to the d-adic
numbers.

Let the map w : 2 — S be the homeomorphism between the d-adic set ?
and the solenoid S defined as follows: &(3°%° _ a;d’) =x = (..., z1,70) € S,
where z, = N2, E, 1 o 0B Y (T, () for all n > 0 (recall that Loy iy
is a Markov interval of the expanding circle map E). Hence z,, € I,, for all
n > 0. By construction, the map @ : 2 -8 conjugates the product map
d>< 2 — 2 with the solenoid map E : S — S, and conjugates the add 1 map

: 2 — 2 with the monodromy map M : S — S.

Lemma C.5. Every orbit of the monodromy map is dense on its fiber.

Proof. Since the add 1 map 1+ : 2 — (2 is dense on the image O~(F) of
every fiber F' of the solenoid S, the lemma follows. [J

Let {2 be the topological Cantor set {0, ..., d—1}%<0 corresponding to all d-
adic numbers of the form Zi—:lfoo a;d* modulo the d-adic equivalence The pro-

jection map w0 Q2 — 2 is defined by 7 (Z;’i_oo aidi) = it a;d*. The
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map w : 2 — S is defined by w(X; _a;d') = N2, E; 0. 0B, L (Ta_(i1))-
By construction,

wo7m<§: aidi> :7rsou~J<i aidi>,

for all Y°°°  _ a;d € .
The set C is the topological Cantor set {0,...,d—1}%20 corresponding to
all d-adic integers of the form Y 2 a;d".

Definition 39 The solenoid function s : C — RT is a continuous function
satisfying the following matching condition, for all a € C':

[T stda — i) (S92 TTg s(da + 1)
L+ 3550 Ty slda = 1) '

Lemma C.6. The Hélder leaf ratio functionr : T — RT determines a Hélder
solenoid function s, : C — RY.

Proof. For all Y2 a;d" € C, we define

Sr (2 aidi> =r (w (2 a;d" — 1) @ (2 aidi> N (2 a;d’ + 1)) .

The matching condition and the Holder continuity of the leaf ratio function
r : T — R* imply the matching condition and the Holder continuity of the
solenoid function s, : C — RT, respectively. [

(C.3)

s(a) =

Lemma C.7. There is a one-to-one correspondence between Holder solenoid
functions s : C — RT and sequences {r1,r2,73,...} € A(d).

Proof. Given a Holder solenoid function s : C' — R™, for all i = Z?:o a;d’ >
0, we define r; by

k
r, =38 E a;d’
=0

The matching condition of the solenoid function s : C' — R implies that the
ratios 71,79, . .. satisfy (C.2). The Holder continuity of the solenoid function
s : C — RT implies condition (i). Conversely, for every d-adic integer a =
Y paid € C, let a, € Ny be equal to > ;- a;d". Define the value s(a) by

s(a) = nh_)n;o Ta,-

Using condition (i) the above limit is well defined and the function s : C' — R*
is Holder continuous. Using condition (ii) and the continuity of s we obtain
that the function s satisfies the matching condition. [
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C.4 d-Adic tilings and grids

In this section, we introduce d-adic tilings of the real line that are fixed points
of the d-amalgamation operator and d-adic fixed grids of the real line. We
show that their affine classes are in one-to-one correspondence with (thca)
solenoids.

A tiling T = {Ig C R: B8 € Z} of the real line is a collection of tiling
intervals Ig with the following properties: (i) The tiling intervals are closed
intervals; (ii) The union Ugezlg of all tiling intervals I is equal to the real
line; (iii) any two distinct tiling intervals have disjoint interiors; (iv) For every
B € Z, the intersection of the tiling intervals I3 and Ig4, is only an endpoint
common to both intervals; (v) There is B > 1, such that for every § € Z,
we have B™! < |Ig41|/|I5| < B. The tiling sequence 1 = (rm)mez is given
by rm = |Im+1l/|Im|. Let T denote the set of all tiling sequences. The d-
amalgamation operator Ag : T — T is defined by Ay(r) = s, where

d(i+1)—1
1+ Zm:di+1 Tdi+1,m

di—1
L+ mmd(—1)+1 TdG—1)+1,m

Si = Td(i—1)+1,di

)

for all 1 € Z.

Definition 40 A tiling T is a fized point of the d-amalgamation operator,
if the corresponding tiling sequence is a fized point of the d-amalgamation
operator, i.e. Aq(r) = r. A tiling is d-adic, if there is a sequence py, s, . ..
converging to zero such that |r; — ri| < w;, when (j — k) is divisible by d'. A
tiling is exponentially fast d-adic, if there is 0 < p < 1 such that |r; —r| <
O(u?), when (j — k) is divisible by d’.

The tilings 7y = {Ig CR: f € Z} and Ty = {Jg C R : § € Z} of the real
line are in the same affine class, if there is an affine map h : R — R such that
h(Ig) = Jg for every 3 € Z. We note that a tiling sequence r determines an
affine class of tilings 7 and vice-versa.

Remark C.8. The tiling sequence r = (7, )mez of an exponentially fast d-adic
tiling of the real line that is a fixed point of the d-amalgamation operator
determines a sequence 71,79, ... in A(d).

A d-grid G of the real line is a collection of intervals Iy satisfying properties
(i) to (vii) of a (B, d)-grid G, (see Appendix A), for some B > 1, such that
every interval I} is the union of d grid intervals at level n+1, and £2(n) = oco.
We note that every level n of a grid forms a tiling of the real line. We say that
the grids G1 = {I}} and Go = {Jj} of the real line are in the same affine class,
if there is an affine map h : R — R such that h(I}}) = Jj for every # € Z and
every n € N. The d-grid sequence ...r°r! is given by r"™ = (7 ),,ez, where
rm = I 1l/117,|. The following remark gives a geometric interpretation of
the d-amalgamation operator.
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Remark C.9. (i) If ...r%r! is a d-grid sequence, then A4(r"™t) = r®
for every n > 1.
(ii) If .. . 72r! is a sequence such that A4(r"*1) = r", then the sequence
determlnes an affine class of d-grids.

Definition 41 A fixed d-grid G of the real line is a d-grid of the real line
such that the corresponding grid sequence . ..r%r! is constant, i.e. r' = r™ for
every n > 1. A d-adic fixed grid G of the real line is a fixed d-grid such that
r! is a d-adic tiling. An exponentlally fast d-adic fixed grid G of the real line

is a fized d-grid such that r' is an exponentially fast d-adic tiling.

Hence, all the levels of a d-adic fixed grid G of the real line determine the
same d-adic tiling of the real line, up to affine equivalence, that is a fixed point
of the d-amalgamation operator.

Lemma C.10. There is a one-to-one correspondence between (i) (thca) so-
lenoids; (i) affine classes of exponentially fast d-adic tilings of the real line
that are fized points of the d-amalgamation operator; (iii) affine classes of
exponentially fast d-adic fized grids of the real line.

T
r o 1
[ ]

E( N N N N

X2 X1 Xy X X2 X3

Fig. C.1. The leaf £ fixed by the solenoid map E.

Proof. By construction, there is a one-to-one correspondence between (ii)
affine classes of exponentially fast d-adic quasiperiodic tilings of the real line
that are fixed points of the d-amalgamation operator and (iii) affine classes
of exponentially fast d-adic quasiperiodic fixed grids of the real line. Let us
prove that a (thca) solenoid determines canonically an affine class of expo-
nentially fast d-adic tilings of the real line that are fixed points of the d-
amalgamation operator. Let £ be a leaf of the (thca) solenoid (E,S) con-
taining a fixed point x( of the solenoid map E. The leaf £ is marked by the
points ..., X_1,Xq,X1,... that project on the same point of the circle as the
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fixed point xg, and such that there is a local leaf £,, with extreme points
X, and X, 1 with the property that £, does not contain any other point
x; for m # j # m + 1. The affine structure on the leaf £ determines the
ratios 7, = 7(Xm—1,Xm,Xm+1) of the leaf ratio function r : T — RT, for
all m € Z. Since the solenoid map E is affine and E(£) = £, the sequence
of ratios r = (1, )mez is fixed by the amalgamation operator A, (see Figure
C.1), and so r determines an affine class of tilings that are fixed points of the
d-amalgamation operator. The Holder transversality of the solenoid (E, 5)
implies that the sequence r determines an affine class of exponentially fast d-
adic tilings. Hence, the sequence r determines an affine class of exponentially
fast d-adic tilings that are fixed points of the d-amalgamation operator, and
so the sequence r also determines an affine class of exponentially fast d-adic
fixed grids of the real line. Conversely, an affine class of exponentially fast
d-adic fixed grids of the real line determines uniquely the affine structure of a

leaf £ that is fixed by the solenoid map E. Since the grid sequence ...r%r" is

a fixed point of the amalgamation operator, i.e. A4(r™) = r"~!, the solenoid
map F is affine on the leaf £. By density of the leaf £ on the solenoid S and
since the grid g4 is exponentially fast d-adic, the affine structure of the leaf £
extends to an affine structure transversely Holder continuous on the solenoid

S such that the solenoid map F leaves the affine structure invariant. O

C.5 Solenoidal charts for the C'tH9lder expanding circle
map FE

In this section, we introduce the solenoidal charts which will determine a
canonical structure for the expanding circle map.

Definition 42 Let L be a local leaf with an affine structure and np = wg|L
the homeomorphic projection of L onto an interval J. of the circle S. Let
or 2 L — R be a map preserving the affine structure of the leaf L. A solenoidal
chart uz @ Jo — R on the circle S is defined by up = ¢ o 7T21 (see Figure
C.2).

Lemma C.11. The solenoidal charts determined by a (thca) solenoid (E, S)

produce a canonical structure U such that the expanding circle map E is
C1+Hb'lde'r"

Proof. Let U’ be a finite cover consisting of solenoidal charts. Let I, o,
and Ig, . g, be adjacent intervals at level n of the interval partition and u, :
J — R and vg : K — R solenoidal charts such that I, . .q,,18,..3, C J
and In,.. a,,18,..3, C K. Let x, y and z be the points contained in £ such
that m(x) and 7(y) are the endpoints of I, 4, , and 7(y) and 7(z) are the
endpoints of Ig, g,. Let x', y’ and 2z’ be the points contained in £’ such
that 7(x’) and w(y’) are the endpoints of I, ., , and 7(y’) and n(z’) are
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I(Xl...(xn‘ IBI"'BH‘ JCS

mi! -

X

3

.uL(Iocl ocn)_uL(IB Lewe Bn)_

Fig. C.2. The solenoidal chart.

the endpoints of I, g, (see Figure C.2). By Lemma C.3, the (thca) solenoid
determines a leaf ratio function r : T'— R* such that

luc(py..0)l [veraz00)| _ T(%,y.2) (C.4)
luc(lay.an)l verp,p,)l T(X, Y, 2)

By Lemma C.6, using that E is affine on leaves, the leaf ratio function r :
T — RT determines a solenoid function s, : C — R* such that

oy 8 (@HE )

= - . C.5)
0¥ ) (5B i) (
By Holder continuity of the solenoid function,
s (@ (B (x)))
log <O®u"), (C.6)

s (@B ()

for some 0 < p < 1. Putting (C.4), (C.5) and (C.6) together, and using that
C' is compact, we obtain that

lur (Lo, ..0,)| v (Ip,..5,)]
luc(Ip,..5,)] [ver(Tay...a)]

1 |u£(Ia1-<.an)|

b
luc(Ip,..0,)]

<b and

<O(u"),
(C.7)

for some b > 1. Hence, by Lemma C.2, the expanding circle map FE is
ClHHslder with respect to the structure U produced by the solenoidal charts.
|

log
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Lemma C.12. The Hélder solenoid function s : C — RT determines a set of
solenoidal charts which produce a structure U such that the expanding circle
map E is Cl—&-Hb'lder‘

Proof. For every triple (x,y,z) such that there are n € Z and a € C with the
property that

(E™(x), E"(y), E"(2)) = (@(a — 1),&(a),@(a + 1))

we define r(x,y,z) equal to s(a). Hence, the ratios r are invariant under the
solenoid map E. Since the solenoid function satisfies the matching condition,
the above ratios r determine an affine structure on the leaves of the solenoid.
By construction, the solenoidal charts uy : J — R and vy @ K — R deter-
mined by this affine structure on the leaves, as in the proof of Lemma C.11
above, satisfy (C.7), and so by Lemma C.2, the expanding circle map E is
ClHH8ler wwith respect to the structure U produced by the solenoidal charts.
O

C.6 Smooth properties of solenoidal charts

We will prove that the solenoidal charts maximize the smoothness of the ex-
panding circle map with respect to all charts in the same C1 e styycture.

Let U be a C1TH0lder strycture for the expanding circle map E. By Lem-
mas C.3 and C.4, the structure U determines a (thca) solenoid (E, S)y.

Lemma C.13. Let U be a CYTHOer stpycture for the expanding circle map
E, and let V be the set of all solenoidal charts determined by the (thca)
solenoid (E, S)y. Then, the set V is contained in U and the degree of smooth-
ness of the expanding circle map E when measured in terms of a cover U’ of
U attains its mazimum when U’ C V.

Proof. Let the expanding circle map EF : S — S be C", for some r > 1,
with respect to a finite cover U’ of the structure U. We shall prove that the
solenoidal charts v, : I — R are C" compatible with the charts contained
in U’, proving the lemma. Let £ be a local leaf that projects by 7z = 7g|L
homeomorphically on an interval I contained in the domain J of a chart
u:J — R of U. For n large enough, let w, : J, — R be a chart in U’
such that I, = 7g(E~™(L)) C Jy. Let Ay : un(I,) — (0,1) be the restriction
to the interval u,(I,,) of an affine map sending the interval u,(I,) onto the
interval (0,1) (see Figure C.3). Let e, : (0,1) — R be the C" map defined
by e, = uo E" ou; ! oA, L. The map e, is the composition of a contraction
A, followed by an expansion wo E™ ou,, 1. Therefore, by the usual blow-down
blow-up technique (see the proof of Theorem E.19 and Pinto [150]), the map
e:(0,1) — R given by e = lim,,_, €, is a C" homeomorphism. Hence, the
map vz : I — R defined by e~! o is a solenoidal chart and is C" compatible
with the charts contained in U’. O
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up(Ip) 0 1

Cl+H6lder

Fig. C.3. The construction of the solenoidal charts from the structure

U.

C.7 A Teichmiiller space

Theorem C.14, below, proves the assumptions stated in the first paragraph of
the Introduction.

Theorem C.14. The following sets are canonically isomorphic:

(i) The set of all C*+Her stryctures U for the expanding circle map
E:S— S of degree d > 2;

(ii) The set of all (thca) solenoids (E,S);

(iii) The set of all Holder leaf ratio functions r: T — RT;

(iv) The set of all Hélder solenoid functions s : C — R¥;

(v) The set of all sequences {rg,r1,...} € A(d);

(vi) The set of all affine classes of exponentially fast d-adic tilings of
the real line that are fixed points of the d-amalgamation operator;
(vii) The set of all affine classes of exponentially fast d-adic fized grids
of the real line.

Proof. The proof of this theorem follows from the following diagram, where
the implications are determined by the lemmas indicated by their numbers:

(i) < (i) < (vi),(vii)
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C.8 Sullivan’s solenoidal surfaces

We are going to describe Sullivan’s one-to-one correspondence between (tca)
solenoids and complex structures on a solenoidal surface L. Via this corre-
spondence, the set of all (tca) solenoids is a separable infinite dimensional
complex Banach manifold (see Sullivan [232]).

A 2-dimensional solenoid is a compact space locally homeomorphic to a (2-
ball) product a totally disconnected space. A solenoid is naturally laminated
by the path connected components which are called leaves. Let W = S x
{y : y > 0}. Consider the free, properly discontinuous action of the integers
generated by the map (z,y) — (E(x), 2y) on W. The solenoidal surface L is
the orbit space of this action. Hence, the solenoidal surface L is a 2-dimensional
solenoid, since we have a compact fundamental domain {(z,y) : a <y < 2a}
for the action considered. Since every leaf of S is dense in S, we get that every
leaf of L is also dense in L. The periodic leaves under E of S give rise to
annuli leaves in L, and the other leaves of L are topological disks. Since the
periodic leaves of S are countably many, we obtain that annuli leaves in L are
also countably many.

A complex structure on solenoidal surface L is a maximal covering of L
by lamination charts (disk) x (transversal) so that overlap homeomorphisms
are complex analytic in the disk direction. Two complex structures are Te-
ichmiiller equivalent if they are related by a homeomorphism which is homo-
topic to the identity through leaf preserving continuous mappings of L. The
set of classes is called the Teichmiiller set T(L). By Corollary in page 548
of Sullivan [232], the Teichmiiller set T'(L) can be represented by the smooth
conformal structures on L relative to a chosen background smooth structure
on L modulo the equivalence relation by diffeomorphisms homotopic to the
identity. By Corollary in page 556 of Sullivan [232], the Teichmiiller set T'(L)
has a complex Banach manifold structure.

Let (E S) be a (tca) solenoid. Let W = S x {y : y > 0}. Hence, each
leaf [ of S has a natural inclusion in W as the boundary of a half space H;.
Since the solenoid map E is affine along leaves of S, there is a well-defined
extension F' of E to W such that F is a complex affine map when restricted
to each half space H;. Thus, the action of the integers generated by the map
F on W determines a orbit space Lr with a natural complex structure. By
the Ahlfors-Beurling extension [3], the complex structure of Ly determines a
unique element in the Teichmiiller set T'(L).

Theorem C.15. (Sullivan [232]) There is a one-to-one correspondence be-
tween

(i) the elements of the Teichmdiiller set T(L);
(i) the (tca) solenoids;
(iii) the set of all (uaa) structures U for the expanding circle map E.

See definition of a (uaa) structure U for the expanding circle map E in
Section C.9, below. By Theorem C.14, there is a one-to-one correspondence
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between CHH0lder expanding circle maps and (thca) solenoids. By Corol-
lary in page 562 of Suulivan [232], the set of elements in the Teichmiiller set
T(L) corresponding to (thca) solenoids is a dense set of T'(L). Similarly, the
set of elements in the Teichmiiller set T'(L) corresponding to (thca) solenoids
determined by analytic expanding circle maps is also a dense set of T'(L). Fur-
thermore, the set of eigenvalues of the periodic points of C1+H6lder expanding
circle maps form a complete set of invariants.

C.9 (Uaa) structures U for the expanding circle map E

In this section, we present the definition of uniformly asymptotically affine
(uaa) expanding circle map F, with respect to a structure U, and we define
the set B(d). We show a one-to-one correspondence between (uaa) expanding
circle map E and the elements in the set B(d).

Definition 43 The expanding circle map E : S — S is (uaa) with respect
to a structure U if, and only if, for every finite cover U' of U, there is a
sequence €1,€2,... converging to zero and a constant b > 1 with the follow-
ing property: for all charts w : J — R and v : K — R contained in U’
and for all adjacent intervals In,.. o, and Ig, g, at level n of the interval
partition, such that Iy, .. .a,,1,..8, C J, and for all 0 < ¢ < n, such that
Ei(Ia,..a,), E'(Ip,..5,) C K, we have that

[ula;..a,)| [ua, ...l [0(E (Ip,...5,))]
[u(ls,...6.)] [ulp,..5.)] [0(E* (Lo o)) |

Using Lemma A.8, in Section A.5, the above definition is equivalent to the
one presented in Sullivan [232].

bl <

<b and |log <ep .

Definition 44 The space B(d) is the set of all sequences {ai,as,...} of pos-
itive real numbers with the following properties:

(i) there is sequence vy1,va, ... converging to zero such that a, /a,, < v;
if n —m is divisible by d*, and
(ii) a1, as, ... satisfies

d—1 d—1 15
[I;.=1 adm—i (ijo | adm+l>
= d—1 (qd—1 :
L+ Zj:l Hl:j Adm—1

By Sullivan [232], the set of all (uaa) expanding circle maps E is a separable
infinite dimensional complex Banach manifold (see Section C.8). Furthermore,
this set is the completion of the set of all C*+H6!der expanding circle maps
E. Hence, by Theorem C.16 below, the set B(d) inherits a complex Banach
structure and it is the closure of A(d) with respect to this structure.

Theorem C.16. The set B(d) is canonically isomorphic to
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(i) the Teichmiiller set T(L);

(ii) the set of all (uaa) structures U for the expanding circle map E :
S — S of degree d > 2;

(iii) The set of all (tca) solenoids (E,S);

() the set of all leaf ratio functions r: T — RT;

(v) the set of all solenoid functions s : C' — R*;

(vi) the set of all affine classes of d-adic tilings of the real line that are
fized points of the d-amalgamation operator;

(vii) the set of all affine classes of d-adic fized grids of the real line.

The equivalence between (i) and (ii) in Theorem C.16 follows from Theo-
rem C.15. The proof of the other equivalences in Theorem C.16 follows simi-
larly to the proof of Theorem C.14.

C.10 Regularities of the solenoidal charts

In order to state the next theorem, we introduce the following definitions.
The metric |uls : C x C — R{ is defined as follows (see Section C.10 for
the geometric interpretation of |uls). Let @ = >°°_ a,,d™ € C and b =
> _obmd™ € C be such that ay...ag = by...by and any1 # bypy1. For
0<i<nlet A =>" ,and™ and E; = > _,(d—1)d™. We define the
metric by

k(o) = it 1+ Y Ts0+ Y T s

In this chapter, the regularities Holder and Lipschitz have different meaning
when written with uppercase or lowercase letters, as we now explain. For
B > 0, we say that a function f : C' — R is §-Hdlder, with respect to the metric
lu| = |ul,, if there is a constant d > 0 such that |f(b) — f(a)| < d(|u|(a, b))’
for all a,b € C. We say that f is (-hélder, with respect to the metric |ul,
if there is a continuous function ¢ : Rf — R{, with £(0) = 0, such that
1£(b) = f(a)| < e (Jul(a,b)) (Ju|(a, b))’ for all a,b € C. By f being Lipschitz we
mean that f is 1-Holder. On the real line, with respect to the Euclidean metric,
[-Holder for 3 > 1 or lipschitz implies constancy. We define the solenoid
cross-ratio function cr(a) : C — RT by er(a) = (14 s(a))(1+ (s(a +1))71).

Theorem C.17. For every C" structure U of the circle S invariant by E(2),
the overlap maps and the expanding map E(2) : S — S attain its mazimum
of smoothness with respect to the canonical family of solenoid charts Fy con-
tained in U. Table 1 presents explicit conditions in terms of the solenoid func-
tion s = sy : C — RT, determined by the C" structure U (see Lemmas C.4
and C.6), which give the degree of smoothness of the overlap homeomorphisms
and of E(2) in Fy, and vice-versa.
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The regularity of the solenoidal chart|Condition on the functions s and cr,
overlap maps and E(2) : S — S. using the metric |u|s on the Cantor

set C.

have a-Holder 15¢ derivative
O0<a<l

s 1s a-Holder

have a-Holder 15 derivative
0<a<l1

cr is a-Holder

have Lipschitz 1% derivative

s s Lipschitz

have a-Holder 2™ derivative

er is (14 «)-Holder

O0<a<l
have Lipschitz 2" derivative cr is 2-Hélder
Affine s 1is lipschitz

Table 1.

Proof. Let p be the fixed point of the solenoid map E such that m(p) is the
fixed point of the expanding circle map chosen in Section C.1 to generate the
Markov partition of E. Let £, be the local leaf starting on p and ending on
its image M(p) by the monodromy map M. Let z : m5(Lp) — (0,1) be the
corresponding solenoidal chart. Noting that the solenoid function determines
a ratio function invariant by the solenoid map and that |z(J)| = 1, we obtain
the following geometric interpretation of the metric

ulefa,b) = inf {|+(Lor)l} - (€3)

By Lemma C.11, the solenoidal charts determined by a (thca) solenoid (E, S)
produce a canonical structure U such that the expanding circle map F is
ClHHdlder Hence, for every [ > 0 there is a constant D = D(I) > 1 such that
D_1|Z(Ian7l-"a0)| < |uls(a,b) < D[2(la, _,...a0)| - (C.9)
for all a,b € C.
Let U be a C1TH0lder styycture for the expanding circle map FE, and let V
be the set of all solenoidal charts determined by the (thca) solenoid (E, S)y .
By Lemma C.13, the set V is contained in U and the degree of smoothness
of the expanding circle map E when measured in terms of a cover U’ of U
attains its maximum when U’ C V. Let £ and £’ be two local leaves and
u:J=mng(L) > Rand v:J = mg(L') — R the corresponding solenoidal
charts. If J N J" # 0, let Ig, g, C JNJ be any interval at any level n
of the interval partition. Let the points x € £ and y € £’ be such that
ms(x) = wg(y) € S is the right endpoint of the interval Iz, g, . Let a be the
point &(E™(x)) € C and b the point G(E™(y)) € C. Hence, there is a sequence
¢ ... co, depending only upon £ and L', such that
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an+l...a0:bn_H...bo:Cl...C()ﬁl...ﬂ"

and an4141 # bpti+1. Therefore, by (C.9), there is a constant D = D(l) > 1
such that
D7 2(Ip,...5,)| < Iuls(a,b) < Dlz(I,...5,) (C.10)

with respect to the solenoidal chart z : wg(Lp) — (0,1) defined above. By
Lemma C.13, the overlap maps zou™ ' and zov™! are C1THder gmooth, and
so there is a constant Dy = Dy(L£, L") > 1 such that

I
<D, and pt< sl po (C.11)
LT s, p)

Putting together (C.10) and (C.11), there is a constant Dy = Do(L, L) > 1
such that

luls(a,b) <Dy, and Dy'< luls(a,b)
lu(lg,..5,) lv(Ig,..6,)l

Let I, g, and Igy v be adjacent intervals at level n of the interval partition,
such that Iﬁi--ﬂ% is also adjacent to Ig, .. g,. By proof of Lemma C.12,

Dy! < <D,. (C.12)

lu(Lp;...6: )] lu(Lgy..pr)
= Do 1) = B C.13
= o)l Y = Tl s (C.13)
and
lv(Ig;..5, ) lo(Lgy...pr)|
s(b) = BBl gy gy = ABT C.14
N T P AU s (C.14)

The interval partition of the expanding circle map F generates a grid g, in
the set u(J N J’). Therefore, using (C.12), (C.13), (C.14) and Theorem A.15,
the equivalences presented in Tables 2 and 3 imply that the overlap maps
h=vou ! :u(JNJ') — v(JNJ') satisfy the equivalences presented in Table
1. O

C.11 Further literature

The scaling and the solenoid functions give a deeper understanding of the
smooth structures of one dimensional dynamical systems (cf. Bedford and
Fisher [13], Cui et al. [24], Feigenbaum [34], Pinto and Rand [158], Sullivan
[230] and Vul et al. [237]). This appendix is based on Pinto and Sullivan [175].
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Appendix D: Markov maps on train-tracks

One proves that, for any prescribed topological structure, there is a one-to-one
correspondence between smooth conjugacy classes of smooth Markov maps
and pseudo-Holder solenoid functions. This gives a characterization of the
moduli space for smooth Markov maps.

D.1 Cookie-cutters

Suppose that Iy and I; are two disjoint closed subintervals of the interval
I containing the endpoints of I = [—1,1]. A cookie-cutter is a C'* map
F: X — X such that [dF| > A >1land F(Ip)=F(,)=1.If

Ap={zecl:Fi Y z)elhyul, 1<j<n},
then A,, consists of 2™ disjoint closed n-cylinders
Lyer ,=f{zel:F ' (x)el,, 1<j<n}
Each cylinder
Ieyie s =leyie, 1 UGe e, ;UL e,
where G, ..., , is an n-gap. The invariant Cantor set C' of I

C:ﬁnzlAn:{:CGI:Fj(ac)GIOUI, for all j > 0}

is constructed inductively by deleting the n-gaps. The smoothness and the
expanding property of F' implies that the Cantor set C' has bounded geometry.

We can regard this as a Markov map on a train-track X as follows: Let X
be the disjoint union of the three closed intervals Iy, G = I\(Ip U 1) and I
quotient by the junctions J; = {—1}, Jo =I,NG, J3 =GNI; and Jy = {1}.
At the junctions Jo and J3, we can define the smooth structure by journeys.
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However, in this case, it is just the smooth structure induced by the inclusion
of Iy and I into I.

The symbolic space X is given by {0, 1}, the set of infinite right-handed
words e1e64--- of Os and 1s. We add a positive or negative sign to 0 and
1 corresponding to the sign of the derivative of the Markov map F in Iy
and I, respectively. There are four possible orderings on the symbolic set X
corresponding to the two different choices of orientation of the cookie-cutter
on each of the two intervals Iy and I.

The mapping h : X' — R defined by

h(eigz- ) = m Iy .e,

n>1

gives an embedding of X' into R. Moreover, the map h is a topological conju-
gacy between the shift ¢ : X' — X and the cookie-cutter F' : A — A defined
on its invariant set.

We use a train-track X to represent the interval I as follows. Let the train-
track X be the disjoint union of the closed intervals Iy, G = I\(IoUI;) and I
quotient by the junctions J; = {—1}, Jo =Ip,NG, J3=GNI; and Jy, = {1}.
At the junctions Jo and J3, we can define the smooth structure by journeys.
Each journey is just the identity map from any subset of X containing J5 or
J3 to I.

For this example, we will show that the solenoid function Sy is any Holder
continuous mapping from {0, 1}2>° to the positive reals R¥.

D.2 Pronged singularities in pseudo-Anosov maps

Near a three-pronged singularity the unstable leaves of a pseudo-Anosov map
look as in Figure D.1(a). We will carry out the collapsing procedure shown
in Figure D.1(b) to obtain a Y-shaped space X. Let A1, A2 and A3 be three
transversals as shown in 5(a). The manifold structure of these define charts
on X by identification of points on the same unstable manifold. From Figure
D.1, these must satisfy the compatibility condition that they agree on the
intersection of their domains. To handle the compatibility condition, we will
introduce the notion of turntables. Each junction in our train-track will con-
tain a stack of turntables. The charts in each turntable satisfy these strong
compatibility conditions.

For a one-pronged singularity, we obtain the analogous structures shown
in Figure D.2. The unstable manifolds define a map g from \; to itself and
the train-track X is naturally identified with the quotient A;/g. Some more
discussion of these two examples is given in §D.3.1.
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A3
(a) (b)

Fig. D.1. (a) The leaves of the unstable foliation of a Pseudo-Anosov diffeomor-
phism near a three-pronged singularity. The submanifolds A1, A2 and A3 are the
transversals used to construct the train-track. (b) The train-track X constructed in
this way.

(b)

Fig. D.2. (a) The leaves of the unstable foliation of a Pseudo-Anosov diffeomor-
phism near a one-pronged singularity. The submanifold A3 is the transversal used
to construct the train-track. (b) The train-track X constructed in this way.

D.3 Train-tracks

The underlying space of a train-track X is a quotient space defined as follows.
Consider a finite set of lines ly,...,l;,. Each line is a path connected one-
dimensional closed manifold. The endpoints I of the line I; are the termini
of I;. A regular point is a point in X that is not a terminus. The termini are
partitioned into junctions J,. Then, X is the quotient space obtained from
the disjoint union of the lines by identifying termini in the same junction.

A journey j is a mapping of an interval I = (¢g,t,) into X with the
following properties:

(i) There is a finite set of times tg < t; < ... < t, such that j(¢) is in a
junction if, and only if, ¢ = ¢;, for some 0 < i < n;
(ii) 7 is a local homeomorphism at all regular points;
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(iii) For all small € > 0 and all 0 < ¢ < n, the map j gives a local
homeomorphism of (¢; — ¢,t;] and [t;,¢; + €) into the lines containing
Jj(t; —e) and j(t; +¢).

Suppose that x and y are termini. If there is a journey j : I — X such
that j(¢;) is in the junction and, for some € > 0, j(t) is in I, (resp. 1)) when
t e (t; —e,t;) (resp. (ti,t; + €)), then we write x = y and say that there is
a connection from z to y. If x = =z, then we say that = is reversible. An
example of a reversible terminus is given by the train-track obtained from a
one-pronged singularity in a pseudo-Anosov diffeomorphism (see Figure D.2)

Given journeys j; and jo such that j;(s') = ja(¥'), let s(t) be the unique
function defined on a neighbourhood of ¢’ such that s(¢') = s" and j;(s(t)) =
J2(t). Call s(t) the timetable conversion of (j1,j2) at x. The journeys j; and
jo are C" compatible, if the timetable conversion is C” for all common points
x.

A C7 structure on X is defined by given a compatible set of journeys that
pass through every point of X and through every connection. However, it has
to satisfy some extra conditions that we now specify.

As explained in §D.1, we often require extra constrains at junctions. These
are described by turntables. Associated to every junction is a set (possible
empty) of turntables. Each turntable 7 is a subset of the junction such that if
x,y € T, then there is a connection between x and y. We adopt the convection
that every subset of a turntable is a turntable. A mazximal turntable is one that
is not contained in any bigger one. The degree of a turntable is the number of
termini in it, where each reversible terminus is counted twice.

A smooth structure on the train-track X must satisfy the following con-
dition at each turntable 7. If j; (resp. jo) is a is a C” journey through the
connection from z to y (resp. x to z) and j; = jo on the line terminating in
x, then —j; and js define a C” journey through the connection from y to z.
The journey —j; is the journey j; with time reversed.

Definition D.1. A C” structure on a train-track X is defined by a set of
journeys {jo} such that:

(i) every point of X is visited by some journey jo;
(i) the journeys {jo} are C" compatible; and
(iii) the above turntable condition holds.

When we speak of a smooth metric on X, we just mean on the disjoint
union of the lines that is a smooth metric on each line.
D.3.1 Train-track obtained by glueing

A train-track is constructed as follows: We are given a finite number of path
connected closed one-manifolds A1, ..., As and a set D of C" diffeomorphisms
whose domain and ranges are each a closed submanifold of the A;. The domain
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and range can be in the same \;. From the disjoint union of the A;, we form
the quotient space X obtained by identifying all pairs of points that are the
form z, g(z), where g(x) € D. The smooth structure is that defined by the
set of projections 7; : A\; — X. Figure D.3 gives some examples of local
train-track structures obtained in this way. Let us use the construction to
get a better understanding of the examples given in §D.2 and §D.1 involving
pronged singularities of pseudo-Anosov maps. For the three-pronged case, one
can use the smooth structure on the Y-shaped space from this figure. We use
the glueing construction of §D.1 The unstable leafs define the glueing maps
gi,j : Ai = A;j by holonomy. The smooth structure on the Y is defined by the
three charts given by the projection of each A; into Y. But from the picture
one can see that any two of these determines the third. This is the turntable
condition for the Y.

For the single prong or cusp singularity of a pseudo-Anosov map, take Aq
as shown in Figure D.2. Then, there is a single glueing map ¢g : A\; — Ay given
by the holonomy on leaves. This is shown in Figure D.3(e).

D.4 Markov maps

We pass now define a smooth Markov map F': X — X on the train-track X.
For such a map, the set of lines is partitioned into the subset of cylinders C
and the subset of gaps G. We let X denote the subspace of X corresponding
to the cylinders. The map M does not have to be defined on the gaps. We
insist that the lines terminating in a turntable of degree d > 2 are all cylinders.

We say that a mapping F' : X — X is faithful on journeys at the turntable
7, if every short journey through 7 is sent to a journey through the image
turntable 7" and the preimage of every short journey through 7’ is a journey
through .

A map F: X — X is Markowv, if

(i) F is a local homeomorphism on the interior of each cylinder;

(ii) F maps termini to termini;

(iii) F permutes the turntables of degree d > 2 and is faithful on journeys
at each of them;

(iv) if 7 is a maximal turntable of degree 2, then 7 is the image of either
a regular point or a maximal turntable which has degree 2; and

(v) for all lines B there exists a cylinder C' such that the image of C
contains B.

Note that these conditions imply that the image of a cylinder contains all
the cylinders that it meets. Suppose that F' maps the turntable 7 into the
turntable 7/. We say that F is a C" diffeomorphism at 7, if F' maps every C"
journey through 7/ C" diffeomorphically onto a C” journey through 7’.

A C" Markov map F : X — X, with » > 1, is a Markov map such that:

(i) at every regular point F is a local C" diffeomorphism;
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() (b)

(c) (d)

B

:
/7
N

(e)

Fig. D.3. Some local train- tracks obtained by glueing. Note that those shown in
(c) and (d) have no embedding into Euclidean space.
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(ii) F is a C" diffeomorphism in each turntable of degree d > 2;

(iii) if 7 is a maximal turntable of degree 2, then 7 is the C" diffeomorphic
image of either a regular point or a maximal turntable 7/ of degree 2;
and

(iv) there exists A > 1 and a smooth metric on X such that at every
regular point z, ||dF(z)| > A.

Let us suppose that the cylinders are indexed by a set S. Thus, we denote
them by C,, a € S. A point x € UuesC, is captured, if F™(x) € UgyesCy, for
all m > 0. The set of all captured points in U,csC, is denoted by A = Ap.
The set of intervals {C,} is called the Markov partition of F.

The Markov maps F and G are topologically conjugate, if there exists a
homeomorphism h : Ap — Ag such that Goh = ho F on Ap. If the map h
has a C" extension to X, then we say that the map h is a C" conjugacy.

Suppose that h is a mapping of a closed subset X of R™ into R™. We
say that h is C", if h has a C" extension to some open neighbourhood of X.
Moreover, we say that a map h is C**, if h is C'+¢, for some 0 < € < 1.

Theorem D.2. Two C" Markov maps F' and G on a C" train-track are C"
conjugate if, and only if, they are in the same C'T conjugacy class.

Proof. This theorem is proved by using a blow-down blow-up technique as in
the case where X is a one-manifold (e.g. see Theorem E.19). O

Symbolic Dynamics

Given a Markov map F, let X, = XI denote the symbolic set of infinite
right-handed words £ = e1e2 - - - such that: (i) for all m > 1, &, € S and (ii)
there exists x, € C' with the property that F"(z.) € C¢,,, for all m > 1. We
call these words admissible.

Endow Y, with the usual topology. Let X' = X' be the space obtained
from X, by identifying ¢ with €', if z. is equal to z.. If 2. and z. are in the
same junction of X, then € and &’ are defined to be in the same junction of
Y. I {x.,,..., 2z, } is a turntable for X, then {e1,...,e,} is defined to be a
turntable for Y.

Define the shift @ = &p : X — X by &(e162+-+) = e9e3 - - -. The Markov
map F on Ap is topologically conjugate to @r on Y.

Two Markov maps can give rise to the same shift map even though they
are not topologically conjugate, because X' does not take in account the order
of the points in each set C; C X. Therefore, we order the points on X' using
the ordering on the corresponding points in the sets ', C X. The ordered
symbolic dynamical system is the ordered set X' with the shift @ : X' — X,

Remark D.3. The correspondence F' — @p induces a one-to-one correspon-
dence between topological conjugacy classes of Markov maps and ordered
symbolic dynamical systems.
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Cylinder structures

Foralle € Yp, let t = 1 - - - €; and define the I-cylinder Cy = C'tF as the closed
interval consisting of all # € C such that, for all 1 < j < [, Fi(z) € C.,.
Suppose that C; and Cy are two Il-cylinders such that:

(i) C; and Cjs are contained in the same 1-cylinder C,;
(ii) there is no other I-cylinder between Cy and Cj in C;
(iii) in the interior of the cylinder C,, C; N Cy = .

We define the I-gap Cy = Cy, , to be the closed interval between C; and Cs. A
I-line is defined to be a [-cylinder or a l-gap. This defines the cylinder structure
of F.

We say that a cylinder structure has bounded geometry, if there are con-
stants ¢ > 0 and m > 0 such that:

(i) for all I > 1if D is a l-line and F is the (I — 1)-cylinder that contains
D, then |D|/|E| > ¢; and
(ii) if F is the (I — m)-cylinder that contains D, then D # F.

D.5 The scaling function

For the special case of C''* Markov maps that do not have connections, one
proves the one-to-one correspondence between Holder scaling functions and
C'* conjugacy classes of C'* Markov maps without connections.

Let us consider the cylinder structure generated by a C'* Markov map
F. Define the set £2,, = 2F as the set of all symbols ¢ corresponding to the
n-cylinders and n-gaps. Let 2 = 2% be the union U,>10mega,,.

We also keep a record of other basic topological information as follows:
(1) the topological order of all n-cylinders within each 1-cylinder; (ii) which
endpoints of each n-cylinders are junctions and which junction they are.

For all ¢t € §2,,11, the mother of ¢ is the symbol m(t) € {2, that has the
property that Cy C Clyy(p)-

A pre-scaling function (or scaling tree) is a function o : {2 — R™ such that

for all t € 2
> ols)=1. (D.1)
m(s)=t

The pre-scaling function (or scaling tree) op : 2 — R determined by a
Markov map F is the pre-scaling function o : 2 — R™T given by

op(t) = lim [Cy|/ |Coney | -

Define the set 2 = ﬁF as the set of all infinite left-handed words ¢t =
-+-ly---ty such that, for all n > 1, t,, € £2,, and F(Cy, ) = Ct,,.
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Define the metric d : 2 x 2 — R as follows: Choose 0 < p < 1. For
all £,5 € {2, the distance d(t, 5) is equal to u" if, and only if, t,, = s, and
tn+1 7& Sp41-

The pair (t,, $n) € 2, X §2,, is an adjacent symbol if, and only if, the lines
Cy, and C,, have a common point or one of the endpoints = of Cy, and one
of the endpoints y of C_ are a connection {x,y}. The set 2, C 2, x (2, is
the set of all adjacent symbols.

For all £ € 2, define the set of children Cf of T as the set of all infinite left

symbols 5 such that t,, is the mother of s, 11, for all n > 1:
Cr ={5: m(spt1) =tn, for all n > 1}.
Definition D.4. A scaling function is a function @ : 2 — RT such that for

allt € 2
Y G5 =1. (D.2)
seCxr

We say that the scaling function & is Holder, if @ is Holder continuous in the

above metric d.

Lemma D.5. Let F' be a C'* Markov map. The Holder scaling function Gp :
2 — RY determined by F is well-defined by

/ [Comgen)] -

ap(t) = lim [Cy,
n—oo

For simplicity of notation, we will denote @ by ¢ and o by op.
The Markov partition of F' has the (14)-scaling property, if there is 0 <
A < 1 such that, for all t = ---t; € (2,

O'F(tn)

op(tn—1) < 0.

-

Proof of Lemma D.5. We are going to prove that if the Markov map F' is o,
then o : 2 — R7T is a Holder scaling function. By Theorem B.28, the Markov
partition of F has the (1+)-scaling property. Therefore, the limit oz () is well
defined and
t

or® 11 onm. (D.3)

orp (tn)
By smoothness of the Markov map F' and the expanding nature of F, there is
0 > 0 such that, for all t € 2 = U,>12,, or(t) > §. Therefore, for all ¢ € £,

o(t) = lim op(t,) > 4.

Let 0 < € < 1 be such that A < pf. For all £,5 € 2 such that t,, = s, and
tnt1 # Snt+1 we have, by (D.3),
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lop(t) —or(s)] < OAN") < O ((17)") < O ((d(t,5))7).-

Therefore, the function o is Holder continuous in 2. For all £ € 12, the set
C; is bounded and

Z o(s) = nlingo Z o(Sny1) = 1.

s€Ct s€Cy
Therefore, op : 2 — R* is a Holder scaling function.[]

Lemma D.6. Let F' and G be two C” Markov maps in the same topological
conjugacy class with v > 1. The C" Markov maps F and G are C" conjugate
if, and only if, the scaling function o is equal to o¢.

By Lemma D.6, the Holder scaling function o : 2 — R¥ is a complete
invariant of the C''* conjugacy classes of C''* Markov maps.

Since F' and G are topologically conjugate, F' and G define the same set
02 =0p= 0.

The cylinder structures of F' and G are (14)-scale equivalent, if there is
0 < A <1 such that

ln
Jg(tn)
for all £ = ---t; € £2. The cylinder structures F' and G are (I+)-connection
equivalent, if
Ct, | | Ds,.|
n n c 1 :l: O(}\TL)
Cs| [ Dy, |

for all (¢, sn) € £2,,.

Proof of Lemma D.6. If the Markov maps F and G are C'* conjugate, then
by Theorem D.2, they are C"-conjugate . By Theorem B.28, two C'* Markov
maps F and G are C'* conjugate if, and only if, the cylinder structures of F
and G are (1+)-scale equivalent and (14 )-connection equivalent. Therefore,
we will prove that the cylinder structures of ' and G are (14 )-scale equivalent
and (1+)-connection equivalent if, and only if, the scaling function o : 25 —
R is equal to the scaling function og : 2¢ — RT. By Theorem B.28 and
smoothness of the Markov maps F' and G, their cylinder structures have the
(14)-scale property and the (1+)-connection property. Therefore, they satisfy
(D.3). Let us prove that, if the cylinder structures of F' and G are (1+)-scale
equivalent and (14)-connection equivalent, then they define the same scaling
function. By (D.3) and (D.4), for all f = ---¢; € £ and for all n > 0,

or(t) _ or(t) or(tn) oc(tn)
oc(t)  or(ts) oc(ts) oc(t)
€(1£0M))1L£0O0(N")(1+0O(\))
C1+00M).




D.5 The scaling function 289

On letting n converge to infinity, we obtain that the scaling functions op :
2r — RT and o¢ : 2¢ — RT are equal. Let us prove that if the scaling
functions or : 2 — Rt and og : 2¢ — RT are equal, then the cylinder
structures of F' and G are (1+)-scale equivalent and (1+)-connection equiva-
lent. For all ¢, € £2,,, choose t = ---t,,---t; € £2. Since o (f) = o¢(f) and by
(D.3),

or(ta) _ or(ta) or(t) oc(t)
oc(ty)  or(t) oa(t) oG(tn)
€ (1+00m)(1 £ 00"
C 1+ 00" (D.5)

The cylinder structures of F' and G are (14)-scale equivalent. For all t € (2,,,
denote the cylinders Cf by C; and the cylinders CF by D;. Let us prove
that the cylinder structures F' and G are (14)-connection equivalent. For all
adjacent symbols (t,, s,) € £2,,, choose

{:...t"...t17§:...5n...51 Eﬁ

such that (i) (#, s1) € £2,, (ii) there is 0 < k < n such that m*(t;) = mF(s;) ,
for all [ large enough. Denote m'(t;) by t* and m®(s;) by s’ for alli = 0,. .., k.
Let H be the Markov map F or G. By the definition of (I4)-connection
property of the cylinder structure of F' and G, there is 0 < A < 1 such that,
for all [ > n,

[erdnerd
- —= < O(A"). D.6
’ caic| = o™ (D6)
By (D.5) and (D.6),
|Ctn DSn _ |Ctn CSZ| ‘Ctz| |Csk| |Ctk|
Cs, | IDe, | [Cs, [ 1Cu | [Cor| T | |Cie|

|Dg| [Ds,| |Dyr| | Dyy| | Ds, |
|Dix| |Car| [Dy,| |Ds,| | Dy, |
k . .
or(t') UG(SZ))
c (10N - -
( (A") H <0G(t’) or(s?)

c(1+ O()\”))(Ti ONMY).

On letting ! tend to infinity, we obtain that the cylinder structures of F' and
G are (1+4)-connection equivalent. [J

Theorem D.7. Given a Holder scaling function o : 2 — Rt with domain
2 corresponding to a topological Markov map without connections, there is a
C'* Markov map F with scaling function op = o.

Putting together theorems D.2 and D.7 and lemmas D.5 and D.6, we obtain
the following result.
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Corollary D.8. There is a one-to-one correspondence between C1T conjugacy
classes of C'T Markov maps without connections and Hélder scaling functions
o : 2 — R with domain 2 corresponding to topological Markov maps without
connections. Furthermore, if F and G are C™ Markov maps in the same C'T
conjugacy class of C't Markov maps, then they are C" conjugate.

The cylinder structure has the (1+4)-scaling property, if there is 0 < p < 1

such that
o(s,)
o(Sn—1)

- < o)

for all n > 1 and for all s € (2,,.

Proof of Theorem D.7. We are going to prove that given a scaling function
o : 2 — Rt corresponding to a topological Markov map without connections,
then there is also a C**t Markov map without connections with scaling func-
tion o. By Theorem B.28, given a cylinder structure without connections and
with (14 )-scale property and bounded geometry, there is a C'* Markov map
F without connections that generates this cylinder structure. Define the pre-
scaling function o : 2 — RT determined by a scaling function o : 2 — R* as
follows. For all n > 1 and for all ¢,,_1 € 2,,_1, choose £ = - -tp,_1---t; € 2.
For all § € C; define o(s,) = o(3). Since the scaling function is bounded
from zero, trivially the pre-scaling function is bounded from zero. Thus, the
cylinder structure corresponding to the pre-scaling function o : 2 — RT
has bounded geometry. We are going to prove that this cylinder structure
has the (1+4)-scaling property. For all n > 1 and for all s, € (2,, choose

§="---8pSp—1---S1 € 2. Since the scaling function is Holder continuous and
it is bounded away from zero, we have that
o(sn) o(8) £ u”
0(8p—1)  o(3) £ pur1
cl1+0").

By Theorem B.28, there is a C'T Markov map F that generates a cylinder
structure with a pre-scaling function equal to o : 2 — RT. By construction
of the C'* Markov map F, the scaling function o : 2r — R* of F is equal
to the scaling function o : 2 — R*. [

D.5.1 A Holder scaling function without a corresponding smooth
Markov map

If we wish to find a moduli space for expanding maps of the circle, we are
naturally led to the question of which scaling functions occur, for a given
class of Markov maps. Sometimes, is difficult to characterize which scaling
functions are realizable by these Markov maps

To illustrate this, we consider the following simple class of Markov maps
of the interval I = [0,1]. We consider expanding maps f : I — I such that,
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for some 0 < r <1, fo = fljo,;] (vesp. f1 = fljr1)) 1s a C't diffeomorphism
of [0,7] (resp. [r,1]) onto I. The map f determines a Holder scaling function
s+ 2 = {0,1}2>0 — R. Moreover, Theorem D.7 asserts that every such
function occurs in this way.

We now consider the subclass of such mappings that correspond to degree
two expanding mappings of the circle. By the above comments, the scaling
functions for these are a complete invariant of C'* conjugacy. Moreover, we

have the following fact.

Lemma D.9. There is a Hélder scaling function o : 2 — Rt of the above
form such that no C't expanding map of the circle has o as its scaling func-
tion.

Proof. If F defines a C'* expanding map of the circle, then op(---00) =
op(---11). However,there are Holder scaling functions in the above class which
do not satisfy this property. [

D.6 Smoothness of Markov maps and geometry of the
cylinder structures

In this section, we give an equivalence between the geometry of the cylinder

structures corresponding to the Markov maps F' and G and the smoothness
of the conjugacy h between the Markov maps F' and G.

D.6.1 Solenoid set

Let F be a topological Markov map. A connection preorbit ¢ of a connec-

tion ¢; = {c;,cf} € C is a sequence ¢ = ---coc; such that (i) for all
m > 1, ¢y, = {c;,,¢h} is a connection or ¢, = ¢t; (i) Fl(e,) = ¢,
and F(ch) = ¢t _,. Given n € N, the pair (¢,n) determines sequences
E=(e,n)=---E, E,; and ET(¢,n) = --- E; | E} of lines as follows: E,,
(resp. E;f,,.) is the (n+m—1)-line with c;, (resp. ¢;}) as an endpoint. We call

the pair (E~(¢,n), ET(¢,n)) a two-line preorbit. If ¢y is a preimage of a connec-
tion, then the scaling structure of its two-line preorbits (E~(¢,n), ET(¢,n))
with n > 1 is determined by those of its image. In such a case, we just need to
keep track of the scaling for the two-line preorbits (E~(¢,n), ET(¢,n)) with
n = 1. On the other hand, if ¢; has no preimage, then we must study the
scaling of its two-line preorbits (E~(¢,n), E¥(¢,n)), for all n > 1. Let the set
of all preimage connections PC be equal to the set of all connections that
are C'* preimages of either a connection or a regular point. Therefore, by
definition of a Markov map, if a connection c¢ is contained in a turntable of
degree d > 2, then the connection c is a preimage connection. Let the set GC
of all gap connections be the set of all connections {z,y} such that x or y is
an endpoint of a gap. Let the set A = Ap of F' be equal to
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A=H{(E,n): (c1,n) € C x {1} or (¢1,n) € C\(PCUGC) x N},

where ¢ is a connection preorbit of ¢; € C.

Let (E~(¢,n), ET(¢,n)) = (---E,  E,,---E} E}) be a two-line preor-
bit. Let a,, (resp. by) be the label of the m-line that contains £, ,, (resp.
E}...). Therefore, a = a(¢,n) = ---asa; and b = b(¢,n) = ---bad; are con-

tained in the set 2. The solenoid set S = Sp is the set
S ={(a(e,n),b(¢,n),n) : (¢,n) € A}.

For all (f,n) = (a@,b,n) € Sr, adjoin to the symbols a,, and b,, all the order
information and all the topological information on the endpoints of the (m +
n)-lines Dy, » = E, ., and Dy, , = E;'._ . This information codes the order
of the n-lines in the 1-lines and which lines and points are in which junction.

Let 27 be the set of all adjacent symbols (¢, s) such that the cylinders C;
and Cs have a common regular point or one of the endpoints « of C; and one
of the endpoints y of C are a preimage connection {z,y}. Let 29 be the set
of all adjacent symbols (¢, s) such that C; or Cy is a gap and C; and Cy have
a common point. Let 2, = £2; U 29 and 2 = U,>1£2,.

The solenoid set & = Sp also corresponds to the set of all pairs

05) =(..tr,...50) €D x D

of two-lines preorbits such that there exists Nz > 0 with the property that,
for all n > Nz, (tn, sn) € £2;, U825 if, and only if, n > N; 5. The set Sgo C S
is the set of all (£,5) € S such that N7 = 1.

The sets A and S are isomorphic. By Remark D.3, we obtain the following
correspondence.

Remark D.10. The correspondence F' — Sp induces a one-to-one correspon-
dence between topological conjugacy classes of Markov maps and solenoid
sets.

D.6.2 Pre-solenoid functions

Let F be a Markov map. Define the pre-solenoid functions = sp : SxN — RT
determined by F' by

. [Da,.nl
sp(a,b,n,p) = 2,
( ) ‘Dbp7n|
Equivalently,
s=sp: 2 — realst
is given by

C.,
s(t.t) = 15"

i+1|.
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For all t € (2, define the set B; of brothers of t as the set of all symbols ¢ € {2
such that ¢t and s have the same mother. The pre-scaling function o : 2 — RT
and the pre-solenoid function s = sp : S x N — R™ are related by

(a(t) ™ = s(s,0).

SEB;

D.6.3 The solenoid property of a cylinder structure

The cylinder structure generated by the Markov map F' has the a-solenoid
property (resp. a-strong solenoid property) if, and only if, for all 0 < 8 < «
(resp. 0 < 8 < «), there are constants ¢, cg > 0 such that for all (¢,n,p) =
(a,b,n,p) € S x N, (i) sp(f,1,p) > ¢; (ii)

Sp (Ea n7p) Jé]
- < D D .
sp(t,n,p+1) ¢(|Day,n| + (Db, ,n)
Lemma D.11. A C'***  Markov map F generates a cylinder structure with
the a-solenoid property. A cylinder structure with the a-solenoid property gen-
erates a Markov map G such that Ag = Ap and Glag = Flap-

The cylinder structure of F has the (1 + «)-scaling property if

a(t) . B
o 1| 5016,

for all 0 < B8 < « and for all ¢ € 2. The cylinder structure of F' has the
(1 + a)-connection property if

’|Ct| 1Co(s)]
1Cs| [Cys)]

- 1‘ <0 (1G] + ) .

for all 0 < 8 < « and for all (¢,s) € 2.

Proof of Lemma D.11. Let us prove that the Markov map F is C'**  if, and
only if, the cylinder structure of F' has the a-solenoid property. By Theorem
B.26, the Markov map F is C'*% if, and only if, the cylinder structure of
F has the (1 4+ «)-scaling property, the (1 + «)-connection property and has
bounded geometry. Property (i) of the a-solenoid property implies that the
cylinder structure of F' has bounded geometry and vice-versa. Therefore, we
will prove that the cylinder structure of F' has a-solenoid property if, and
only if, the cylinder structure of F has the (1 + a)-scaling property and the
(1 + a)-connection property.

We now prove that if the cylinder structure of F' has the a-solenoid prop-
erty, then it has the (1+ «)-scaling property and the (14 «)-connection prop-
erty. Let ¢(t) € £2 be such that F(C;) = Cyy). Since the cylinder structure of
F has the a-solenoid, we have that
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o(t) _ Suen,50(5), 6(1))
a(o(t)) 2sen, 5(5:1)
Yoen 8(58) 1+ O (|Cnn|”))
> ses, S(s,1)
C1£0 (|Cn”)
C1+0(|C7).

S

By the a-solenoid property, the cylinder structure of F' has the (1 + «)-
connection property. Let us prove that if the cylinder structure of F' has the
(14 «)-scaling property and the (1+«)-connection property, then the cylinder
structure of F has the a-solenoid property. By the (14 «)-connection property
of the cylinder structure of F, for all 0 < § < « and for all (¢,s) € 27, we
have that
s(t, s)

s(6(t), d(s))
By the (1 + «)-scaling property and by bounded geometry, for all 0 < 8 < «
and for all (¢,s) € £29, we have that

s(ts) o) o(¢(s))
s(e(t),6(s))  o(o(t) ols)
1£ 0 ((|C))®)
L£ O ((IC] + |CL])™) -

€10 (1G] +1C:)°%).

N m

Therefore, the cylinder structure of F' has the a-solenoid property. [

Lemma D.12. A cylinder structure with the a-strong solenoid property gen-
erates a C1T* Markov map G such that Ag = Ar and G|a, = F|a,-

Proof of Lemma D.12. The proof follows in a similar way to the proof of
Lemma D.11, using 8 = « in the definitions of (1 + «)-scaling property and
(1 + a)-connection property and using Theorem B.26. [

The cylinder structure generated by the Markov map F' has the solenoid
property if, and only if, there are constants ¢1,co > 0 and 0 < A < 1 such that
for all (t,n,p) € S x N, (i)sp(t,1,p) > ¢1; (ii)

’1 _ SF(Ean7p)

= < AP,
SF(t7nap+1)’ 2

Theorem D.13. A C't Markov map F generates a cylinder structure with
the solenoid property and vice-versa.

The cylinder structure of F' has the (14)-scale property if, and only if,
there is 0 < A < 1 such that, for all t € (2,

oty .
(6) 1‘“9“ -
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The cylinder structure of F' has the (1+)-connection property if, and only
if, there is 0 < A < 1 such that, for all (¢,s) € £2;,

Ct| [Cys)|
|Cs| 1Cov)]

4go@w.

Proof of Theorem D.13. Let us prove that the Markov map F is C'* if, and
only if, the cylinder structure of F' has the solenoid property. By Corollary
B.23, the Markov map F is C'* if, and only if, the cylinder structure of F
has the (14)-scale property, the (14)-connection property and has bounded
geometry. Property (i) of the solenoid property is equivalent to the cylinder
structure of F' to have bounded geometry. Therefore, we will prove that the
cylinder structure of F' has the (1+)-scale property and the (14 )-connection
property. We now prove that if the cylinder structure of F' has the solenoid
property, then it has the (1+4)-scale property and the (1+)-connection prop-
erty. Since the cylinder structure of F' has the solenoid property, we have
that

a(o(t)) > ses, S(5:1)

ZseBt s(s,t) (1 &£ OcA™)
ZseBt S(S’ t)

Cl1+O(").

a(t)  _ 2sen, 5(0(s),0(t))

S

Since the cylinder structure of F' has the solenoid property, it has the (1+)-
connection property. Let us prove that if the cylinder structure of F has
the (1+)-scale property and the (1+4)-connection property, then it has the
solenoid property. By the (14)-connection property of the cylinder structure
of F, there is 0 < A < 1 such that, for all (¢,s) € £27,

s(t, s)
s(¢(t), (s))

By the (14)-scale property and by bounded geometry, for all (¢, s) € 29,

s(ts)  __o() a(d(s))

t
s(o(t),d(s))  a(o(t)) o(s)
E1+0O(\").

€E1+0(\).

Therefore, the cylinder structure of F' has the solenoid property. [

D.6.4 The solenoid equivalence between cylinder structures

Let F and G be two topologically conjugate Markov maps. The sets Sp x N
and Sg X N can isomorphic. Hence, we can identify these sets and denote both
of them by & x N.
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Definition D.14. The cylinder structures generated by the C*+ Markov maps
F and G are solenoid equivalent if, and only if, there are constants c1,co > 0
and 0 < A < 1 such that for all (t,n,p) € S x N, (i) sp(t,1,p) > c1; (ii)

’1 sp(t,n,p)

— < CQ}\n+p.
SG(tv nap) ‘

Theorem D.15. Let F and G be C" Markov maps in the same topological
conjugacy class. The conjugacy between F and G is C" if, and only if, the
cylinder structures generated by F' and G are solenoid equivalent.

Proof of Theorem D.15. By Theorem B.28, the Markov maps F and G are C'*
conjugate if, and only if, the cylinder structures of F' and G are (1+4)-scale
equivalent and (1+4)-connection equivalent. Therefore, we will prove that the
cylinder structures of F' and G are solenoid equivalent if, and only if, they are
(14)-scale equivalent and (14)-connection equivalent. We will prove that if
the cylinder structures of F' and G are solenoid equivalent, then they are (1+)-
scale equivalent and (1+)-connection equivalent. Since the cylinder structures
of F and G are solenoid equivalent, we obtain that

or(t) _ Xses, sa(s:t)

oa(t) o ZseBt sp(s,t)

ZseBt sr(s,t) (1 £ OcA™)
ZsGBt SF(Svt)

C1+0(\").

S

Now, we prove that the cylinder structures of F' and G are (1+)-connection
equivalent. For all ¢ € (2, denote the cylinders C} by C; and the cylinders C}’
by D;. Since the cylinder structures of F' and G are solenoid equivalent, they
are (1+)-connection equivalent. Let us prove that if the cylinder structures
of F and G (14)-scale equivalent and (14 )-connection equivalent, then they
are solenoid equivalent. Since they are (14)-connection equivalent, there is
0 < A < 1 such that, for all n > 1 and for all (¢,s) € 27,

sr(t,s)
sa(t, s)

€e1+£0(\").

By the (14)-scale equivalence, for all (¢, s) € £29

sp(t,s)  op(t)og(s)

sa(t,s)  og(t) op(s)
€el1+o\).

Therefore, the cylinder structures of F' and G are solenoid equivalent. [
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D.7 Solenoid functions

We define a metric d on the solenoid set S as follows. The distance between
(8,n) and (z,n) in S is equal to ™" if, and only if, s, = 2z, and Spy41 =
Zm+1, Where 0 < p < 1. Otherwise, the distance between two elements of S is
equal to infinity.

A function s : S — RT is pseudo-Hélder continuous if there is a constant
c¢>0and 0 < a < 1 such that

c(d((s,n), (2,1)))%,

s(z,n)
for all (5,n),(z,n) € S.

Lemma D.16. Let F be a C'T Markov map. The function s =sp : S — R¥
1s well-defined by

[ Dayp

s(a,b,n) = lim Dyl
man

Furthermore, s is pseudo-Holder continuous.

Proof of Lemma D.18. By Theorem D.13 and by the smoothness of the Markov
map F', the cylinder structure of F' has the solenoidal property. Thus, there
is 0 < A < 1 such that, for all (¢,5) € S, and for all n > N5,

S(tn, sn)

1—
S<tn+17 5n+1)

< OW\").
Thus, for all p,g >n > Ny; > 1, we have that

S(t;vasp) n
clx0O\").
s(tq,5q) (%)

Therefore, the function s : S — R¥ is well defined and
s(t,35)
S(tn, Sn)

Let 0 < o < 1 be such that A < v®. Let (£,5),(7,5) € S be such that
N5 = Ny and posses the property that t, =t;,, s, = s;, and tn1 # 5,44
O Spy1 # Spyq, for some n > Nig. By (D.7), the function s : § — R is
pseudo-Holder continuous

€1+ 00"). (D.7)

L S@3) | |y s(E3) s(th,sn)
s@.5)| 7| sltusa) s(75)

< 0 ((d(@3). #,57)").
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D.7.1 Turntable condition

Let (¢,n) be a two-line preorbit such that the points ¢, and ¢}, belong to a
turntable s,,,. Let e7*,..., e’ be any d connections through the turntables s,
such that the exit ej'm of e]* is the entrance e; ;1" of €], for all 1 < j < d,
and the exit ej'm of €' is the entrance e] ™ of ef*. For all 1 < j < d, let D;
be an [-line with endpoints ej_'m and ej"m. Then, the product of the ratios is
equal to

d—1

11 [Dj41| _ |Dal
LT = 1o

Hence, the solenoid function s : & — R satisfies the following turntable

condition:
d

[IsGEn) =1,
j=i

where &; = - - - e2¢].

D.7.2 Matching condition

The ratio between two cylinders D; and D, at level n is determined by the
ratios of all cylinders contained in the union Dy U Do which will impose the
matching condition that we now describe.
For all (¢,n) = (a,b,n) € Sg define
Ciny =12 € 2:D C D,,, n for all m > 1}

Zm+n+1

and

Ciny =12 € 02 D.,....CDy,,foralm2>1}.

For all u,v € C({’n)/ U C(ﬂn)n define

D
s(@,7) = lim 1Dom s |
m—0o0 |Du'rn+n+1|

Hence, the solenoid function s : & — RT satisfies the following matching
condition:

Zrecan 0D _ o
ZT)EC(EJL)// S(ﬂ75) ’

for all (,n) € S and for all @ € C(7,,,)» UC(zny,
Now, we give the following abstract definition of a solenoid function.

Definition D.17. A function s : S — R* is a solenoid function if, s satisfies
the matching and the turntable conditions.
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Lemma D.18. Let F be a C'* Markov map. The function sp : S — RT
defined by

- D
s(a,b,n) = W}gnm ||D:m,n||
m T

1s a pseudo-Holder solenoid.

Proof of Lemma D.18. By Lemma D.16, the function sy is well-defined and is
pseudo-Hélder continuous. In the previous two sections, we proved that the
function s : S — RT satisfies the matching and the turntable condition. [J

D.8 Examples of solenoid functions for Markov maps

We will give some examples of solenoid sets and solenoid functions for Markov
maps. The examples we give of solenoid functions are very simple, usually they
have a much richer structure. For example, the scaling functions related to
renormalizable structures usually have a lot of self-similarities (see [150]).

Cookie-cutters. Suppose that Cy and C7 are two disjoint closed subintervals
of the interval C' containing the endpoints of C' = [—1,1]. Let the train-track
X be the disjoint union of the closed intervals Iy, G = I\([oUI) and I
with junctions J; = {1}, Jo = I, NG, J3 = GNI; and Jy = {1}. The set
of all connections is equal to {Ja,J3}. Let F : X — X be a cookie-cutter.
Let Sp = {0,1} and G be the 1-gap between Cjy and C;. Add the symbol 0
to the gap point go = Cy N G and associate the symbol 1 to the gap point
g1 = C1 N G. Associate the information that the Markov branches Fy and Fy
are orientation preserving or orientation reversing to the symbols 0 and 1. Let
the symbol sequence - --g9e1 € {0, 1} represent the image of the gap point
9=, by the inverse Markov branches F ! o--- o F_! for all m > 1. Then, the
solenoid set S is represented by the set

S ={0,1}".

Let F be the following cookie-cutter:
2x x € |0,
F) - { 9
3

The solenoid function sg : S — R* is defined as follows. For all - - -g5e9 € S,

S(-+-£90) = e, 00 ey (Co)l -3
TR e o FLU(G))

Em

and ) 1
S("'EQ]_) — FE_m O...OFE_Q (Cl)‘
|Fob o0 FLH(G)|

=2
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Tent maps defined on an interval. Let X be the train-track containing the
cylinders Cy = [ag,bo] and C7 = [a1,b;] with the junctions ps = {ao, a0},
p3 = {bo,a1} and py = {b1,b1}. Let the set of all connections be equal to
{p3}. Let T : X — X be the C'* tent map such that: (i) dT" > X > 1 in Cy
and dT < A < —1in Cy; (ii) T(Cp) = T(C1) = I. Let the set St be equal to
{0, 1}. Therefore, the set of all preimage connections PC' is equal to the set
of all connections. Associate the information that the Markov branches Fy is
orientation preserving to the symbol 0 and that F} is orientation reversing to
the symbol 1.

Let the symbol sequences

(- e1,n) € {0,1}N x N

represent the image of the two n-cylinders with connection p3 by the inverse
Markov branches T ' o--- o T_ !, for all m > 1. The solenoid set S is repre-
sented by the set

S=1{0,1}Nx N.

We are going to give two examples 77 and 75 of tent maps. In the first
example, the solenoid function is constant and so Holder continuous. In the
second example, the solenoid function is pseudo-Holder continuous but it is
not Holder continuous.

Let 77 be the following tent map:

The solenoid function sz, : § x N — R* is the constant function s, = 2. Let
T5 be the following tent map:

3z z€[0,3]
TQ(x)_{%x—%xe[%,l}'

For all (---e1,n) € S the solenoid function sz, (- --e1,n) = 2™. Therefore, the
solenoid function sy, : & — RT is pseudo-Holder continuous, but it is not
Holder continuous.

D.8.1 The horocycle maps and the diffeomorphisms of the circle.

Let H : X — X be the horocycle (Markov) map (as defined in Chapter 13)
such that (i) H,(C,) = (Cy) and the endpoints a; and as of C, are sent into
H(ay) = by and H(ag) = by (ii) Hp(Cy) = X and the endpoints by and by
of C, are sent into H(b;) = ag and H(by) = by. The set of all connections
p1 = {a1,b2}, p2 = {ag, b1} and ps = {b1, b2} is equal to the set of all preimage
connections.

Let the sequence - - - e5e1bpy correspond to the preimage
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HZ'- - H'HZ'H, ' (pr)

Em

of p1, for all m > 1. Let the sequence - - - 91 bp1 p3 correspond to the preimage
He - HoHTHH ™ (pg)

of p3, for all m > 1. Let the sequence - - - e261bp1p3ps - - - p2 correspond to the
preimage
H;ml, e H‘;lH;le—lel - H Y(po)
of po, for all m > 1. The solenoid set S can be represented as the subset of
all sequences
g9e1 €8 C {a,b,p1,p2, p3}Y X N

such that a is followed by b; b is followed by a or b or pi; p; is followed by ps;
p3 is followed by ps; ps is followed by po.

Let H be the horocycle map corresponding to the rigid golden rotation
Rg4, where g is the golden number:

—gr+1zeC,=10,

5]
g .
—gr+guzelCy=][:1]
For this example, the solenoid function sy : S — R7T is the following quasi-
constant function. For all - --e0e1bpy € S,

H(z) = {

|H.,! - H'HZ'Hy ' (Ca)| 1

Ser(---e0e1b = A
H (- g2e1bp1) \HZ,! - Ho"HSUH Y(Cy) g

For all ---e2e1bp1p3 € S,

|H Y- HPHZUH, "HY(C,))|

Em

\HZ)! - HZ'HS H P H-Y(Gy)|

sg(---e2e1bpips) = =L

For all ---e9e1bp1pspe - - p2 € S,

Si (- e2e1bpipa -+ pa2) = ‘H;;u.Hsleb—lH*l...H*l(ca” _ 1
|H;ml,"'HEZIHng_l"'H_l(Cb” g

D.8.2 Connections of a smooth Markov map.

The connection ¢ = C, N C, between two cylinders C, and C} expresses
the existence of a smooth structure on a neighbourhood of ¢ = C, N} in
C,UCy. We give an example which illustrates the importance of the connection
property.

Let F: I — I be the C't Markov map defined by

—32+32€0,2]
Fiz)={2r-1 ze[23
Sx—35 xz€[3,5]
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with Markov partition Cp = [0,2], C; = [2,3] and Cy = [3,5]. The set of
connections is Cr = {2} and the set of preimage connections PCF is equal to
the empty set.

Define the homeomorphism h : [0,5] — J such that: (i) h is equal to a
smooth map hy in the set [0,3] and to a smooth map hs in the set [3,5]; (ii)
h is not smooth at the point 3.

Let G = hoFoh™' :.J — J be the smooth Markov map with Markov
partition By = [h(0),h(2)], By = [h(2),h(3)] and By = [h(3), h(5)]. The set
of connections is Cg = {h(2)} and the set of preimage connections PCg is
equal to the empty set.

Since the point 3 is not a connection of F' and the point h(3) is not a
connection of G, the map h is a smooth conjugacy between the smooth Markov
map F' and the smooth Markov map G, even if h is not smooth at the point
3 in the usual sense.

The scaling function o : 2p — RY is equal to og : 2¢ — RT and the
solenoid function s : S — R7T is equal to sg : S — RT.

D.9 a-solenoid functions.

A map F is C'*® smooth if, and only if, F'is C'*# forall 0 < B < a < 1.

The Lipschitz metric dr, = dr(F). Let F' be a topological Markov map.
For all (¢,n) = (a,b,n) and (5,n) € S, the distance dr((t,n), (5,n)) is equal
to

dL((Ea n)a (5’ n)) = ‘Dam,n

if £y, = Sm and ty,41 # Smy1. Otherwise, the distance between two elements
of § is infinity.

The solenoid function s : § — Rt is 8 pseudo-Holder continuous, with
respect to the metric dg, if, and only if, there is a constant cg > 0 such that
for

+ Dy, .nl

s(t,n)
s(s,n)

1= 2 < o )

all (t,n),(s,n) € S.

Definition D.19. An a-solenoid function s : S — RY, with respect to the
metric dy,, is a solenoid function s : S — R that is 3 pseudo-Hélder contin-
wous, with respect to the metric dr,, for all0 < < a < 1.

Lemma D.20. Given a C'*®  Markov map F the solenoid functions:S —
RT is 3 pseudo-Hdlder continuous, with respect to the metric dr(F), for all
0<pB<a.

Proof of Lemma D.20. By Lemma D.11, the cylinder structure of F' has the
a-solenoid property. Thus, for all (£,5) € S and for all n > Ni 5, we have thet
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S(tn, $n)

]_ _
$(tnt1,Sn+1)

<O ((IC | +1Cs,.1)7) -
By the expanding property of the Markov map F, for all p,qg > n > Ny > 1,
we have that ( )

S(tp, s

— PP e 120 ((|C, ] +1Cs, 7).

s(tq, sq
Therefore,

s(t,3)

S(tn, Sn)
Let (£,5),(W,7) € S be such that N;; = Ngz and have the property that
tn = Un, Sn = Vp and ;41 # Upt1 O Spy1 7# Uny1, for some n > Nz o = Ny .
By (D.8), we have that

€1£0((ICs, | +1Cs, 7). (D.8)

|

)
)

s(t,3) s(un,vn)
S(tn, $n) s(w,?)

<0 ((d((f,g), (ﬂ’ 6)))[3) :

Therefore, the solenoid function s : S — R is an a-solenoid function. (I

)

-
s(w,

<|i-

<

D.10 Canonical set C of charts

By Remark D.10, the solenoid function s : S — R defines a symbolic set
Xp corresponding to a topological Markov map F. We construct a set C of
canonical charts with domains contained in the symbolic set X'r of F' F' such
that:

(i) for all z € Xp and for the shift o(x) € X, there are charts
c: X, — Rt and e : ¥, — RT in a neighbourhood of z and in a
neighbourhood of F(x), respectively, such that the Markov map F is
affine with respect to the charts ¢ and e;

(ii) the solenoid function sg is equal to the solenoid function s;

(iii) the composition map d o ¢! between any two charts ¢ and d is a
smooth map, whenever defined.

We define the canonical charts ¢ : X, — R™ by the respective pre-solenoid
functions s, : £2, — RT up to affine transformations as follows.

Let ¢ = (£,1) = (a,b,1) € S. The pre-solenoid set 2, = Up>102,,, is
the set of all points (5§, m,p) = (v,z,m,p) € S x N such that the cylinders
Dy,svmy Dz vom C Dayy U Dy, forall j > 1. Let 2., C £2. be the
set of all symbols (s, m,p) € £2. such that m + j + p = n. The pre-solenoid
function s. : 2, — RT determined by the solenoid function s is defined by
sc(8,m,p) =s(3,m).

The domain X, of the canonical chart ¢ is the set of all symbols 165 --- €
XY such that e is equal to ay or b;.
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The matching condition implies that the pre-solenoid functions s. : 2, —
RT define a cylinder structure, i.e. the set of all extreme points of the cylinders
at level n is contained in the set of all extreme points of the cylinders at level
n+1, for all n > 1. The turntable condition implies the existence of turntable
journeys in the neighbourhood of each turntable.

Theorem D.21. Given a solenoid functions: S — R, the composition map
caoc,t between two canonical charts ¢ and d is a C' smooth map, whenever
defined. If s : S — RY is an a-solenoid function, then the composition map
caocsl is a CYT™ smooth map whenever defined.

Proof of Theorem D.21. By Theorem B.28, the composition map c o d~!
is a smooth map if, and only if, the cylinder structures of the canonical
charts ¢ and d are (14)-scale equivalent and (1+)-connection equivalent. Sim-
ilarly to the proof of Theorem D.15, the (14)-scale equivalence and (1+)-
connection equivalence are equivalent to the following solenoid equivalence
defined by (D.9). For all n > 1 and for all (wm,v,) € 2., N 2;,, let
(W= ...wy...01,0 = ...0,...v1) € S. By the pseudo-Hélder continuity
of the solenoid function, there is 0 < A < 1 and there are constants ¢y, co > 0
such that

Se(Wn,vn)  s(@,0)(1 £ 1 A™)
Sd(Wn, Un) s(w,)(1 £ c1A™)
ClteA (D.9)

and s.(wy,,v,) > . Therefore, the cylinder structures of the canonical charts
c and d are solenoid equivalent. By Theorem B.28, the composition map c o
d~!'is a C'™® map if, and only if, the cylinder structures of the canonical
charts ¢ and d are (1 + a)-scale equivalent and (1 4 «)-connection equivalent.
Similarly to the proof of Lemma D.11 the (1+«)-scale equivalence and (1+a)-
connection equivalence are equivalent to the following a-solenoid equivalence
defined by (D.10). For all n > 1 and for all (wm,v,) € £2., N £2,,, let
(W=...wp... w1, =...0,...v1) €S. By the S-pseudo-Holder continuity
of the solenoid function, for all 0 < 8 < «, there are constants c,cg > 0 such
that

Sc(wnv Un) S(m’ﬁ)(l + cﬁ(|Cwn + Cvn ))
Sd(wn7 'Un) S(E,E)(l + Cﬂ(|cwn, + CUn |))
C 1+ c5(Cu + Co |) (D.10)

and s.(wp, v,) > c. Therefore, the cylinder structures of the canonical charts
c and d are a-solenoid equivalent. []

Theorem D.22. Given a solenoid function s : S — RT, there is a C'F
Markov map F such that sp =s:S — RT.

Proof of Theorem D.22. Let F : Xp — X be the topological Markov map
corresponding to the symbolic solenoid set S. By the turntable condition of the



D.11 One-to-one correspondences 305

solenoid function and by Theorem D.21, the canonical charts give a smooth
structure of the set Y. For all ¢ = (1,5) € Sgc, define e = (v,%2) € Sge
by F(Cy,) C F(C,,_,) and F(Cs,) C F(C,,_,), for all n > 1. By the con-
struction of the canonical charts ¢ : X, — R and e : X, — R, the Markov
map F' is an affine map in X, with respect to the charts ¢ and e. Therefore,
the Markov map F is a C'T Markov map. By construction of the canonical
charts, the solenoid function sy : S — R coincides with the solenoid function
s:S—RT.O

Putting together theorems D.21 and D.22, we obtain the following result.

Corollary D.23. Given an a-solenoid functions : S — RT there is a C'+*
Markov map F such that sp =s: SF — RT.

D.11 One-to-one correspondences

Theorem D.24. The correspondence F' — sp induces a one-to-one corre-
spondence between C't conjugacy classes of C*t Markov maps and pseudo-
Hélder solenoid functions. Moreover, if F and G are C" Markov maps in the
same C't conjugacy class of Markov maps, then they are C™ conjugate.

By compactness of the subset Sgo of all (z,1) € S, the solenoid function
restricted to Sge is bounded from zero and infinity which corresponds to the
bounded geometry of the cylinder structure of the Markov map. The matching
condition of the solenoid function corresponds to the existence of a topological
Markov map. The turntable condition corresponds to the existence of journeys
through the turntables. The pseudo Holder property of the solenoid function
corresponds to the existence of a C'T Markov map.

If the solenoid function is bounded from zero, then a pseudo-Holder
solenoid function is Holder continuous. Otherwise, the solenoid function is
just pseudo-Holder continuous, see §D.8.

If the set of all preimage connections PC' is equal to the set of all con-
nections for a C'T Markov map F, then the corresponding solenoid function
is Holder continuous. That is the case of cookie-cutters, tent maps on train-
tracks, expanding circle maps, horocycle maps and Markov maps generated
by pseudo-Anosov maps, for example.

Proof of Theorem D.24. By Lemma D.18 and Theorem D.22, a C'* Markov
map F' defines a solenoid function sy and vice-versa. By Theorem D.2, if the
C™ Markov maps F and G are C't conjugate, then they are C” conjugate.
Therefore, we have to prove that the smooth Markov maps F and G are C'+
conjugate if, and only if, the solenoid function sy : Sp — R™ is equal to the
solenoid function sg : S¢ — RT. By Theorem D.15, the smooth Markov maps
F and G are C'* conjugate if, and only if, the cylinder structures of F and G
are solenoid equivalent. Therefore, we will prove that the cylinder structures
of F and G are solenoid equivalent if, and only if, sp = sg. By smoothness of
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the Markov maps F' and G and by Theorem D.13, the cylinder structures of F’
and G have the solenoid property. Let us prove that if the cylinder structures
of F and G are solenoid equivalent, then the solenoid function sz : Sp — RT
is equal to the solenoid function s : S¢ — R*. Since the Markov maps F and
G are topologically conjugate, the solenoid set Sp and Sg are equal. Since the
cylinder structures of F' and G are solenoid equivalent and have the solenoid
property, there is 0 < A < 1 such that, for all (t =---t;,5="---51) € S and
for all n > Ng; > 1,

) _ SF(E, §) SF(tn,Sn) Sg(tn,sn)
sg(t,5)  sp(tn,sn)sc(tn,sn) sa(t,s)
E1+OMN")N)AEOMN)(1+0O(\))
C1+00™).

On letting n converge to infinity, we obtain that the solenoid functions sp :
Sr — R and sg : S¢ — RT are equal. Now, we prove that if the solenoid
functions sp : Sp — RT and sg : S¢ — RT are equal, then the cylinder
structures of F' and G are solenoid equivalent. For all (t,,s,) € 2, x 27,
choose (t = ---t,---t1,5 = ---sy---51) € S such that N;; < n. Since the
cylinder structures of F' and G have the solenoid property and sg(t,5) =
sg(t, ), we have that

sp(tn,sn)  sp(tn,sn)sp(t,5) sa(t,5)

sa(tn,sn)  sr(t,5) sq(t,5)sq(tn, Sn)
e (1+£0M\")Q+00\"))
Cl1+0(\").

Therefore, the cylinder structures of F' and G are solenoid equivalent. O

Lemma D.25. The definition of the a-solenoid function s : S — R™ is inde-
pendent of the C** Markov map F used to define the metric dp(F), if sp = s.

Proof of Lemma D.25. Let F and G be two C'T Markov maps such that
sp = sg = s. By Theorem D.24, the Markov maps F and G are C'* conjugate.
Thus, for all t € 2F = g, |CF| = O(|CE|). Therefore, for all 0 < 8 < a, if
the solenoid function s : S — R¥ is 3 pseudo-Holder continuous with respect
to the metric d defined by using the Markov map F', then the solenoid function
s: 8 — RT is pseudo-Holder continuous with respect to the metric d defined
by using the Markov map G. J

Theorem D.26. The correspondence F' — sp induces a one-to-one corre-
spondence between C'T  conjugacy classes of C'T*  Markov maps and o-
solenoid functions, with respect to the metric dp,(F).
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Proof of Theorem D.26. By Lemma D.20 and Corollary D.23, a C1T® Markov
map F' defines an a-solenoid function sy and vice-versa. By Theorem D.24,
the smooth Markov maps F and G are C'* conjugate by h if, and only if, the
solenoid functions sp : Sp — RT and sg : S¢ — R are equal. By Theorem
D.2, the conjugacy h is a C'T® map. O

Lemma D.27. If the Markov map F' defines an a-solenoid functions:S —
RT, with respect to the metric di,(F), that is not n > « pseudo-Holder con-
tinuous, then the Markov map F is not C'17.

Proof of Lemma D.27. Let 7 > a and suppose that the Markov map F is
C'*1. By Theorem D.26, the solenoid function s : S — R is i pseudo-Hélder
continuous which is absurd. [

D.12 Existence of eigenvalues for (uaa) Markov maps

Let M : T — T be a Markov map and A, its invariant set. Let I,J C T be
two intervals such that M7y = M, Jl is a homeomorphism, for some p > 1. Let
My = M;,l : J — I be the inverse map of the map M.

The Markov map M is (uaa) with respect to an atlas A if, and only if]
there is a constant ¢ > 1 and a continuous function &, : ]RE)" — R(J{ with
£.(0) = 0 and with the property that for all maps M ; as above, for all charts
(t,I' D I), (j,J' D J) € Aand for all z,y,z € J so that 0 < j(y) — j(z),
J(2) — i) < 5 and ¢t < (() — j(y))/(i(y) — j(2)) < c, we have that

(10 My)(y) — (io Myr)(x) j(2) = j(y)
(1o Myr)(z) — (io Myr)(y) j(y) —j(z)

We note that the (uaa) definition of a Markov map is stronger than just
to say that a map is (uaa). Roughly, a Markov map is (uaa), if every inverse
composition is (uaa) with the same constant ¢ and the function e.

The Markov maps M : T — T and N : P — P are topologically conjugate,
if there exists a homeomorphism h : T'— P such that

(i) ho M|a,, = N o hla,, and
(ii) the singularities  and h(x) have the same order.

log < gc(6).

If the homeomorphismn A is (uaa), then we say that the Markov maps M and
N are (uaa) conjugate.

Let M : T — T be a (uaa) Markov map with respect to an atlas A on T.
Let p € T be a periodic point with period ¢. Consider a local chart (i,1) € A
such that p € I. The eigenvalue e(p) of p is well defined, if the following limit
exists and it is independent of the chart considered:

i G0 MOE) — (0 M) ()
U SO
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Theorem D.28. Let M : T — T be a (uaa) Markov map with respect to an
atlas A on T and p a periodic point of the Markov map M. The eigenvalue
e(p) is well defined and the set of all the eigenvalues is an invariant of the
(uaa) conjugacy class.

Proof. We are going to prove, in two lemmas, the existence of eigenvalues
for (uaa) Markov maps and that they are invariants of the (uaa) conjugacy
classes. We prove in Lemma D.29 and Lemma D.30, for a fixed point p, that
the eigenvalue e(p) is well defined and it is an invariant of the (uaa) conjugacy
class. The proof for a periodic point p’ of period g follows in the same way as
for the fixed point p using the composition M? of the Markov map M. [

Lemma D.29. Let p be a fixed point of the (uaa) Markov map M : T — T
with respect to the atlas A. Let i : I — I' be a chart in A, such that p € I.
Then, the eigenvalue e(p) is well defined by

(0 M)(2) ~ (0 M)
W)= e T

Proof. We consider two different cases: the first case when the Markov map
M is orientation reversing and the second case when the Markov map M
is orientation preserving. We prove both cases in two steps. First, we prove
that given a sequence of points ¢, = M(gn+1) converging to p, they define
a candidate e(p) for the eigenvalue e(p). Secondly, we show that for any z
converging to p, we obtain that

(io M)(z) = (io M)(p)

fim i) —i(p) = e(p)-

Let g, € T be a sequence of points g,, such that

(i) the point M(qy) is equal to the point ¢,—1 and
(ii) the point gy, is close of the point p, for all n > 0.

Let 7, be equal to the ratio between the distances of |i(g,—1) — i(p)| and
li(gn) —i(p)| (see Figure D.4).

Tn

7N

i(qp) i(p) i(qp-1)=(i0 M) (qy)

Fig. D.4. The ratio 7,.
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Since the Markov map M is (uaa), the limit r = limr,, exists and

r . .
Lot <l i)
Therefore,
o M)(q,) — (io M
le(p)| = lim io M)(an) = (o M)D)| _ (D.11)
i(qn) — i(p)
First case. The Markov map M is orientation reversing, e(p) = —r.

For all point z converging to p, let the point ¢, € [p,z] be such that
the ratio between the distance |i(z) — i(g,)| and the distance |i(g,) — i(p)| is
bounded away from zero and infinity. Let s, be equal to the ratio between
the distances of |i(z) —i(g,)| and |i(gn) —i(p)|. Let s,—1 be equal to the ratio
between the distances of |(io M)(z) —i(gn—1)| and |i(¢n—1) —i(p)| (see Figure
D.5).

NN N

(ioM)(z)  i(qpn.1)=(ioM)(qy) i(p)  i(qy) i(z)

Fig. D.5. The ratios s, and sp—1.

By equality (D.11),

(io M)(2) — (io M)(p)
i(z) —i(p)

€ e(p) (1 e (|ilgnot) — i(gn)))) %

Celp) (1 +ec(li(z) = (io M)(2)])). (D.12)

Therefore,
lim (io M)(z) — (z o M) (p)
2=p i(z) —i(p)
Second case. The Markov map M is orientation preserving, e(p) = r.

For all point z converging to p, either there is a point ¢, between p and z
or there is not. In the case where there is a point g,, between p and z, we get
a similar condition to (D.12). Otherwise, we consider a point ¢, such that the
ratio between |i(g,) — i(p)| and |i(z) — i(p)| is bounded away from zero and
infinity.

Let s, be equal to the ratio between the distances of |i(g,) — i(p)| and
|i(z)—i(p)|. Let s,—1 be equal to the ratio between the distance |i(g,—1)—i(p)|
and the distance |(i o M)(z) — (i o M)(p)| (see Figure D.6).

= e(p) .
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Sn-1

Y

i(qn.1)=(ic M) (qy) i(p)=(ioM)(p) (ioM)(2)

T Sp

Y

i(a) i(o) i(2)

Fig. D.6. The ratios s, and s,_1.

By equality (D.11),

(10 M)() = (1o M)(p) .
O e € e (1 e i) i) S

Ce(p) (1 xec([(i0 M)(2) = i(gn-1)]) -

Sn

O

Lemma D.30. The eigenvalue e(p) is an invariant of the (uaa) conjugacy
class of the Markov map M : T — T with respect to the atlas A.

Proof. Let M and N be (uaa) Markov maps with respect to the atlases .4
and B, respectively. Let h be the conjugate map between M and N,

hoM=Noh.

Let p and p’ = h(p) be fixed points of M and N, respectively. Let ¢, and
q,, = h(gn) be two sequences of points converging to p and p’, respectively,
such that M(g,) = qn,, for all n > 0. Let ¢,, be equal to the ratio between
the distances of |i(gn,) —i(gn)| and |i(g,) —i(p)I| and ¢/, be equal to the ratio
between the distances of [j(q,,_1) —7(q,)| and j(q,,) —7(p')| (see Figure D.7),
where i € A and j € B.

iy th
77N\ N\
i(p) i;‘ln) i(qn-1) ir°) j;q'n) J(an-1)

Fig. D.7. The ratios t, and t,,.
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By Lemma D.29,
em(p) = £lim(1+¢,) and en(p)=+lim(1+1¢)) .

Since the map h is (uaa),

t

t_:L € 1+ ec(li(gn-1) —ilgn)]) -

Since the map h preserves the order, we have

D.13 Further literature

311

This appendix is based on Ferreira and Pinto [36] and Pinto and Rand [158].
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Appendix E: Explosion of smoothness for
Markov families

For uniformly asymptotically affine (uaa) Markov maps on train-tracks, we
establish the following type of rigidity result: if a topological conjugacy be-
tween them is (uaa) at a point in the train-track then the conjugacy is (uaa)
everywhere. In particular, our methods apply to the case in which the domains
of the Markov maps are Cantor sets. We also present similar statements for
(uaa) and C™ Markov families.

E.1 Markov families on train-tracks

E.1.1 Train-tracks

Let T = LIC;/~ be the disjoint union of closed intervals C; of R with an
equivalence relation ~ on the endpoints of the intervals C;. Aset I cTisan
open segment of T if, for every xr € I, cl(I)\{z} has two connected components
I and I,. A closed segment J C T is the closure cl(I) of an open segment I.
The boundary of an (open or closed) segment Tis 8T = cl(I) \ int I. We say
that S is an admissible set of open segments of T if it satisfies the following
properties: (i) if I € S then I is an open segment of T'; (ii) for all z € T
there exists I € S which contains z; (iii) if I is an open segment of T and
I is contained in an union of segments in S then I is also in S. Let T be a
(compact and proper) subset of T and S an admissible set of open segments
of T. We say that Ao is an admissible set of open segments of T' if there is
an admissible set S of open segments of T such that Ap = {INT :1 e S}.
We say that J is a closed segment of T if there is an open segment I C Agp
such that J = cl(I). Let A be the set of all open and closed segments of T
determined by Ap. The boundary 01 of a segment I of T is the boundary
of the smallest segment I c T such that I = I NT. The interior int of a
segment I of T is int I = I\ &1. The triple (T, T, A) forms a train-track Ta.
Let Th = (T,T,A) be a train-track. A chart (i, I) is a map 7 : [ — R which
is the restriction of an injective and continuous map ¢ : I — R, where I is an
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open segment of T and INT = I € Ap. An atlas A on T is a set of charts
with the property that for every x € T and J € Ap with « € J, there exists
a chart (4,) such that I N J contains an open segment K with z € K. We
note that (for simplicity of exposition) if (i,I) is in A we will consider that
(#|I',I") is also in A for every interval I’ C I. Two charts (¢, I) and (j, J) with
I,J C T are (uaa) compatible if the overlap map ioj~1:j(INJ) —i(INJ)
is (uaa) when I NJ # 0. An (uaa) atlas A on Tx is an atlas formed by
charts which are (uaa) compatible. Let Ta = (T, T, A) and Py = (P, P,I") be
train-tracks. The map h : I C T — J C P is a homeomorphism if there are
connected sets I C T and J C P with I = INT and h(I) = J N P such that
h extends to a homeomorphism h : I — J and the image of every segment
in I is a segment in I, and vice-versa. Let A and B be atlases on T and on
Pp, respectively. The homeomorphism h: I CT — J C Pis (aa) at z € T
if for every chart (i,I') € A with « € I’ C I and every chart (j,J') € B
with h(z) € J' C J we have that jo ho i t[i(I' N h=1(J")) is (aa) at i(x)
with modulus of continuity not depending upon the charts considered. The
homeomorphism h : I C T — J C P is (uaa) at « € T if for every chart
(i,I') € A with € I' C I and every chart (j,J') € B with h(z) € J' C J we
have that johoi=ti(I’Nh~1(J")) is (aa) at i(z) with modulus of continuity
not depending upon the charts considered. The homeomorphism & is (uaa) if
h is (uaa) at every point x € I with modulus of continuity y. not depending
upon the point x.

E.1.2 Markov families

For every n € Z, let Th = (T™, ", A™) be a train-track and M,, : T™ — T"+!

amap. A Markov partition of (My,, TR )nez is a collection (C’f, cee Cgl(n))
nez
of closed and proper segments in A™ with the following properties for every

n € 7Z:

(i) 7" = UM €, and the constant m(n) is bounded away from infinity
independently of n;
ii) int C? (int O = 0 if ¢ # j;
i J
iii) My |int C is a homeomorphism onto its image;
K3
iv) If z € int C" and M,,(z) € C*"! then M,,(C") contains C7*1;
i J i J
(v) For every C';-H'l C T™*! there exists a C!* such that M, (CP) contains

n+1,
(G
(vi) Let
Cl., o, =1xeCl : (Myyj_q0...0My,)(z) € ngﬂ,j =1,2,...,m-1}
be an m-cylinder if C?_ . # 0. For every sequence C?, C?_,, ...
of cylinders, lim; .o (/. _; CZ.,. ., is asingle point;

(vii) For every CF, there exists [ = I(i,n) such that 7"+ = M. (CP),
where [(i,n) is bounded away from infinity independently of i and n;
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(viii) For every open segment K and x € K, there is an open segment [
such that M, (I) C K and « € M, (I).

An m-gap G™ is a closed segment contained in an (m — 1)-cylinder with the
property that G is equal to two points which are endpoints of two m-cylinders
(in particular, G™ is equal to its boundary).

Definition 45 A Markov family (M,,,T%)nez is a sequence of train-tracks
Th = (T",T",A”) and maps M, : T* — T"! with a Markov partition. A
Markov map (M,Ta) is a Markov family (M,,, T} )nez, where M, = M and
TR =T for every n € Z.

E.1.3 (Uaa) Markov families

A local homeomorphism ¢ : I C R — R is uniformly asymptotically affine
(uvaa) at a point x € I if for all ¢ > 1 there is a continuous function x. :
Ry — R{ satisfying x.(0) = 0 such that for all points yi,ys,y3 € I with
¢t < (ys —y2)/(y2 — y1) < ¢, we have

lo (y2) — d(y1) ys — y2
d(y3) — d(y2) ya — 1

We call x. the modulus of continuity of ¢. The left hand-side of (E.1) is called
the ratio distortion of ¢ at the points y1, y2 and y3. The local homeomorphism
¢ : I — Ris (uaa) if ¢ is (uaa) at every point & € I with modulus of continuity
X not depending upon the point z. We say that ¢ : I — R is asymptotically
affine (aa) at a point x € I if ¢ satisfies inequality (E.1) in the case where
y2 = x. The classical definition of an (uaa) or symmetric function ¢ is given
by taking ¢ =1 (see also Appendix A). Here, we consider in the definition all
¢ > 1 because I does not have to be an interval. For instance I can be a Cantor
set. However, by the following remark these two conditions are equivalent if I
is an interval.

< Xe(max{|yz — x|, |y1 — =|}). (E.1)

Remark E.1.1f T is an interval and if, for ¢ = 1, ¢ satisfies inequality (E.1)
for all x € I then ¢ satisfies that inequality for all ¢ > 1.

Proof. Follows similarly to the proof of Remark E.2. [

Definition 46 Let (M, TR)nez be a Markov family, (An)nez o family of
atlas A, on TR, and (i,I) a chart in the atlas A,. For all distinct points
x,y,z € I with i(y) lying between i(x) and i(z), we define the ratio r;(x,y, z)

by

i(z) —i(y)
i(y) —i(z)
For every segment K C I we denote by |K|; the length of the smallest interval
which contains i(K). For simplicity of notation, we will use r(x,y, z) and | K|
instead of ri(x,y, z) and |K|;, respectively, when it is clear which is the chart
that we are considering.

Ti(l’7y72) =
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We note that the set of all ratios r;(x,y, 2) determines the chart (,1) up
to affine composition. Let (M, TR )nez be a Markov family and (A4, )nez a
family of atlas A, on T}. Given two open segments I C 7™ and J C T"
we denote by My : I — J the map My; = M,_10---0 My,|Il if M;;is a
homeomorphism. We say that (M, T}, An)nez is an (uaa) Markov family if
it satisfies the following properties:

(i) For every ¢ > 1, there exists a continuous function y. : Rar — R(}L
with x.(0) = 0 such that for all homeomorphisms My; : I — J, for
all charts (i,1) € A, and (j,J) € Ay, and for all points z,y,z € J
with ¢=t < r(z,y, 2) < ¢, we have

r (M) (), My (y), My (2))
r(z,y,2)

log < xe(|z — z|); (E.2)

(if) For every closed segment I which is a 1-cylinder or an union of two
1-cylinders with a common endpoint, there is a chart (i,I') € A,
such that I C I’. There exists a constant b > 1 such that for every
2-cylinder or 2-gap I, b= < |I|; < b for every chart (i,1") with I C I'.

We call x. the modulus of continuity of (M, TR, An)nez. An (uaa) Markov
map (M, T, A) is an (vaa) Markov family (M,,, TR, Ay)nez, where M,, = M,
T% = Ta and A,, = A for every n € Z. We note that condition (ii) is a
technical assumption easily fulfilled in the case of a Markov map (by refining
the Markov partition if necessary).

Remark E.2. Let (M, T%, A, )nez be a Markov family such that 7 = T™ for
every n € Z. If (M,,, T}, Ay)nez satisfies property (ii) in the case where ¢ =1
then also satisfies property (ii) for every ¢ > 1.

Proof. Let us prove that, for every ¢ > 1 and for all small ¢ > 0, there exists
0 = d(c,e) such that, for all maps My : I — J, for all charts (i,I') € A,
and (j,J') € A, with I C I’ and J C J', there exists dy = dp(c,€) such that,
for all § < &g and for all points x,y,z € J with ¢™! < r(x,y,2) < ¢ and

0 <j(y) —i(2),j(2) = j(y) <9, we have

r (M7} (), M7} (), M} (2))
r(z,y, 2)

log < g, (E.3)

and so M is (uaa). Let us denote by [t] the integer part of ¢ > 0. There
exists k = k(c,e) such that, for every pair of adjacent intervals L, R C R
with ¢=! < |L|/|R| < ¢, there are adjacent intervals P, ..., Py and a constant
I =I(L, R) with the following properties (see Figure E.1):

G) Uit P c LU, , P CRand U, P, =LUR;

(ii) \1og|L|/’U§:1 Pl < ¢ and ‘log\R|/‘Uf:H_1 Bl <:

3-
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L R
! P11 P Py
J(z1) Jzr) J(Try1)
e
J I
r =21 Y 2= Tp41

Fig. E.1. The intervals P;.

Thus, there exist constants k = k(c,e) and I = I(j(x),j(y), j(2)) and points

Z1,...,Tp+1 € J with the following properties:
(1) 1 =z and xgy1 = 2;
(ii) theintervals [j(x1), j(x2)],. .., [j(2k), j(zr+1)] have the same length
and pairwise disjoint interiors;
(iii)
‘1ogw < £ and logj(xk,H) _],(xl—H) < = (E.4)
iy) —j(@) | =3 J(z) —3(y) 3

For simplicity of notation, let us denote the map ¢ o M, Jl by f. Since, by
hypotheses (M, T%, Ay )nez satisfies property (i) with ¢ = 1 in the definition
of an (uaa) Markov family, there is a continuous function x; : Ry — R{
satisfying y1(0) = 0 such that, for all 1 < p < k + 1,

f(xp) - f(xp—l)
f(wp1) — f(zp)
Thus, forall 1 <n<k+land 1 <m < k+1,
f(m) = F(m1)
f(xn-&-l) - f(xn)
and so there exists a constant ¢; > 0 such that

(1 = e1h(e: )1 (0)) /@) = F(@n-1)] < £ @m) = F(mr)

< (14 ck(e, )1 (0)) |f (@n) = Fwn-1)]

Therefore, there exists a constant cy > 0 such that
l
|10g Zp:l (f(@pt1) = f(zp) k-1
k
Zp:lJrl (f(@p+1) — f(zp)) !

Let us choose dp > 0 such that, for all § < §y we get cak(c,e)x1(0) < &/3. By
inequalities (E.4) and (E.5), we obtain that

< x1(0).

‘log

‘mg < Im — nlxa(8) < k(e,e)xa (6),

< cok(e, e)x1(0). (E.5)
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(M;Jl(x%MIill(y%MIi]l(Z)) 3
r(z,y,z) 3

r
log +-5+5=¢

e €
3 3

which ends the proof. [J

E.1.4 Bounded Geometry

We note that without loss of generality, we can take the modulus of continuity
Xe : ]RS' — RS‘ as being an increasing continuous function. Hence, for simplic-
ity of the arguments in this section, we always consider that this is the case.
Let (M, TR, Ap)nez be a Markov family. Let C, D C T™ be m-cylinders or
m-gaps. We say that the sets C' and D are adjacent if they have a common
endpoint.

Lemma E.3. Let (M,,,TX, An)nez be an (uaa) Markov family. There ezists
a constant d > 1 such that, for all m-cylinders or m-gaps C, D C T™ which
are adjacent and contained in the domain I of a chart (i,I) € A,,

d!< Cl: <d

|D|; ~

Proof. Let C' = Mypim-—o0...0 M,(C), D' = Myym—20...0M,(D), and
(4, J) be a chart in the atlas A, ,,—1 such that C’, D" C J. Let b > 1 be as
considered in the definition of an (uaa) Markov family. Then

b2 < |C';/|D|; < b2 (E.6)

Take ¢ > b2. Using inequaliy (E.2) and that y. is an increasing function, we
obtain

‘1 ) (E.7)

g
D] 1C"];
Now, Lemma E.3 follows from inequalities (E.6) and (E.7). O

Lemma E.4. Let (M,,, TR}, Ap)nez be an (uaa) Markov family. There exist
constants d > 1 and 0 < «, < 1 with the property that, for every m-cylinder
orm-gap C C T", and for all charts (i,I) € A,, such that CNI # (), we have
|C| < dB™. If C C I then |C| > d ta™.

Proof. Since the number of Markov intervals contained in 7™ is bounded
independently of n € Z, Lemma E.4 follows from Lemma E.3. O
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Lemma E.5. If (M, T}, Ap)nez and (Ny, PR, Bp)nez are two (uaa) Markov
families topologically conjugate by (hy)nez then they are C* conjugate, for
some o > 0, t.e. there exist constants d > 1 and o > 0 with the property that
for every chart (i,I) € A,, for all x,y € I, and for every chart (j,J) € By,
with hy(x), hy(y) € J, we have

hn(y) = hn(2)]; < dly — [ and |y —al; <d|hn(y) — hn(2)[7.  (E.8)

Proof. Let (i,I) be a chart in the atlas A,, and for all z,y € I let (j,J) be
a chart in B, such that h,(z), h,(y) € J. Then, choose the smallest m with
the property that there are adjacent m-cylinders or m-gaps C' and D, and an
(m + 1)-cylinder or (m + 1)-gap E such that (i) x,y € C' U D, and (ii) the
interval K C I with endpoints z and y contains E. By Lemma E.4, there exist
constants d; > 1 and 0 < aq, 1 < 1 such that

2d7 0"t < |B|; < ly — z|; < |[(CUD)NI|; < 2d1 67"
Similarly, there exist constants de > 1 and 0 < ag, f2 < 1 such that
251 < [ (B); < [ha(y) — ha(@)l; < [ha((C U D) N D < 2335

Therefore, there exist constants d > 1 and « > 0 such that (E.8) follows. O

E.2 (Uaa) conjugacies

The Markov families (M,,, T4, An)nez and (Ny, PF, By)nez are topologically
conjugate if there exists a conjugacy family (hy,)nez of homeomorphisms h,, :
T" — P™ such that h,41 0 M, = N, oh, for all n € Z. The conjugacy family
(hn)nez is (uaa) if for every m, the homeomorphisms h,, and h, ! are (uaa)
and the modulus of continuity x. of h, and h,,! do not depend upon n.

Definition 47 Two (uaa) Markov families (M,,T%, An)nez and (N, PR,
By)nez are (uaa) conjugate if there exists an (uaa) conjugacy family between
(Mna TZ) An)neZ and (Nm PIT“La Bn)neZ-

An orbit (wp)nez of the Markov family (M,,, T} )nez is a sequence of points
wy, € T™ such that M, (w,) = wp41 for every n € Z. A sub-orbit (wy,)icz is a
subsequence of (wy,)nez (Where (n;);cz is an increasing sequence of integers).

Theorem E.6. Let (M, T}, An)nez and (Ny, PP, Bp)nez be (uaa) Markov
families, and let (hn)nez be a topological conjugacy family between
(M, TR, An)nez and (Ny, PR, Bp)nez- If, for every point wy, of a sub-orbit
(Wn, )iz, hn, s (aa) at w,, and the modulus of continuity does not depend
upon i, then (hy)nez s an (vaa) conjugacy.
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Proof. We are going to prove that the homeomorphism hg : T — P? is (uaa).
Then it follows, in a similar way, that h, is (uaa) for all n € Z. For simplicity
of exposition, we are also going to consider the case in which the conjugacy
is (aa) in an orbit (wy,)mez. The proof for the case where the conjugacy is
(aa) just in a sub-orbit follows similarly to this one. Let (i,1) be a chart in
Ag, and z,y,z € I any three points such that ¢~ < r(z,y,2) < c. Take a
sequence of charts (i,,, I,,) € A, such that for some M < 0 and all m < M
it has the following properties: (i) there are intervals I,,, and J,, such that
I, C J, C I/, and the maps

M, 1 =M_j0--- oMy, : I, =1 and My, j, = Mpy_10---0oMy, 2 Iy — Jur

are homeomorphisms; (i) w,, € Jp, \ I (see Figure E.2). Let xps, ypr and zps
be the preimages by Mj,,r of z, y and z, respectively. Take a point pys € Jas
and a constant ¢ = c(znr, Yar, 20, War, par) > 1 such that

ct <r(xm,wa,pm) s (Y, wa,pa) S T(zas war, pa) < c

(see Figure E.2). Let X, Ym, Zm, Pm € Jm be the preimages by M, ;,, of
T, Y, 2y and pag, respectively.

My 1
] /////’””—‘j-ﬁ_-*\*\\\\\\\x
— I — Ju I
Tm Ym Zm Wm Pm TMm Ym ZM wp  PM X Y z

M50

Fig. E.2. The maps My, r and My, 5,,-

Since the Markov family (M, T4, Ay )nez is (uaa),

r(z,y, z)

‘log
(T, Ym, Zm)

'<x4v—ﬂ> (E9)
Let (u,U) € By and (um,Uy) € B, be charts such that ho(I) C U and
R (Jm) C Up,. Since the Markov family (N,,, By, )nez is (uaa) and by Lemma
E.5, there exist constants d > 1 and 0 < a < 1 such that

log r(ho(x), ho(y), ho(2))
T(hm(xm)a hnL (ym), hnl(an))

]<x4maa—hamu><x4ﬂv—xm%.

(E.10)
By hypothesis, the conjugacy h,, is (aa) at w,,, which implies that
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T(hm(l‘m), Fom (Wi ) hm(pm))

T(xma wmapm)

log < Xg(|pm_xm|)a

7 (A (Ym)s B (W) B (Pn))
log 7 (Yrm> Win, Pm) < Xellpm = yml),
log r(hm(zm)ahm(wm)7hm(pm)) < Xg(|pm_zm‘)~

T(Zma wmvpm)

The last three inequalities imply that

T(xmaymazm)

By (E.9), (E.10) and (E.11), there is a continuous function x, : Rf — R
satisfying x.(0) = 0, and such that

7(ho(x), ho(y), ho(2))
r(z,y,2)

log — 0, when m — —o0. (E.11)
r

log < Xe(lz = z).

Therefore, the conjugacy hg is (uaa). O

A generating set G of (T™),ez is a set of points a € TH% with I(a) € Z,
and with the property that, for every n € Z, we have

T"=c({w=My_10---0Myg(a):a€gandl(a) <n}).

Theorem E.7. Let (M, T%, Ap)nez and (Ny, PE, Byn)nez be (uaa) Markov
families, and let (hn)necz be a topological conjugacy family between
(M, TA, An)nez and (Np, PY, By)nez. If, for every point a of a generating
set G, hyay is (aa) at a and the modulus of continuity does not depend upon
a, then (hy)nez is an (uaa) conjugacy.

Proof. We are going to prove that the homeomorphism hg : T° — PO is
(uaa). It follows, in a similar way, that h, is (uaa), for all n € Z. Let (i,I) be
a chart in Ay, and x,y, z € I any three points such that ¢! < r(z,y,2) < c.
By construction of the set G, there is a sequence (wg)gez of points wy =
(M_y 0+ 0Myq,) (ar) € I such that (i) ar € G, (i) i(z) < i(wi) < i(2),
and (iii) limwy = y. Take a sequence of charts (ix,I},) in A, such that
for some K > 0 and all k¥ > K it has the following properties: (i) there are
points 'y, Yk, 2k, ar € I}, whose images by M_; o --- o M, are the points
x,y,z,wi € I, respectively; (ii) the interval I;, C I;, with endpoints zj and zj
contains the points yx and ay; (iii) I, is sent injectively by M_j0---0 M, in
the interval with endpoints = and z. Since the Markov family (M,,, Tk, Ay )nez
is (uaa), for k large enough, we get

T(Z‘,’U)k;, Z)

r(:rkaakazk) < Xc(|z_$|) (E12)

‘log




322 E Appendix E: Explosion of smoothness for Markov families

M,l 0...0 A{l(ak)

— 00— 00— — & —0o — 00—
Ty Gk Yp 2k T wg oy z
‘th(ak) ho
Uy, U
——o —————o— ——o 9o ——0o—
/ / oo !
Ty ay 2y, T owy z

N,1 c...0 Nl(ak)

Fig. E.3. The points in the ratios of the proof of Theorem E.7.

Set 2’ = ho(x), y' = ho(y), w, = ho(wg), 2 = ho(2) and x), = hy,) (),
aj, = Pyapy(ar), 2, = hia,) (21) (see Figure E.3).

Let (u,U) € By and (uy,Uy) € By(a,) be charts such that ho(/) C U and
Pi(ap)(Ix) C Ug. Since the Markov family (N, P, By)nez is (uaa) and by
Lemma E.5, there exist constants d > 1 and 0 < o < 1 such that

r(z’,w, 2"
r(zy, ays 2;)

Since the conjugacy hy(,,) is (aa) at the point ay,

‘log < xe (|2 = 2']u) < xe (d(|z — x];)?) . (E.13)

(@, a, 21,)

lo
' g?“(xk,ak,zk)

< xe (J2x — zk]) - (E.14)

Note that x. (]zx — zx|) converges to zero, when k tends to infinity. Therefore,
by (E.12), (E.13) and (E.14), there is a continuous function x’, : Rf — R{
satisfying x.(0) = 0, and such that

r(z', wy, 2) ,
— < —x|). E.15
hog "2 s~ ) (5.15)
By continuity of the ratios, we obtain
lim r(z',wy, ") =r(@',y,2") and lim r(x,wy,2) =r(z,y,2). (E.16)
k—oo k—o0

Therefore, by (E.15) and (E.16), we conclude

r’y,2")

<x.(|z = z|),
2 < (s~ )

‘log
and so hg is (uaa). O

A sub-sequence (wn,)iez is any sequence of points w,, € T™ (where
(n;)iez is an increasing sequence of integers).
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Theorem E.8. Let (M, T%, Ap)nez and (Np, P}, By)nez be (uaa) Markov
families, and let (h,)nez be a topological conjugacy family between
(M, TR, An)nez and (Ny, P, By)nez- If, for every point wy, of a sub-
sequence (Wnp,)iez, hn, s (uaa) at wy,, and the modulus of continuity does
not depend upon i, then (hy)nez is an (uaa) conjugacy.

Proof. We are going to prove that the homeomorphism hg : 70 — P° is
(uaa). It follows, in a similar way, that h,, is (uaa) for all n € Z. Let (i,I) be
a chart in Ag, and x,y,2 € I any three points such that ¢! < r(z,y,2) <
c. By conditions (v) and (vii) of the definition of Markov partition, there
exists L > 0 such that for all n > L and all (n — L)-cylinders C, we have
(M_j0...0M,)(C)=T°. Hence, by Lemma E.4 there is nj, sufficiently large
and there is a chart (ig, [) € Ay, such that (i) wy, € Ix; (i) [Ix|;, < |z —2z;;
(i) (M_y0...0M,, )Iy) =1I;and (iv) My, ;=M _j0...0M,, : I, —» Iis
a homeomorphism. Set zj, = Mfﬁ(x)y Yk = Mfkll(y) and zj, = Mfkll(z) (see
Figure E.4).

M_qyo0...0M,,

Tk Yk 2k z 1-/ z
‘Lhnk ‘Lho
Uy, U
————— o o — ¢ o —
T Yk % @y A
N_jo...0Np,

Fig. E.4. The points in the ratios of the proof of Theorem E.8.

Since the Markov family (M,,, T4, Ay )nez is (uaa),

r(x,y, z)

log
7(Tk, Yk, 21)

< xc(|z — z|). (E.17)

Set &’ = ho(z), ¥ = ho(y) and 2’ = ho(z) and z}, = hp, (Tk), Y = Bn, (Yx)
and z;, = hy, (21). Let (u,U) € By and (ug,Uy) € By be charts such that
ho(I) € U and hy, (Ix) C Uy. Since the Markov family (N, P}, By)nez is
(uaa) and by Lemma E.5, there exist constants d > 1 and 0 < o < 1 such
that

‘10 V)| < xelle’ = a'la) < xe (Al = ali)®) (E.18)

(), Yy 21
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Since the conjugacy hy, is (uaa) at the point wy, and |z, — zl;, < |z —2l;,
we have
(@ Yi> 21)
@k, Yk, 2k)
Therefore, by (E.17), (E.18) and (E.19), there is a continuous function x/, :
R — Ry satisfying x.(0) = 0, and such that

log < xe(]z — x|). (E.19)

r(a',y, 2)

1
%grwww)

\<xxz—w» (E.20)

Therefore, hg is (uaa). O

E.3 Canonical charts

Given an (uaa) Markov family (M,,, Tk, A, )nez, we define a canonical chart
(co, Jo) with Jo C T containing a l-cylinder as follows (see also [158] and

[175]).
Let In,I_q,... be segments such that Iy C Jo, I, € T™, M,,|1,, is a
homeomorphism onto its image and M,,(I,) = Lny1. Let Ky, 1 I, — Jy be

the homeomorphism given by K,, = M_j o...0 M,,|I,, for every m < 0. Let
us denote by j; and j, the endpoints of Jy. Take a chart (in,,I},) € A, such
that I, C I],. Let Ly, : i (Im) — (0,1) be the map determined uniquely by
L (K 2(1) = 0, L (K1 (5r)) = 1, and Ly, has an affine extension to R.
Let d,, : Jo — (0,1) be the chart defined by d,,, = L, 04,, 0 K,! (see Figure
E.5). By Lemma E.9 below, the sequence (dy,)mez converges when m tends
to minus infinity. We define the canonical chart ¢y : Jy — R as being this
limit co = lim,;, . oo dpn. The canonical charts (co, Jo) with Jo C T° form the
canonical atlas C4 o on T°. Similarly, for every n € Z, we define the canonical
charts (¢, J,) with J,, C T™ containing a 1-cylinder which form the canonical
atlas Cy , on T".

Lemma E.9. The canonical charts cg : Jo — R are well-defined by

co= lim d,,.
m——0o0
The canonical charts (co, Jo) with Jo C TV form the canonical atlas C A0 o1
T°. Similarly, for every n € Z, we define the canonical charts (c,,.J,) with
Jn CT" containing a 1-cylinder which form the canonical atlas C4, on T".

Lemma E.10. (M,,, T}, Ca n)nez is an (uaa) Markov family, and it is (uaa)
congugate to (Mp, TR, An)nez.

Proof of Lemmas E.9 and E.10. Let us begin proving that the canonical chart
(ca0,Jo) with Jo C T? is well-defined by ca0 = lim,,——oo da,m, where the
charts (da m, Jo) are as introduced in §E.3. Let z, y, z be any three points in Jy
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Iy
K’IYL
tm L.,
Im Zm(‘[m)

0 1

Fig. E.5. The chart d,,, = L, 0 i © K;Ll.

such that ¢! < Tdao(T,y,2) < c. Since the Markov family (M, T}, Ap)nez
is (uaa), the ratios rq4, ,, (,y, 2) converge to a unique limit 7(x,y, z) when m
tends to minus infinity. Furthermore,

,r‘dA,o (‘r7 yDZ)

I
% @, y,2)

< Xe (\z—x|dA,0) . (E.21)
Thus, the ratio r(z, y, z) varies continuously with z, y and z, and there exists a
constant ¢; > 1 such that cfl < r(x,y,z) < c1. Let j; and j, be the endpoints
of the interval Jy. For every point y € Jy, there is a sequence of pairwise
distinct points xg,...,2p,..., 24 € Jo such that z¢g = j;, v, = y, T4 = jr
and ¢! < rq, (25, Tip1, Tig2) < ¢. Hence, writing 7(ji,y, jr) in terms of the
ratios r(x;, ¢iy1, Tire) we get that the ratio r(ji,y,J-) varies monotonically
and continuously with y € Jy. Thus,

. . 1 1
CAVO(y) ml*l}zloo dA,m(y) mEHJOO 1 +7"dA,m(jl7y7jT) 1 +r(jl7yaj7“),

which implies that c4 ¢ is a bijection and topologically compatible with d 4 .
Hence, the canonical chart (ca,Jo) is well-defined. Therefore, the set of
canonical charts (ca 0, Jo) with Jo C T° form a topological atlas Ca,0. More-
over, by inequality (E.21), the canonical charts (ca,0, Jo) are (uaa) compatible
with the charts in Ay. By a similar construction, for every n € Z, we obtain
that the canonical charts in C4 ,, are (uaa) compatible with the charts in A,,,
and the modulus of continuity does not depend upon the charts considered
and upon n € Z. Therefore, using that the Markov family (M, Tk, Ap)nez is
(uaa), we get that the Markov family (M,,, Tk, Ca n)nez is also (uaa). O

E.4 Smooth bounds for C™ Markov families

For r = k4 «a, where k € Nand 0 < a < 1, a function h : I — R defined on an
interval I is C" if the k' derivative of h is a-Hélder continuous. We say that
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a function h : J — R defined on a set J C R is C" if h has a C" extension to
an interval I D J of R. An atlas A on a train-track T is C" if the overlap
map between any two charts in A is C" and its C" norm is bounded away
from infinity independently of the charts considered. A C" Markov family
(M, T%, Ay)nez is a Markov family with the following properties:

(i) The atlases A,, are C", and locally the maps M,, with respect to any
pair of charts are C" diffeomorphisms with C” norm bounded away
from infinity independently of the charts considered and of n € Z;

(ii) There exist constants ¢ > 0 and A > 1 such that, for all x € T™ and
p > 0, we have

‘(j 0 Myspo---oM, oi_l)/(i(x))‘ > AP

where (i,I) € Ay, (j,J) € Anipy1 and there is an open segment
I' C I such that z € I’ and My, 4po0---0o M,(I") C J;

(iii) The property (i) of the definition of (uaa) Markov family is also
satisfied.

A Markov map (M, Tx, A) is C if there is a C” Markov family (M,,, TR, Ay )nez
with M, = M, TR =Taand A, = Aforalln € Z. Let Iy, I_1, ... be segments
such that Iy C Jo, [_,, C T~ ", M_,|I_, is a homeomorphism onto its image
and M_,(I_,) = I_,,1. Take a chart (i_p,I",) € A_, such that I_, C 1" .
Let F_,, be the inverse map of i_, 430 M_,0i_,. Let f_, = F_,, 0 F_;.

Lemma E.11. Let F be a C*® Markov family. Then, for allr € {1,... k—
1},

r—1n—1

d"Indf, = Z Z (@ IndF_(i41) 0 f;)

=0 =0
(df) " Br (dndf;, ..., d' lndfi)) ,

where E} is a polynomial of order | and the coefficients are independent of
n,i > 0. For i =0, we define the map f; equal to the identity map.

Proof. We will prove it by induction in the degree of smoothness 7.
Case r = 1. By differentiation,

n—1
Indf, = Z IndF_(iy1) o fi-
=0

Therefore,
n—1

dindf, =Y (dIndF_g41y o f;) dfi.

i=0
Thus, the formula is valid for r = 1, with E} = 1.



E.4 Smooth bounds for C" Markov families 327

Induction step. Let us suppose by induction hypothesis that the formula is
valid for r and let us prove that it is valid for r + 1. First, we differentiate
separately the three terms of the formula in Lemma E.11.

The derivative of the first term is

d(d" " IndF_(iy1y0 f;) = (A" IndF_(iy1y o f;) df;.
The derivative of the second term is
a (@) = =0 (@) (@maf).
The derivative of the third term is
dE; (dlndf;,...,d Indf;) = F/ (dlndf;,...,d" " Indf;),

where F]" has degree [ and coeflicients independent of ¢ and n. We define the
polynomial

Gl (@1, w) = Fl (w1, xq0) + (r = D B (2, ... ).

The polynomial G7, | has degree [ + 1 and the coefficients are independent of
1 and n. Therefore,

r—1ln—1

"+ n df,, = Z Z ((d’““_llndF,(iH) o fi)

=0 =0
(df.) By (dindfs, . d! lndfi))

r—1n—1

+ Z Z ((dril 111 dF—(i+1) (¢] fz)

1=0 i=0
(df,)" " Gy (dindfs, ..., dH n dfi)> .
Replacing [ 4+ 1 by [ in the second term, we have
By Y@y, .. mp0) = By (x1,. . ,2) = 1.
Define E = 0. For l = 1,...,r, B[ (z1,..., ;) is equal to
F (z1,.. . x)+ (r =1+ Dx E]_(x1,...,21-1) + B (z1,...,27).
U

Lemma E.12. Let F be a C**t* Markov family. Then, for all x,y € C*°,

‘hl dfn(y)
dfn(x)

where =« if k=1, or =1 if k > 1. Moreover,

dfn(y) € exp(Fecs)dfn(z).

P
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Proof. By property (i) and (ii) of a C**® Markov family, for all z,y € C°,
there is 2z, € CTo guch that

n—1
> (0[P (i) 0 fi(y)| = 0 [dF_ (i) © fi()]])

=0
n

IN

‘m dfn(y)
dfn(x)

1

n—1
a D 1w = @) <er D (dfilzay) |y — |
L =0

IN
)

1=

<cly— =’ <es,
for some constant c3 > 0. Therefore,

df(y) € exp(Fcs)df,(z).
O

Lemma E.13. Let F be a C*** Markov family. Then,
|| In dfn||ck—1+a S bk

Proof. The case k =1 is proved by Lemma E.12. For k£ > 2, we will prove by
induction in r that d” Indf,, is bounded in the C° norm, independent of n, for
all » = 1,...,k — 1. After, we prove that d*~'Indf, is a-Holder continuous
with constant independent of n.

Case r = 1. By Lemma E.12 and as k > 2,

dfn(y)
dfn (.1‘)

Therefore, dIndf,, is bounded in the C° norm, independent of n.
Induction step. By induction hypotheses, we suppose that the maps dIndf,,
..., d" " 'lndf, are bounded in the C° norm, independent of n. We will prove
that dIndf,, is bounded in the C° norm, independent of n.

By Lemma E.11,

‘ln ‘ <clz -yl

r—1ln—1

d" Indf, = Z Z ((dr*l IndF_(;41) 0 f;)

=0 ©=0

(df.)" " By (dIndf,...,d'In dfn)) ,

where the coefficients of the polynomial F] are independent of n and i, for all
r=1,...,k—1.

By property (i) of a C**® Markov family, there is b > 0 such that
‘dF,(iH)‘ > b. Since the first r+1 derivatives of the map F_; ;1) are bounded
independent of 7,

|d" ' IndF_(i41) © fi| < bry, (E.22)
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foralll=0,...,r—1,9=0,...,n—1and n € N.
By property (ii) of a C*¥*® Markov family F,

n—1

Z (dfi)'rfl

=0

foralll=0,...,r—1,9=0,...,n—1and n € N.
The induction hypotheses implies

|E} (dIndf;, ... d" Indf;)| < by, (E.24)

foralll=0,...,r—1,i=0,...,n—1and n € N.
By Lemma E.11 and inequalities (E.22), (E.23) and (E.24), we have that

d" I df,| < b,

Let us prove that the map d*~! In df,, is a-Holder continuous with constant
independent of n. The map d*~'!In dF_(;41) is a-Holder continuous for [ = 0
and it is Lipschitz for [ = 1, ..., k—2. By property (i) of a C**% Markov family,
a-Holder (resp. Lipschitz) constant is independent of ¢ > 0, i.e

[ M dP_ i) [ o or crimsenie < €

for some constant ¢ > 0. Thus, the map d*~'!In F_(i41) o fi is Lipschitz
if { > 0, or a-Holder continuous if [ = 0. Therefore, the Lipschitz (resp. a-
Holder) constant of the map d*~1~!In F_(;41)0 fi converges exponentially fast
to zero, when ¢ tends to infinity.

The map (dfi)(k_l_l) is Lipschitz, where the Lipschitz constant converges
exponentially fast to zero, when ¢ tends to infinity because it has bounded
nonlinearity and it is exponentially contracting.

The map

Ef~ (dndf;, ..., d Indf;)

is Lipschitz with constant independent of i because it is an [-product of maps
bounded in the C'' norm, independently of i, as proved by induction.
Therefore, the map

(d* 1 I dF iy 0 fi) (df) T EFTY (dIndfi, ..., d Indfi)

is a product of a-Holder and Lipschitz maps with constants bounded indepen-
dent of i =0,...,n and n € N. The map (dfi)(k_l_l) converges exponentially
fast to zero in the C'LP5¢hitz norm, when i tends to infinity. Therefore, the
product of the three maps above is a-Hdélder continuous, where the a-Holder
constant converges exponentially fast to zero, when ¢ tends to infinity. There-
fore, the map d*~!Indf, is a-Holder continuous. [
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E.4.1 Arzela-Ascoli Theorem

A subset of a topological space is called conditionally compact, if its closure
is compact in its relative topology.

Theorem E.14. Arzela-Ascoli. If S is a compact set, then a set in the space
of continuous functions with domain S is conditionally compact if, and only
if, it is bounded and equicontinuous.

We say that the map f is bounded in the C*** norm, if, for all 0 < € < «,
f is bounded in the C**¢ norm. A sequence (f,)n>0 converge in the C*+2
norm, if, for all 0 < & < «, the sequence (f,,),>0 converge in the C**¢ norm.

Lemma E.15. Let (fn)n>0 be a sequence of C¥T smooth functions f, de-
fined in an interval I = [a,c|, where k > 0 and « € (0,1]. If || fnllcr+a < b, for
all n > 0, then there is a subsequence (fy,)i>0 converging to a C*te smooth

function f in the C*T®" norm.

Corollary E.16. The set of all functions f € C*T defined in an interval I
such that || f||cr+e < b is a compact set with respect to the C*+*=¢ norm, for
all small € > 0.

Proof of Lemma E.15 . As the sequence of maps f, is bounded in the C*+¢
norm, we have that

|d* f(x) — d* fuly)] < bl — yl°,

for all n > 0. Therefore, (dkfn)n>0
By the Arzela-Ascoli theorem, there is a subsequence (dk fnl)

is an equicontinuous family of functions.
;>0 converging
to a function h in the C° norm. In other words, there is a sequence (li)i>o0
converging to zero such that

|d¥ fr, — B| < 1.

As the function h is continuous, it is integrable. Let us show that the sequence
(dkfmfni)po converges to m-times the integral of h in the C° norm, for all

m=1,...,k.
/ / (dkfm—h)' < ljle — a™.

d’“*mfm—/ / h’<

Therefore, the sequence (fy,);~, converges to k-times the integral of h in the

C* norm.

Let us prove that the subsequence (f,);~, converges in the C**¢ norm
to k-times the integral of h, for all ¢ < a. Define the map H = H,, ; =
d* fn,, — d* fn,. As the subsequence (fy,);~, is contained in a Banach space

with respect to the C**¢ norm, we have to prove that
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|H(y) — H(z)|
ly —=|°
tends to zero, when j tends to infinity, for all m > j.

If |z — y| > I, then

Hy) @) HW | H@L A
TR T A R e L

If |z — y| <j, then
[H(y) = H(@)| _ |d"fu,. (@) = d* fu,, )] +[d" fu, (2) = d" fu, ()]
ly—al= ly — x|

2b||ly — x|«
ly — x|

Therefore, the sequence of functions (fy,),~, converges to a function f in the

C*+¢ norm.
The function f is C**¢, because

|d* f(z) — d* f(y)| < |d"f(x) = d* fu, (@)] + |d fo, (2) = ¥ fr, ()]
+ |d* fo, (y) — d* f ()|
<2l + c|lz — y|%,

and as the sequence (I;);en tends to zero, when i tends to infinity, we obtain

that |d*f(z) — d* f(y)| < clz —y[*. O

E.5 Smooth conjugacies

The C" Markov families (M, T%, Ay )nez and (N, PF, By)nez are C” con-
Jugate if there is a family (hy,,)nez of C" diffeomorphisms h,, : T — P™ such
that h, 41 0 M,, = N, o hy,, and the C™ norms of the maps h,, and h,! are
bounded away from infinity independently of n € Z.

Lemma E.17. Let (M,,, T}, Ap)nez be a C*+° Markov family, where k € N
and 6 > 0. Let (Can)nez be the family of canonical atlas determined by
the family (An)nez. Then (M, TR, Can)nez is a C¥T0 Markov family, and
(M, TR, Can)nez is CET0 conjugate to (M,,, TR, Ap)nez.-

Proof. We are going to prove that the canonical charts (¢, J,) with J, C
T" are C**+% compatible with the charts contained in A,,. Furthermore, the
overlap maps have C*9 norm bounded away from infinity, independently of
the charts considered, and of n € Z. Let (co, Jo) be the canonical chart in
Cya, defined by ¢y = limy,—,_ oo dp,, where the charts (dy,, Jo) are given by
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dpy = Ly 0im o Kb, and the maps L, i, and K,, are as introduced in
¢E.3. The map d,, o ial is C**9 and it is the composition of a contraction
imoK, 1o ial followed by an expansion L,,. By Lemma E.13, the C**° norm
of the maps d,, o, Lis uniformly bounded. Hence, by Lemma E.15, there is a
subsequence of maps d,, Oigl converging in the C*+%~¢ norm to a C**% map
1. Moreover, the C*+9 norm of 1 is bounded away from infinity independently
of the charts (co, Jo) and (d,,, Jo) considered. By Lemma E.9, the map v is
equal to cp oy ! where ¢ is the canonical chart. By the same argument, the
map (dmoial)_1 has a subsequence converging in the C**°~¢ norm to a C*+9
map ¢, and the C**9 norm of ¢ is bounded away from infinity, independently
of the charts (cg, Jo) and (dy, Jo) considered. By Lemma E.9, the map ¢ is
equal to ™! = (cooig '), Thus, the chart ¢y is C*+% compatible with 4, and
the norm of the overlap map ¢ is bounded away from infinity, independently
of the charts ¢y and 7o considered. Similarly, we obtain that the charts (¢, J,,)
with J, € T" are C*t9 compatible with the charts contained in A,, and the
norm of the overlap maps is bounded away from infinity, independently of the
charts considered and of n € Z. Therefore, using that (M,,Th, An)nez is a
C*+9 Markov family, we obtain that (M,,, TR, Ca n)nez is also a C¥+9 Markov
family, and that (M, TR, Can)nez is C*+9 conjugate to (M, TR, An)nez. O

Proposition E.18. The Markov family (M,,,T%,Can)nez attains the max-
imum possible smoothness in the (uaa) conjugacy class of the Markov family
(M, TR, An)nez. Moreover, the family (Can)nez is canonical in the follow-
ing sence: if (My, TR, An)nez and (Nyn, PE, By)nez are (uaa) conjugate by a
congugacy family (hy)nez then, for every chart (can, Jan) € Can, thereis a
chart (cgn, JBn) € Cppn with Jgn = hp(Jan) such that

Tean (z,y,2) = Tegom (hn(x), hn(y), hn(2))

for all distinct points x,y,z € Jap, or equivalently cgp o hy o cg}n has an
affine extension to the reals.

Proof. Let (My,T%, Ap)nez and (N, P}, By)nez be (uaa) Markov families
which are (uaa) conjugated by (hn)nez. Let (cao,Ja,0) with Ja o C T° be a
canonical chart contained in C'4 o defined by

cao= lm LamoiamoKyy,

where Ly ., is an affine map, (iA7m7If4’m) is a chart contained in A4,,, and
Kam=M_0...0M, is as defined in §E.3. Similarly, let (¢p,o, Jp,0) with
JB,0 = ho(Ja,0) be a canonical chart contained in Cp o defined by
. , -1
CB,O = m1—1>r£loo LB,m o zB,m e} KB,m
where Lp,, is an affine map, (iB,me;,m) is a chart contained in B,,,
and K, = N_jo...0 N, is as defined in §E.3. For all distinct points
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z,y,2 € Jap, let us denote K;lm(x), K;lm(y) and K;lm(z) by ., ym and
Zm, respectively. By construction of the charts ¢4, and cp 9, we have that

Tcao (%y, Z) = EIEOO Tia,m (lfm,ym, Zm) (E25)

m

and

Tepo(ho(2), ho(y), ho(2)) = mgmoo Tigm (Bm (Tm) s om (Ym) s hom (2m)) -

(E.26)

Since the family (h,)nez is (uaa), there is x. : Rf — Ry satisfying x.(0) = 0,
and such that

TiB,m (hm (l'm) 7hm (ym) 7hm (Zm)) ‘

Tiam (l'ma Ym, Zm)

log

< Xe <|zm - $m|z‘A_m) . (E.27)
Putting together (E.25), (E.26) and (E.27), we get

Tcao (xv Y, Z) =Tcpo (ho(.’L‘), ho(y), hO(Z))v

and so cpg o hg ocy AO has an affine extension to the reals. Similarly, for
every n € Z and for all canonical charts (can,Jan) with Ja, C T" and
(¢Bn,JIBn) With Jg, = hy(Ja.), we obtain that cg, o hy o cA has an
affine extension to the reals. Hence, for all distinct points z,y,z € Jan,
Tean (9, 2) = Tep, (An(2), hn(y), hn(2)). Let us suppose that the Markov
family (N, P}, By, )WGZ is C", for r > 1. By Lemma E.17, the Markov family
(Np, PP, Cpp)nez is C°, for s > r. Since the maps cp , 0 hy 0 cA o are affine,
we obtain that the Markov family (M,,T},Ca, n)nez is also C°. Therefore,
(M, T%,Can)nez attains the maximum possible smoothness in the (uaa)
conjugacy class of (M, T%, Ay )nez. O

Theorem E.19. Let (M,,, TR, Ap)nez and (Ny, PE, By)nez be C™ Markov
families and let (hy)nez be a topological conjugacy between (M, TR, An)nez
and (Np, PP, Bp)nez.- If (hn)nez is (uaa) then (M,,TR,Ap)necz and
(Np, Pl Bp)nez are CT conjugate.

Proof. By Proposition E.18, the Markov families (M,,T%,Can)nez and
(Np, Pl Cp n)nez are at least C™ and the conjugacy family between them
is as smooth as the Markov families. By Lemma E.17, the Markov families
(M, TR, An)nez and (M, T%, Can)nez are C” conjugate, and the Markov
tamilies (N,,, Pft, Byp)nez and (Np, PF, C n)nez are C” conjugate. Therefore,
(M, TR, Ap)nez and (Ny, P, By )nez are C” conjugate. [J
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E.6 Further literature

The results for Markov maps presented in Appendix D have a natural ex-
tension to Markov families. The results presented in this Appendix have a
natural extension to non uniformly expanding multimodal maps as presented
in Alves, Pinheiro and Pinto [6]. This chapter is based in Bedford and Fisher
[13], Ferreira and Pinto [38], Pinto [150] and Pinto and Rand [169].
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